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J.W. GIBBS

Elementary Principles in Statistical Mechanics - Developed with Especial
Reference to the Rational Foundation of Thermodynamics

C. Scribner’ s Sons, New York, 1902; Yale University Press, New Haven, (1981),
page 35

In treating of the canonical distribution, we shall always suppose the
multiple integral in equation (92) [the partition function, as we call it
nowadays] fo have a finite valued, as otherwise the coefficient of
probability vanishes, and the law of distribution becomes illusory. This
will exclude certain cases, but not such apparently, as will affect the
value of our results with respect to their bearing on thermodynamics.
It will exclude, for instance, cases in which the system or parts of it
can be distributed in unlimited space [...]. It also excludes many cases
in which the energy can decrease without limit, as when the system
contains material points which attract one another inversely as the
squares of their distances. [...]. For the purposes of a general
discussion, it is sufficient to call attention to the assumption implicitly
involved in the formula (92).



TYPICAL SIMPLE SYSTEMS.: N
Short-range space-time correlations e'g" W ( N ) o ‘U (‘LL > 1)

Markovian processes (short memory), Additive noise
Strong chaos (positive maximal Lyapunov exponent), Ergodic, Euclidean geometry
Short-range many-body interactions, weakly quantum-entangled subsystems
Linear/homogeneous Fokker-Planck equations, Gausssians

- Boltzmann-Gibbs entropy (additive)

-> Exponential dependences (Boltzmann-Gibbs weight, ...)

TYPICAL COMPLEX SYSTEMS: e.g., W(N) o< N” (,0 > ())

Long-range space-time correlations

Non-Markovian processes (long memory), Additive and multiplicative noises
Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry
Long-range many-body interactions, strongly quantum-entangled sybsystems
Nonlinear/inhomogeneous Fokker-Planck equations, g-Gaussians

-> Entropy Sq (nonadditive)

-> g-exponential dependences (asymptotic power-laws)



POSTULATE FOR THE ENTROPIC FUNCTIONAL

P :L vi Vp, (0 p, £1)
e (VD) W
inrobability (Zpi=]) N
equiprobability - additive
- W
Concave
BGentopy | kInW | -k pnp |
(q =1) = Extensive
- Lesche-stable
rl-g | — Z l;f? Finite entropy production
Entropy Sq ] W — 1 p = : per unit time
) . Pesin-like identity (with
rea
(q real) l o ‘/ q 1 ) largest entropy production)
Composable
Topsoe-factorizable
Possible generalization of
Boltzmann-Gibbs statistical mechanics nonadditive (if q# ]_)

[C.T.. I. Stat. Phys. 52, 479 (1988)]
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DEFINITIONS : q—Ilogarithm: In, x= (x>0; In;x=1Inx)
1
g — exponential : e =[1+(1—q) x|a (& =€)

Hence, the entropies can be rewritten :

equal probabilities | generic probabilities

W
BG entropy kK Inw k Y p, -+
i=1 P
(=1
U 1
entropy S, k In,W k > pIn,—
i=1 b;
(9e R)




- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications



ADDITIVITY: O. Penrose, Foundations of Statistical Mechanics: A Deductive Treatment
(Pergamon, Oxford, 1970), page 167

An entropy Is additive if, for any two probabilistically independent
systems A and B,

S(A+B)=S(A)+S(B)
Therefore, since

S(A+B)=5,(A)+5,(B) +(1-q) S,(A) S,(B) ,
Sge and SqRe”yi (Vq) are additive, and S, (Vq #1) is nonadditive .

EXTENSIVITY:
Consider asystem 2= A + A, +...+ A, made of N (not necessarily independent)

Identical elements or subsystems A and A,, ..., A,.
An entropy Is extensive if

0< Ilim S(N)
N —oo N

<oco, i, S(N)xN (N — )



TYPICAL SIMPLE SYSTEMS:

W(N)oc ™ (u>1)
—S..(N) =k, InW(N)e< N (EXTENSIVE!)

