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GW
Outline

Constructing a manifestly unitary amplitude
Finite-volume applications for lattice QCD:
« 3n*allows to see exchange kinematics in data [1911.09047]
* Three pionsin isospin =2 [2601.16916]
* The m(1300) [2510.09467]
Infinite-volume: The curious case of the K(1460) [2511.02543]
Two (mN)- and three(ntN)-body effects in baryons = Jinzi Wu's talk

Work supported by: @ National Science Foundation Grant No. PHY 2310036
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I >2-body meson decays

unflavored

5001

Decays almost 100% to
3 pions (decay to 2
pseudoscalar mesons

forbidden)
Y
@
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/ Lattice data & analysis of 3B
resonance [2107.03973]
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I Three-body unitarity with isobars *  [1706.06118]

<Q17QQ7Q3|(T_TT>|p17p27p3> — pr qi, QQ7Q3|TT|k17k27k3><klak2ak3|f|plap27p3>

Kldea: To construct a 3B

~

amplitude, start directly from
unitarity (based on ideas of

60's); match a general
\amplitude to it
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delta function sets all intermediate
particles on-shell

(c)

* “lsobar” stands for two-body sub-amplitude which can be resonant or
not; can be matched to CHPT expansion to one loop if desired. Isobars
are re-parametrizations of full 2-body amplitudes [Bedaque] [Hammer]
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Resulting scattering equation ...oiene

« 4-dim BSE becomes 3-dim by putting spectator on-shell (choice)
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unitarity fit to data functions



GW

Fi nite'VOIU me EffeCtS [https://blogs.gwu.edu/doring/]

A wave function is squeezed

. T Distortion of the energy
into a finite volume

spectrum as function of box size
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GW

[1709.08222/Mai, MD]

I Lattice QCD: Finite-volume unitarity (FVU)

Two-body unitarity

On-shell condition

— = (7%

N

I
below thresh.|| above threshold

i ] Infinite
'\j\ Sl — Fin. Vol

Power-law fin-vol. effects

Liuscher

pcot §(p) = —8my/s (G(E) — Re G(E))

Imaginary parts Imaginary parts

Three-body unitarity

On-shell condition
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https://inspirehep.net/literature/1849284

GW

Umtarlty predicts lattice: 3"
[1911.09047,
GWOQCD/Culver et al.]
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GW
I From 1=3 to 1=2: isobar with resonance

[2601.16916,
Feng et al./ GWQCD]

. © o
ig}é :} . g}é X

* Finite-volume lattice spectrum and FVU amplitude Ty,
m,; = 315 MeV (fit 2)

-/

See also [2510.24894/RFT]



If\g (mp)s

Infinite-volume amplitudes

* 3-body production amplitude for fixed energy /s = 4mx

GW
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I Excited pseudoscalar mesons

« Adding JF=0* quantum numbers to pseudoscalar mesons (m, 1, K)

in S-wave

- Excited pseudoscalar mesons

W S-wave

* Found in CLEO [JHEP 05 (2017)]
* Notin Compass

e State found in lattice QCD
[Dudek etal., PRD 82, 2010]

« Dynamically generated from mfy?
[Martinez et al. PRD 84, 2011]

« New evidence from lattice QCD
[Yan, Mai, Y. Feng, MD et al.2510.09476 [hep-lat]

/V
S-wave
—

S-wave

W S-wave
O

Experimentally well
established

Hadronic molecule Kfy-Kay?
[Albaladejo PRD82 (2010)

Martinez PRC 83 (2011);

Filikhin PRD 102 (2020),

Zhang, Hanhart EPJA 58 (2022)]

/V
—
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https://arxiv.org/abs/2510.09476

208 MeV)

(M

L/a

305 MeV)

(M7 =

Lfa

GW

I From I=2 to I1=1: 7(1300) on the lattice

[2510.09467/Yan et al.]

