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I. Resolution estimation results

A) Resolution calculation with Pseudo-inverse
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Model Independent Analysis:

cBPM measured values

stripline BPM measured values

correlation coefficients

To find the correlation coefficients:                               where the inverse of  is calculated using the SVD method: 

The residuals between measured position and estimated position are calculated as   

And the resolution is estimated with the rms of the residuals:

D

BPMs taken:    up-stream:  ML1L …. ML15L, ML1P, ML2P, ML3P ;    down-stream: ML4P

Taking a long set of data in a single beam position:
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d = D ⋅ v

v = D−1 ⋅ d SVD(D) = USVT

R = d − D ⋅ v

 is the number of pulses 
 is the number of BPMs used

P = 1000
M = 20

[8]
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First 400 bunches

Full measurement
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Last 600 bunches

Full measurement
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II. Pseudo-inverse method limitations

A) Pseudo-experiments

L. K. Pedraza - PhD34: resolution analysis 7

Contribution of the resolution of other BPMs: 

Uncertainties on the correlation coefficients from MIA:

The previous method is employed for all BPMs:

Stripline BPMs showed resolutions between 7 𝜇m and 25 𝜇m, while 
the CEA-Saclay cBPM has shown to have a resolution of 3 𝜇m under 
these beam conditions.

• Analytically: 
from the square root of the diagonal elements of the covariance 
matrix , where 

assuming measurement noise in the cBPM is uncorrelated across 
pulses. 

• Via Bootstrap method: 
resampling pulses from  and  with replacement and 
recalculating 

Cov(v)

d D
v = D−1 ⋅ d

Cov(v) = σ2
̂d [DTD]−1 =

R
2

P − 1 [DTD]−1
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To find the correlation coefficients:                              

➡ For a given bunch  and a simulation : We simulate the noise with  and  in  which is added to  and : 

The simulated estimation position is:                                         where                                                and 

The simulated residuals between measured position and estimated position are calculated as: 

We observe the standard deviation of the residuals for a given bunch  across all  simulations:

i l σstrip,i σvi
El,i Di vi

i L

Dsim,l,i ⋅ vsim,l,i

Rsim,l,i = di − Dsim,l,i ⋅ vsim,l,i

 done for all events→

Dsim,l,i = Di + ED,l,i

σresiduals,i(Rsim,l,i) Performing simulations over several bunches,                       determines the expected resolution error.

vsim,l,i = vi + Ev,l,i

Influence of BPMs resolution and correlation coefficient errors on the resolution 
estimation:

dk0

dk1
⋮

dkP

=

d00 d10 . . . di≠k,0 . . . dM0

d01 d11 . . . di≠k,1 . . . dM1

⋮ ⋮ ⋮ ⋮
d0P d1P . . . di≠k,P . . . dMP

⋅
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v1
⋮
vM

d = D ⋅ v

v = D−1 ⋅ d

Figure 5: Resolution estimation with MIA. cBPM measured
positions (left), estimated positions from other BPMs
(center), and residuals (right).

residuals for each monitor. This calculation was performed
on a separate dataset to avoid bias. Stripline BPMs showed
resolutions between 7 𝐿m and 25 𝐿m, while the CEA-Saclay
has shown to have a resolution of 3 𝐿m under these beam
conditions [4].

The error in the correlation coe!cients was estimated both
analytically (through error propagation from noise variance)
and via bootstrap resampling.

• Analytically, the correlation coe!cients are computed
as:

v =
[
D𝐿D

]→1 D𝐿d (6)

The standard error for each coe!cient is the square
root of the corresponding diagonal element of the
covariance matrix 𝑀𝑁𝑂(𝑂), where

𝑀𝑁𝑂(v) = 𝑃2
𝑀

[
D𝐿D

]→1
=

↑R↑2

𝑄 → 1
[
D𝐿D

]→1 (7)

Here, 𝑃2
𝑀

is the variance of the estimated positions,
assuming measurement noise in the cBPM is
uncorrelated across pulses.