TYPICAL COMPLEX SYSTEMS:
W(N)eN"  (p>0)

= S,(N) =kg In,W(N) =k,

oc N PI)

If q:1—i

0

(W (N)] ™ -1
1-g

<N (EXTENSIVE!)

C. T, in eds. M. Gell-Mann and C. T. (Oxford University Press, 2004)
T., M. Gell-Mann and Y. Sato, Proc. Natl. Acad. Sc. USA 102, 15377 (2005)



PHYSICAL REVIEW E 78, 021102 (2008)

Nonadditive entropy reconciles the area law in quantum systems with classical thermodynamics

Filippo Caruso' and Constantino Tsallis*

'NEST CNR-INFM and Scuola Normale Superiore, Piazza dei Cavalieri 7, I-56126 Pisa, Italy
Centro Brasileiro de Pesquisas Fisicas, Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro, Brazil
3Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
(Received 16 March 2008; revised manuscript received 16 May 2008: published 5 August 2008)

The Boltzmann—Gibbs—von Neumann entropy of a large part (of linear size L) of some (much larger)
d-dimensional quantum systems follows the so-called area law (as for black holes), i.e., it is proportional to
L4, Here we show, for d=1,2, that the (nonadditive) entropy S, satisfies, for a special value of g # I, the
classical thermodynamical prescription for the entropy to be extensive, i.e., Sq'de. Therefore, we reconcile
with classical thermodynamics the area law widespread in quantum systems. Recently, a similar behavior was
exhibited in mathematical models with scale-invariant correlations [C. Tsallis, M. Gell-Mann, and Y. Sato,
Proc. Natl. Acad. Sci. U.S.A. 102 15377 (2005)]. Finally, we find that the system critical features are marked
by a maximum of the special entropic index gq.



SPIN 72 XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD:

N-—1
H=—>Y [(1+)667 4+ (1—7)5Y6%,, +2A67]
j=1
| 7|=1 — Ising ferromagnet
0< |y| <1 — anisotropic XY ferromagnet
y=0 — Isotropic XY ferromagnet

A =transverse magnetic field
= length of a block withina N — < chalin

F. Caruso and C. T., Phys Rev E 78, 021101 (2008)
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F. Caruso and C. T., Phys Rev E 78, 021101 (2008)



Using a Quantum Field Theory result

In P. Calabrese and J. Cardy, JSTAT P06002 (2004)
we obtain, at the critical transverse magnetic field,

_\9+4c” -3
ent C
with ¢ = central charge in conformal field theory

Hence

Ising and anisotropic XY ferromagnets = ¢ :% => Qe =/37-6 ~0.0828
and

Isotropic XY ferromagnet = ¢c=1 = q., =J10-3 ~0.1623

F. Caruso and C. T., Phys Rev E 78, 021101 (2008)



(d=1; T =0)

(pure magnet with critical transverse field)

q:\/9+cz -3
— /7 C
| | I/C

I L . I I
0.25 0.5 ~Q75 1 1.25 1.5
%\\

8.
~
~
~
~
1.67 1.67 / h
g=1-——=1- . RN
c T In (25+1) .

(random magnet with no field)
A Saguia and MS Sarandy, Phys Lett A 374, 3384 (2010)



Summarizing, for a wide class of quantum systems or subsystems with N elements,
we know that

Sge(N)ec InL ecIn N #N  ford =1 quantum chains

o« L e \/ﬁ #N  for d =2 bosonic systems
o« I ««N? N ford=3 (black hole)
oc L7 o« N 2N for d-dimensional bosonic systems
(d >1; area law)
|
T d-1

=In_ L # <N (d=1) (NONEXTENSIVE!)

For the same class of quantum systems, we expect

S (N)e<l” ««N (d=1 q
q

£1) (EXTENSIVE!)

ent

ent

(analytically and/or computationally shown for d =1,2)
F. Caruso and C. T., Phys Rev E 78, 021101 (2008)



SYSTEMS ENTROPY Seec |ENTROPY Sq (g<1)

(additive) (nonadditive)

Short-range

Interactions, EXTENSIVE NONEXTENSIVE

weakly entangled

blocks, etc

Long-range

interactions (QSS), | NONEXTENSIVE EXTENSIVE

strongly entangled

blocks, etc
T

guarks-gluons, plasma, curved space ...?




- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications



Milan j. math. 76 (2008), 307-328

(©) 2008 Birkhauser Verlag Basel/Switzerland
1424-9286/010307-22, published online 14.3.2008 - -
DOI 101007/500032—008—0087-y I Milan Journal of Mathematics

On a ¢-Central Limit Theorem
Consistent with Nonextensive
Statistical Mechanics

Sabir Umarov. Constantino Tsallis and Stanly Steinberg

JOURNAL OF MATHEMATICAL PHYSICS 51, 033502 (2010)

Generalization of symmetric a-stable Lévy distributions
for g>1

Sabir Umarov,"? Constantlno Tsallis, 230) Murray Gell- Mann,>® and
Stanly Stelnberg
Deparrmem of Mathematics, Tufts University, Medford, Massachusetts 02155, USA
“Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology
for Complex Systems, Rua Dr. Xavier Sigaud 150, 22290-180 Rio de Janeiro, Brazil
Sama Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA

Deparrmem of Mathematics and Statistics, University of New Mexico, Albuquerque, New
Mexico 87131, USA

(Received 10 November 2009; accepted 4 January 2010; published online 3 March 2010)



q- GENERALIZED CENTRAL LIMIT THEOREM:

S. Umarov, C.T. and S. Steinberg, Milan J Math 76, 307 (2008)

g-Fourier transform:
. . q-1
F[F1E) = [efs @q f(x)dx = [ eyt ™I (x) dx

(g=1)

(nonlinear!)

For g<1 see K.P. Nelson and S. Umarov, Physica A 389, 2157 (2010)



Hilhorst function: [H.J. Hilhorst, JSTAT P 10023 (2010)]

-

[ [ x (@2 _ A] V(a-2)

_1)/(q-2)) Y(a-1)
C, X[ { 1+(q —1)[ | x |(-2/(aD —A} 2(a-1)/(q 2)}
fA(X) =< |f 0< A<| X |(q—2)/(q—1)
0 if 0<|x|@2NeD< A

with j_“ dx f,(x) =1

.

Particular case: A=0

f,() 1

- Cq [1+ (q _1)X2]1/(q—1)




Physics Letters A 375 (2011) 2085-2088
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g-Generalization of the inverse Fourier transform

M. Jauregui®*, C. Tsallis ®P

3 Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems, Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro, Brazil
b Sanra Fe Institute, 1399 Hyde Park Road, Santa Fe, NM 87501, USA



g-GENERALIZED INVERSE FOURIER TRANSFORM:

- /(2-q)

(= L [RIFCeIEY 4| (=q<2)

Particular case g = 1:

()= [ FIT O+ NIEY) dé = [FIFONE) e dg

M. Jauregui and C. T., Phys Lett A 375, 2085 (2011)
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Fig. 1. Representation of G137 1(x). The continuous line corresponds to the analytical
expression of the function; the dots were obtained by handling numerically Eqs. (1)
and (6%
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Fig. 2. Representation of f 5,4(x). The continuous line corresponds to the analytical
expression of the function; the dots were obtained by handling numerically Eqs. (1)
and (6). For all values of x £ (—1, 1) we have used y =2 in Eq. (6), whereas for
x==1 we have used y =1.

g - Gaussian

Hilhorst function

M. Jauregui and C. T.
Phys Lett A 375, 2085 (2011)
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g-moments remove the degeneracy
associated with the inversion of the
g-Fourier transform
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CENTRAL LIMIT THEOREM

N9 _scaled attractor F(x) when summing N — oo (]-independent identical random variables

with symmetric distribution f (X) with o, = jdx X“[f (x)]° /_[dx [f(x)]° {Q =2q-1,0q, = 1+_q}

3-¢

q=1 [independent]

qzl(ie, Q=2g-1 #1) [globally correlated]

F(x) = Gaussian G(x),

F(x) =G, (x) EG( )(x), with same o, of f(x)