 Exploratory spectroscopy on the lattice:

Does the m(1300) exist?
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GW
I Extension to strangeness: the K(1460)

[2511.02543,
MD, K. Khemchandani, A. Martinez

fo/a K K* Kfj/Kay KKK

K fo/ag \/;

* Hadronic molecule hypothesis (stable, mass-degenerate f, and ay):

Zhang, Hanhart et al. [Eur. Phys. J A 58,22 (2022)] predict binding energy in MeV:

o A[GeV] t(a) +t(b) +s(a) +s(b) +streched | +crossed
boxes boxes

| 0 05 | 0.51(1) | 0.66(1.29) | 0.83 (1.63) | 0.52(1.02) | 0.58 (1.14) | 0.68 (1.33) | >§< =0
| 1 05 | 1.63(1) | 2.51(1.54) | 3.93(2.41) | 1.63(1) | 1.86(1.14) | 2.21(1.36) |
|

f 05 | 1.58(1) | 2.44 (1.54) | 3.81(2.41) | 1.59 (1.01) | 1.81(1.15) | 2.16 (1.37) |

[a—

13



GW

A new model for strange mesons

* Two-body input from experiment when available, chiral models if
not: Full coupled-channel amplitudes

e Channels: Kf({fK Kfi™ Ka{){K Kagn KKQKK TrRE™ ’r]Iﬁ:K"r

» Sub-channels have fy(nr, KK),ay(rn, KK) Strangess-2

kaon cluster
* Hanhart result reproduced: With stable isobars, one gets very

shallow 3-body bound state in Kf§¥ KafX

* Slowly switch on all channels and full cc two-body amplitudes

State MR—iFR/Q
fo(500) 471.97 — 4189.07

f0(980) 988.08 — i17.36 Two-body resonances
a0(980) 982.32 — i53.63
K;(700) 832.57 — ¢230.70

14



I Pole trajectory

K* Kf(l)/Kao

KKK

1

T

<

Stable isobars (slightly different model)
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Almost on-shell
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I Phase motion

) [arb'U]
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Resonance-like phase motion in the Argand plot (fix spectator momenta)
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GW

Summary

* Strong three-body effects in excited hadrons from the lattice
* Pions on the lattice in isospin I=...
* ...3: All-repulsive channel shows the relevance of particle exchange

* ...2: Sub-channels/isobars with resonances; allows comparison with EFT

* ...1: Exploratory spectroscopy on the lattice allows to determine m(1300)
KKE Vs

* Intricate 3-body dynamics of the the K(1460)
KfEK Kfi™ Kak® Kaj" KKEK nrKm prKn
* Generation from on-shell kaon exchange
disappear

« Still, a triangle singularity at 3K threshold

+ complex threshold Kfy still generate

resonance-like strong enhancement




Spare slides

GW



GW
The a,(1260) and its Dalitz plots

[Sadasivan 2020]

* Disconnected and connected decays for three-body untarity

a1 (1260) N . T g

Additional fit parameters

> Xl



https://inspirehep.net/literature/1782971
https://inspirehep.net/literature/1782971
https://inspirehep.net/literature/1782971

GW

Fitting the lineshape & predicting Dalitz plots
[Sadasivan 2020]

* One can have mp in S- and D-wave coupled channels

» Fit contact terms to the lineshape from Experiment (ALEPH)

0.25}

0-20}

g Vs =13 GeV
|

o
—
[

o |arb. units]
e
S

J13

Emo"ia‘}'
[ S S L?;a)

0.05

023

Where is the resonance pole in s? Pole positions & residues are reaction-
independent characteristics of resonance mass, width, and branching ratios


https://inspirehep.net/literature/1782971
https://inspirehep.net/literature/1782971
https://inspirehep.net/literature/1782971

0.25]
0.20}
Result: Pole position:
S
2
Technicalities analytic cont.: [Sadasivan (2021)] = o0.10
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0.05}
0.0
0.00}
[Too|
-0.1 4 2f
= 1}
<X OF
I 1k
— Q
= -02 = _§_
O, .
@ 0.8 1.0 1.2 1.4
E Chosen path /3 [GeV]
= 03 artifacts
e Pole prediction ]
-04 o ) ]
e Pole prediction (Dispersive fit) |
B > Pole prediction (no B)
05 . RN e Resampled pole positions
0.8 0.9 1.0 1.1 1.2 1.3 1.4 % _020k [1 PDG average |
O H i | -
R GeV = [ 1 JPAC2019 ]
- \/g [ ¢ ] S fi [ Statistical confidence region i
-- - E O ot [11 Systematic confidence region 1
L2 [e) M’ -
Technical 4 : - :
Challenges If the B-term is
, lected + refit | ]
« from 3B cuts neglected + retl : ¥~ [JPAC/Mikhasenko]
--- 9= (unitarity violated) !