• A bootstrap method [9] is implemented by resampling
pulses from d and D with replacement and recalculating
the correlation coe!cients as in Eq. 4. This
is repeated for 1000 resamplings to obtain the
standard deviation of each correlation coe!cient𝑃(𝑂 𝑁 ),
allowing quantification of the statistical uncertainty
due to finite sample size and random noise/jitter across
measurements.

Figure 6 shows a comparison of the correlation coe!cients
and their error computed with the SVD method+Bootstrap
uncertainty; and the analytical result, which show a high
agreement.

Figure 6: Correlation coe!cients estimation and erros using
SVD+Bootstrap and analytical methods.

The influence of correlation coe!cient errors and other
BPM resolution on the measured cBPM resolution is

assessed through pseudo-experiments. For each event
𝑅, 𝑆 simulations are performed, recalculating R𝑂𝑃𝑄,𝑅,𝑃 =
d𝑃 → D𝑂𝑃𝑄,𝑅,𝑃 · v𝑂𝑃𝑄,𝑅,𝑃 , where random noise matrices
corresponding to 𝑃(𝑂 𝑁 ) and 𝑃𝑆𝑇𝑈 , 𝑁 are added to v and
D𝑃 respectively, yielding v𝑂𝑃𝑄,𝑅,𝑃 and D𝑂𝑃𝑄,𝑅,𝑃 . The standard
deviation of residuals across all 𝑆 simulations is then
computed and simulations over all bunches determines the
expected resolution error.

Table 2 summarizes the preliminary results of this
analysis, showing the expected resolution error produced
with the influence of the other BPMs resolutions only, the
influence of the correlation coe!cients errors only, and
the combined e"ect of both contributions in the pseudo-
experiments. This is perfomed including the CEA-Saclay
cBPM and excluding it, to evaluate the influence of this
high-precision monitor on the final resolution error.

Table 2: Resolution error contributions breakdown from
pseudo-experiments method (in 𝐿m).

Meas. res Resolution error
𝑃 𝑃𝑉𝑊𝑊 ,𝑆𝑇𝑈𝑂 𝑃𝑉𝑊𝑊 ,𝑋 𝑃𝑉𝑊𝑊

Striplines
only 4.17 3.30 0.78 3.44

with Saclay
cBPM 2.98 2.34 0.59 2.46

The estimated resolution error is comparable to the
measured resolution. The measurement system is
significantly limited by the performance of the other
monitoring devices (notably the stripline BPMs), indicating
that higher-precision monitors are necessary for accurate
determination of the cBPM resolution.

Furthermore, lower resolution was consistently achieved
on the 𝑇 axis, where beam drifts were consistently observed.
The origin of th di"erence in resolution between the two
planes is currently under investigation.

CONCLUSION
A high-resolution re-entrant cBPM system has been

successfully designed with operation frequency of
1.631 GHz, manufactured using commercial feedthroughs
in stainless steel, suitable for cryogenic operation. The
agreement between RF simulation predictions and
experimental measurements validates the design approach.

A preliminary characterization of the system revealed an
estimated resolution of 2.98 𝐿m on the 𝑈 axis at optimal
bunch charge of 0.74 nC/bunch and a dynamic range of
2 mm with good linearity. However, the resolution error
analysis indicates that the current measurements are limited
by the resolution of the stripline BPMs used for the beam
coherent motion substraction using the MIA, thus, higher-
precision monitoring devices are necessary to demonstrate
the feasibility of sub-micron resolution capability for
future collider applications. Future work should focus on
improving the measurement system by including 2 or more
high-precision cBPMs.

Estimated lower limit resolution:
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Runs no. 1 to 9 on shift 5 
consisted on resolution 
measurements at different 
beam positions for both BPMs 
simultaneously. 

The estimated resolution + the 
uncertainty on the resolution is 
plotted here. 

To be studied: why Saclay 1DC 
and Saclay 2DC yield different 
positions for a similar run?



C) Resolution as a function of bunch charge
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Runs no. 10 to 14 on shift 5 
consisted on resolution 
measurements at different 
bunch charges for both BPMs 
simultaneously. 

The estimated resolution + the 
uncertainty on the resolution is 
plotted here. 
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Work in progress…
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