30,-1)/(1+a,

o < G(x) it [ x]<<x,(a.2)
9 - G,(x) ~
( Q ) with same o, of f(x) q( ) £(0)~C, /] Xlz/(q_l) it | x[>> x.(0,2)
o=2 . ~
Classic CLT with limg .., x;(G,2) =
S. Umarov, C. T. and S. Steinberg, Milan J Math 76, 307 (2008)
F(x) = Levy distribution L (x) F(x) =Ly, , with same |X|— e asymptotic behavior
with same | x| — oo behavior . 2(1_3()1__0;()3““)
Copqyaprg) () ~Cqal IX]
) 2(1-a)-a(3-q)’
O-Q e G(x) (intermediate regime)
(O<a<2) L (x) ~- if [ x[<<x,(L) Lq,a ~ <
f(x)~C,/|x |1+a (x) ~C" /]x |(1"'05)/(1+05q—05)
. 200—a+3 2 q.x
if |[XP>>x. (1) a+l

with lim,_ , x.(1,&) =0
Levy-Gnedenko CLT

(distant regime)

S. Umarov, C. T., M. Gell-Mann and S. Steinberg
J Math Phys 51, 033502 (2010)




A LETTERS JOURNAL EXPLORING
F S )
THE FRONTIERS OF PHYSICS January 2011

EPL. 93 (2011) 20006 www.epljournal.org
doi: 10.1209/0295-5075/93/20006

A comprehensive classification of complex statistical systems and
an axiomatic derivation of their entropy and distribution functions

R. HANEL! and S. THURNER!:2(2)

L Section for Science of Complex Systems, Medical University of Vienna - Spitalgasse 23, A-1090, Austria, EU

violates K2

compact support BG-entropy
(1,0) / of distr. function i

1 A W W A e . SN AN N e W e .
violates K2 Stretched exponentials — asymptotically stable
(c,d)—entropy, d<0 (c,d)—entropy, d>0

Lambert W_ 1 exponentials Lambert WO exponentials

(c,0)]<— g-entropy, 0<q<1
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PHYSICAL REVIEW E 84, 021121 (2011)

Group entropies, correlation laws, and zeta functions

Piergiulio Tempesta”
Departamento de Fisica Tedrica I, Facultad de Fisicas, Ciudad Universitaria, Universidad Complutense, E-28040 Madrid, Spain
(Received 15 February 2011; revised manuscript received 3 May 2011: published 10 August 2011)

The notion of group entropy is proposed. It enables the unification and generaliztion of many different
definitions of entropy known in the literature, such as those of Boltzmann-Gibbs, Tsallis, Abe. and Kaniadakis.
Other entropic functionals are introduced. related to nontrivial correlation laws characterizing universality classes
of systems out of equilibrium when the dynamics is weakly chaotic. The associated thermostatistics are discussed.
The mathematical structure underlying our construction is that of formal group theory, which provides the
general structure of the correlations among particles and dictates the associated entropic functionals. As an
example of application, the role of group entropies in information theory is illustrated and generalizations of the
Kullback-Leibler divergence are proposed. A new connection between statistical mechanics and zeta functions
is established. In particular, Tsallis entropy is related to the classical Riemann zeta function.

S, &c(8)=Y =11 = -

n=1 n prlme

1 1 1 11
1-2°1-3°1-5°1-7"°1-11"°




- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications



week ending

PRL 105, 260601 (2010) PHYSICAL REVIEW LETTERS 31 DECEMBER 2010

Thermostatistics of Overdamped Motion of Interacting Particles

J.S. Andrade, Jr..'" G.E. T. da Silva.! A. A. Moreira.! E D. Nobre.>? and E. M. F. Curado®®
]Dcpm‘mmmm) de Fisica, Universidade Federal do Ceard, 60451-970 Fortaleza, Ceara, Brazil
2Centro Brasileiro de Pesquisas Fisicas, Rua Xavier Sigaud 150, 22290-180, Rio de Janeiro-RJ, Brazil
National Institute of Science and Technology for Complex Systems, Rua Xavier Sigaud 150, 22290-180, Rio de Janeiro-RJ, Brazil
(Received 8 August 2010; published 22 December 2010)