1.20 1.25 1.30 135 1.40 29
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GW

Production amplitude 9-channel model

(Only the (non-trivial) rescattering piece) 3y < W < 2mpg + my
3
5 (mp)p
1_
0
j . 1 t 1 . "- -1 : — b i
sl | O ke
T : ... 0.0f ]
1 -o05}
~1.0}
1.5}
~20 L
0.002f ASARRRE
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0.002} 0.01¢ '
0004 L 1 000 1 —001 '
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Dashed lines: with tp switched off (influence of coupled channels)



GW
I Extraction of a,(1260) from |IQCD

[Mai/MD/GWQCD, PRL 2021]
* First-ever three-body resonance from 15t principles (with explicit

three-body dynamics).

Finite-volume lattice energy eigenvalues
QCD spectrum
T |
= ii(, _______________ H 3-body quantization volume-independent
ad conditions quantities
48 E ) ] GWQCD v
L T— f | - det QMTwp=l Riemann Surface:
4.6] . .
“ ; scattering amplitude
..... = : : : :

3.0p

2.5/ 42 44 46 48 50 5 60
20 Vs [my) =
—80F

L5 .
/ -100f O |
1 0_ ¢t 2 '
050 / 2-body IQCD input 800 900 1000 1100 1200 1300
- 4

' [rad]

Re s'/2[MeV]

0.0



https://inspirehep.net/literature/1879418

a, results - Details
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GW

[Yan, Mai, et al., PRL (2024)]

I w — ntre from Lattice QCD

Result

hitt_icg -I(-)'IC[C)Ioverfermions * Various EFT based ansatzes
2/3 particle operators FVU * w becomes a bound state at ~300 MeV

at the physical point very close to the EXP value

2 pion masses, 2 volumes

amm 305 MeV 08 mrm 208 MeV h
1, 0 : .
o AN N .00
o : - Qe w
07t ' ;.
) 4 M, = 208MeV ,
1 18
0.7f -0.014
0.6 AN
{7 ®
AN k
0.6F A AN =
0% 16 $-0.02-
: I E
14 04f EFT2
- EFT4
-0.03 1 — GEN M%Jhys.
14
0.4 0.3 K } = PDG
13
o i i 3
, . . - -0.04+
0.3 32 48 0.2 32 48
Lja Lja |
3 4 5 6

+ tmt levels Re E3 /M,


https://inspirehep.net/literature/2810356
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I How to solve the scattering equation

A
. — di? o N e
Tji(s,p',p) =|Bji[s,0',p) + Cji(s,p',p +/ (an)? 2, gk(s,p,l)+0jk(s,p,l)) Tre(o1) Trj(s, 1, p)
0
* Three-body cuts
- ,. (Ir)ji vi(p,P —p—p)ui(p',P —p—7')
i P Bji(s,p’,p) = :
2Epf+p(\/.§ — Ep — Ep: — Ep’—l—p) + 1€
10- ok ‘.'-.wvr‘v—l o "“‘e [y
* Angle, energy dependent P *j:-l o oTs ]
* Dependalsoonp’andp o_s} “‘*.;"'f-.,vap;

« Solve LSE for complex

momenta on a deformed o oo — (7 +0i) m, '
contour _0.5

-
00000000

Rep [m,]



q'/ma

 No solution for real momenta
in“critical region”
g P

3‘5? 2my + My /-
3.0F [ \ /
3| [~ TN ]
25- = T . ‘h-’\ ]
Unphysical Critical
2.0f \/ .
1.5 ' femat / Physical -
[ Q, 1
1.0F E ""‘<5
(mrg =1.2m;,)
0.5:' ]
0-02'..............,.,,,,,,mfp,,,
3 4 5 6 7 8