We show through a nonlinear Fokker-Planck formalism, and confirm by molecular dynamics simula-
tions, that the overdamped motion of interacting particles at 7 = 0, where T is the temperature of a
thermal bath connected to the system, can be directly associated with Tsallis thermostatistics. For
sufficiently high values of 7. the distribution of particles becomes Gaussian, so that the classical
Boltzmann-Gibbs behavior 1s recovered. For intermediate temperatures of the thermal bath. the system
displays a mixed behavior that follows a novel type of thermostatistics, where the entropy is given by a
linear combination of Tsallis and Boltzmann-Gibbs entropies.
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Andrade, Silva, Moreira, Nobre and Curado, Phys Rev Lett 105, 260601 (2010)



COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

RAPID COMMY

PHYSICAL REVIEW A 67, 051402(R) (2003)

Anomalous diffusion and Tsallis statistics in an optical lattice

Eric Lutz
Sloane Physics Laboratory, Yale University, P.O. Box 208120, New Haven, Connecticut 06520-8120
(Received 26 February 2003: published 27 May 2003)

We point out a connection between anomalous transport in an optical lattice and Tsallis” generalized statis-
tics. Specifically, we show that the momentum equation for the semiclassical Wigner function which desecribes
atomic motion in the optical potential, belongs to a class of transport equations recently studied by Borland
[Phys. Lett. A 245, 67 (1998)]. The important property of these ordinary linear Folker-Planck equations is that
their stationary solutions are exactly given by Tsallis distributions. An analytical expression of the Tsallis index

¢ 1 terms of the microscopic parameters of the quantum-optical problem is given and the spatial coherence of
the atomic wave packets 1s discussed.

(i) The distribution of atomic velocities is a g-Gaussian;

(i) :1+U—ER where E. = recoil energy
0

U, = potential depth



7 week endin
PRL 96, 110601 (2006) PHYSICAL REVIEW LETTERS 24 MARCH 2006

Tunable Tsallis Distributions in Dissipative Optical Lattices

P. Douglas. S. Bergamini. and F. Renzoni
Department of Phvsics and Astronomy, University College London, Gower Street, London WCIE 6BT1, United Kingdom
(Received 10 January 2006; published 24 March 2006)

We demonstrated experimentally that the momentum distribution of cold atoms in dissipative optical
lattices is a Tsallis distribution. The parameters of the distribution can be continuously varied by changing
the parameters of the optical potential. In particular, by changing the depth of the optical lattice, it is
possible to change the momentum distribution from Gaussian, at deep potentials, to a power-law tail
distribution at shallow optical potentials.




Experimental and computational verifications
by P. Douglas, S. Bergamini and F. Renzoni, Phys Rev Lett 96, 110601 (2006)
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LASER COOLING:

week ending

PRL 102, 063001 (2009) PHYSICAL REVIEW LETTERS 13 FEBRUARY 2009

Power-Law Distributions for a Trapped Ion Interacting with a Classical Buffer Gas

Ralph G. DeVoe

Physics Department, Stanford University, Stanford, California 943035, USA
(Received 3 November 2008; published 10 February 2009)

Classical collisions with an ideal gas generate non-Maxwellian distribution functions for a single ion in
a radio frequency ion trap. The distributions have power-law tails whose exponent depends on the ratio of
buffer gas to ion mass. This provides a statistical explanation for the previously observed transition from
cooling to heating. Monte Carlo results approximate a Tsallis distribution over a wide range of parameters
and have ab initio agreement with experiment.




Devoe, Phys Rev Lett 102 (2009) 063001
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FIG. 1 (color online). Monte Carlo distributions for a single
136Ba* jon cooled by six different buffer gases at 300 K ranging
from mg = 4 (left) to mg = 200 (right). Note the evolution from
Gaussian to power law (straight line) as the mass increases. The
solid lines are Tsallis functions [Eq. (7)] with fixed o =
0.0185 cm and the exponents of Table 1. TABLE 1. Tsallis parameters n and g7 fit from Fig. 1.
Buffer gas my/mpg n qr
He 34.5 =60 1.03
Ar 3.40 8.2 1.12
Kr 1.70 38 1.26
Xe 1.0 1.98 1.51
170 0.80 1.50 1.80

200 0.68 .15 1.87




week ending

PRL 105, 158105 (2010) PHYSICAL REVIEW LETTERS 8 OCTOBER 2010

Tissue Radiation Response with Maximum Tsallis Entropy

O. Sotolongo-Grau™ and D. Rodriguez-Pérez
UNED, Departamento de Fisica Matematica y de Fluidos, 28040 Madrid, Spain

J. C. Antoranz

UNED, Departamento de Fisica Matemdtica y de Fluidos, 28040 Madrid, Spain,
and University of Havana, Catedra de Sistemas Complejos Henri Poincare, Havana 10400, Cuba

Oscar Sotolongo-Costa

University of Havana, Cdtedra de Sistemas Complejos Henri Poincaré, Havana 10400, Cuba
(Received 22 June 2010; published 7 October 2010)

The expression of survival factors for radiation damaged cells is currently based on probabilistic
assumptions and experimentally fitted for each tumor, radiation, and conditions. Here, we show how the
simplest of these radiobiological models can be derived from the maximum entropy principle of the
classical Boltzmann-Gibbs expression. We extend this derivation using the Tsallis entropy and a cutoff
hypothesis, motivated by clinical observations. The obtained expression shows a remarkable agreement
with the experimental data found in the literature.



10°
1071 |
1072 ¢
1072 |
1074
1075

1070 |

1

107®

g=0.97

Human melanoma MW 150 cGy/min 51; [
intestinal stemcells ® | pgf 7.6cGy/min(1) M
F Mammalian cells & 3 1.6 cGy/min (1) =
Chinese hamster cells 08k Neutrons (2) @ |
B Human kidney cells & | ™ e High }2; @
1 1 1 1 1 1 e_ Low 2 o
0.4 05 0.6 0.7 08 09 107 e Hypoxic 22; ® |
1-D/D Oxic (3) A
. Hypoxic (3) 4 Air (4) v
+1mMM 4) » : =
L 2 Air + 10mM 54; Y
N + 10mM (4) 250 kVp x rays (5)
14.9 MeV deuterons (5) ¢
0.5 3 MeV deuterons fs; ¢
26 MeV a—particles (5) ¢
8.3 MeV a—particles %5; 4
5.1 MeV o—particles (5) «
04} 4 MeV o-—particles (5) #
2.5 MeV a—particles (5) #

0.4 0.5 0.6 0.7 08 09 1

FIG. 2 (color online). Normalized survival fractions (F,)"/? as
a function of the rescaled radiation dose. 1 — D/ D for different
tissues: intestinal stem cells (), chinese hamster cells (@),
human melanoma (A). human kidney cells (V), and cultured
mammalian cells (€) under different irradiation conditions de-
tailed in [17-21] and grouped in [23]. The straight line shown is
y = X.
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FIG. 3. Comparison between the LQ model best fit (a =
0.167 + 0.015 Gy ! and 8 = 0.0205 + 0.0015 Gy ?) reported
in [24] and our model fitted to y = 5.0 = 0.4 and Dy, = 19.4 *
0.4 Gy for the cell line CHO AAS8 under 250 k-Vp x rays.




Computers and Mathematics with Applications 60 (2010) 2426-2432

Contents lists available at ScienceDirect o= T -
mathematics

withappliostions
& £ fasin

Computers and Mathematics with Applications {75

journal homepage: www.elsevier.com/locate/camwa

A novel automatic microcalcification detection technique using Tsallis
entropy & a type Il fuzzy index

Mohanalin*, Beenamol, Prem Kumar Kalra, Nirmal Kumar
Department of Electrical Engineering, IIT Kanpur, UP-208016, India

ARTICLE INFO ABSTRACT
Article history: This article investigates a novel automatic microcalcification detection method using a
Received 18 August 2009 type Il fuzzy index. The thresholding is performed using the Tsallis entropy characterized

Received in revised form 12 August 2010

by another parameter ‘q’, which depends on the non-extensiveness of a mammogram.
Accepted 12 August 2010