Vs /my

How to get the solution for real, physical

Vs/my =176, ¢'/m, = 0.01

momenta

Imp/m,

1.5}

| | |
— — o] o (] —
Lh o Lh o Lh o

(2my +my)/my; = 3.6

-2

-1 0 1 2
Rep/m;

GW

Solution 1: Contour deformation [Cahill & Sloane]

Imp/m,

1.5

1.0F

0.5

e
o
T

T T T T T
BKK‘—»ﬁn(q’,p), Ve =T76m., ¢ =3.4my, mr =1.2m, ]

-2 -1 0 1 2
Rep/m,
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How to get the solution for real, physical
momenta

Solution 2: Direct inversion [Ziegelmann et al.]

. A 2
Production 115, ¢) = D;(s,¢) + [ ok - Bii(s,4',0) (e @) T (5,0)
0

amplitude (2m)32E, “
N N _
- - 2i\d — (4
Ansatz I"(q) = > T"(q:) Hi(g) with Lagrange polynomials H;(q) = ij ( )
= Hj;éi((h - q)
Makes integral equation a I'7(q;) = D(g;) + A;iTT (¢;)

matrix equation

L . A odgg? 4 .
With singular integrals Aji—fﬂ WB(%;Q)T(J(Q))H&Q)-

... for which many established algorithms exist



Im p/m,

GW

How to get the solution for real, physical

momenta

Solution 3: Continued fractions
* Not rigorous as methods 1 and 2, but very good extrapolation properties

« Sample the solution on complex contour and evaluate the continued

fraction at real momenta
r — T

flz) = f(z1) + v 7
p($11$2)+ : T T
— 43
p2($la$2am3) - f($1)+ pg(x1,fc2,$3,3¢4) —P($1,$2) + ..

[example: 2511.02543 ,
MD, K. Khemchandani, A. Martinez

N/

.......................

0.4
I s =1491. MeV |

s =1491. MeV

-0.5F
= — I on Cy
= 5 [
:v‘; E 0.0F — f on Cy
-1.0F = = i i
= = T from O
I ReT 1 -
-0.2F . I' from C,
-1.5F
<
................ . A L L L L 04—
0 2 4 6 0 200 400 600 800 1000 0 200 400 600 800 1000
Re p/mx

Re p/m, Re p/m,



I Partial-wave decomposition

e Plane-wave basis )

Tyva(p,qi) = (Bua(p.q1) +C) +

31
\Z/ ‘JTd?’QE; B xr(p, 1) + C)(a())Taal, q1) j

GW

+1

—1

BS\]/\»*(QI:P) = 27*’/ dx d}\/\’( ) Bax (g1, p) BiL’(QIrP) = ULABS{N(QLP)UXL}

NS
KJLS basis:

Ti{L’(qlzp) — (BLIL*'(QLP) + CLL’(lep)) +
A

2T BQE[

\_0

~

/ S (BLL”(Ql D)+ Crr (g1, Z)) T(U(Z))Tg”” (4, p)

J
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ak

[Sadasivan (2021)] &
[Doering (2009)]

Analytic cont. 3-body .

Imaom

T/ (q1,p) BLL’(QI p)+ Cri (a1, P)) +

2
L Ln (q1:1) + Crr(q1,! e' DT (L p)

(27)32E;

M

.k2 1 o2 o(k)*o(k)
3 2Fy o'2|0 — AE7 + i€

(Bix(p.p') = (P —p—p,p)ux(P—p—p'.p)
) 2Ep1+p(\/§ — Ep — Ep’ - Ep’+p T ZE)

 Two contours (SMC and )
« Deform both "adiabatically” to go to complex s
« Setof rules:
« Contours cannot intersect with each others
« Contours cannot intersect with (3-body) cuts
« Passing singularities left or right determines sheet 32
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