In previous studies, ‘q" was calculated using the histogram distribution, which can lead
to erroneous results when pectoral muscles are included. In this study, we have used
a type Il fuzzy index to find the optimal value of ‘q". The proposed approach has been
tested on several mammograms, The results suggest that the proposed Tsallis entropy
approach outperforms the two-dimensional non-fuzzy approach and the conventional

Keywords:

Tsallis entropy
Type Il fuzzy index
Shannon entropy

Mammograms Shannon entropy partition approach. Moreover, our thresholding technique is completely
Microcalcification automatic, unlike the methods of previous related works. Without Tsallis entropy

enhancement, detection of microcalcifications is meager: 80.21% Tps (true positives) with
8.1 Fps (false positives), whereas upon introduction of the Tsallis entropy, the results surge
t0 96.55% Tps with 0.4 Fps.







CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS
A
V(r)~—r—a (I‘%oo) (A>O, 0620)

Integrable if ol/d>1 (short-ranged)
non-integrable iIf O0<o/d <1 (long-ranged)

EXTENSIVE & o
S
SYSTEMS A\
¥ &
R
| | & A
dipole-dipole & \o‘)'
o-XY model é‘
,66“ NONEXTENSIVE
8 SYSTEMS

'oNewtonian gravitation

T I

| | d | ~— HMF
4 > (inertial XY model)



1 T T T " T T T T*™ T T©™ T
U =0.69 G
N =300 000
o= 0.99
ot = 1.0 (25 steps)
n =20 000
t =[2 600, 22 600]
Ky(@) = 0.56

Class 3

2

O
I
ek
W
~
=
I
9
(@)
W

1 lllllll

I IIIIIII
1 lllllll

1 lllllll

—-10 -8 -6 —4 = 0 2 4 6 8 10
(p; —W/o

L.J.L. Cirto, V.R.V. Assis and C. T. (2011)



68
]
]

KURAMOTO MODEL: (N nonlinearly coupled oscillators)

(N=20000; K=2.53)

(N=20000; K=0.6)

0.08_ BLEUEALL O B L) B B IR R AL I 0.002 BEEEEL | R B R
e === 0001 -
0.04 [ 4 = . -
0.02 — — E 0 T T
= 4 O - ~
[ erssasrermmiesamrsssmns s — 0.001 — -
_0.02_ Coovnndl vl vl B | | | 7
2 3 4 5 _{)IDGZ L1 1 1llll - L1 1111l L1 1 1Ill]l -
10 10 : 10 10 102 10 104 [0’
R R s -t trtrrtrrrtrt
10" E 10" E
LE 823000 : N: -
10" E n=20 E 10 F E
107 E \ E 107 E
10° £ = 107 E ; x‘ -
m - I
' I A T l\{ L T -4 TR
1o 2 4 6 8 10 10

-10-8 -6 <4 2 0

108 6-4-202 46 810
y-<y>/o

G. Miritello, A. Pluchino and A. Rapisarda, Physica A 388, 4818 (2009)



CONSERVATIVE MC MILLAN MAP:

Xn+1 = yn

Yna = =X, T zfu

1 # 0 < nonlinear dynamics

G. Ruiz, T. Bountis and C. T.
Int J Bifurcat Chaos (2011), in press
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FIG. 10. Structure of phase space plot of Mc. Millan perturbed map for parameter values = 1.6
and € = 1.2, starting form a randomly chosen initial condition in a square (0,107%) x (0,1079),
and fori =1...N (N =210 213 N16 N18) jterates.

G. Ruiz, T. Bountis and C. T.
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Transverse-Momentum and Pseudorapidity Distributions of Charged Hadrons

in pp Collisions at \/s = 7 TeV

V. Khachatryan et al.*
(CMS Collaboration)

(Received 18 May 2010; published 6 July 2010)
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Production of pions, kaons and protons in pp collisions
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RAPIDITY DISTRIBUTION FOR PROTON PRODUCTION
IN HEAVY-NUCLEI COLLISIONS:

P. Czerski, Int 3 Mod Phys A 26, 638 (2011)

prediction for LHC
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g-PLANE WAVES:

1) New representation of Dirac delta:
5(X) :2;qj°° dk e (1<q<?2)
2w J=

1.e.,

j"; dx S(x—x,)f(x) = f(x,)

M. Jauregui and C. T., J Math Phys 51, 063304 (2010)



2) New representation of r:

Archimedes
(c. 287 BC —c. 212 BC)

ndl |
=] T(-?i,—k—%)F(ﬂi‘+%)

—n T} vn e N
= = TGk T 2r =2k mE

M. Jauregui and C. T., J Math Phys 51, 063304 (2010)



3) g-plane waves are square integrable (0 <q < 3):

with @ = ck
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Nonlinear Relativistic and Quantum Equations with a Common Type of Solution

F.D. Nobre.!"* M. A. Regn-Monte.iro,l and C. Tsallis'?
'Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems,
Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro—RJ Brazil

*Santa Fe Institute, 1399 Hyde Park Road. Santa Fe, New Mexico 87501, USA
(Received 25 October 2010; published 4 April 2011)

Generalizations of the three main equations of quantum physics. namely, the Schrodinger, Klein-
Gordon, and Dirac equations, are proposed. Nonlinear terms, characterized by exponents depending on an
index ¢. are considered in such a way that the standard linear equations are recovered in the limit ¢ — 1.
Interestingly. these equations present a common, solitonlike. traveling solution. which 1s written in terms
of the g-exponential function that naturally emerges within nonextensive statistical mechanics. In all
cases, the well-known Einstein energy-momentum relation is preserved for arbitrary values of g¢.




4) q—generalized Schroedinger equation
(quantum non-relativistic spinless free particle)

N v A2
) (I)(X,'[) - 1 A2 v? (I)(X,t)
ot| @ 2—(2m D

0

17

(qeR)

0

Its exact solution is given by

(D(;(’ t): > oilp X&)/ _ > i (K %-ot)
q q

N

2

E = L (Newtonian relation!)

2m
with E=/Zw > VQ
P =7k

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106? 140601 (2011)



5) g-generalized Klein-Gordon equation:
(quantum relativistic spinless free particle: e.g., mesons )

- - —~ \ 72(9-1)
- E)ZCI)(x,t) 2.2 . CD(x,t)
Vzd)(x,t) = 012 o +Q mhg cI)(x,t) (e R)

Its exact solution is given by
(I)(;(,t) =P ei(B ' ;_Et)/h - P ei (K. %-wt)

° g ° g

with

E°=p°c*+m°c* (Vq) (Einstein relation!)

Particular case: m=0 = (-plane waves
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



6) g-generalized Dirac equation:
(quantum relativistic spin 1/2 matter and anti-matter free particles:
e.g., electron and positron)

—

iha (D(X’t) + ihc(&ﬁ)@(;,t) = ﬁchA(Q)(;@t) cI)(;,t) (qeR)

ot
with
E;{ G] ,Bz(l 0 j (4 X 4 matrices)
0 0-1
10-1
o ()]
A(q)( )E a (A(ilj? (x,t) = 5”) (4 x 4 matrix)

Where a. Lare complex constants.
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



Its exact solution is given by

" AR
(Dl(x’t) /al\ (al\
(I)(;(’t)E q)z(f’t) _ a2 eI(E)> Q—Et)/h _ 8.2 el(_k’ ;(’_wt)
CI)S(X,t) a3 q a3 q
— a a
CI>4(x,t) 4/ \"4)
\ J
/al\
: a, _
with being the same Vq
a3
& )
hence

E°=p°c®+m°c® (qeR) (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)
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BELARUS
SAUDI ARABIA
KAZAKSTAN
MOLDOVA

74 COUNTRIES

8 PHILIPINES 2
8 ECUADOR 1
7 GEORGIA 1
7 INDONESIA 1
7 JORDAN 1
7 PERU 1
6 QATAR 1
6 SRILANKA 1
6 THAILAND 1
6 UNITED ARAB
5 EMIRATES 1
5 UZBEKISTAN 1
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3
3
2
2

5471 SCIENTISTS



