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tt+jet production at the LHC
INTRODUCTION

LHC is a top factory!

[ATLAS Collaboration ‘24]

Need N3LO tt    NNLO tt+jet key ingredient 

Main production channel:
pp→tt[CMS Collaboration, '21]

NNLO QCD corrections to tt+jet

Need NNLO tt+jet

~40% events associated
with jet (pT>40 GeV)

Large theory 
uncertainties

https://link.springer.com/article/10.1007/JHEP08(2024)182
https://arxiv.org/pdf/2108.02803
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Top mass extraction
INTRODUCTION

NNLO QCD corrections to tt+jet

Top-quark mass value essential 
to asses the EW vacuum stability 

tt+jet production highly sensitive 
to top-quark mass value

 Should I stay 
or should I go?

[Hiller, Hohne, Litim, Steudtner ‘24]

[Alioli, Fernandez, Fuster, Irles, Moch, Uver, Vos ‘14]
[Bevilacqua, Hartanto, Kraus, Schulze, Worek ‘17]

[Alioli, Fuster, Garzelli, Gavardi, Irles, Melini, Moch, Uwer, Vos ‘22]

[ATLAS Collaboration ‘25]

top mass from 
ttj distributions

https://arxiv.org/pdf/2401.08811
https://link.springer.com/article/10.1140/epjc/s10052-013-2438-2
https://arxiv.org/abs/1711.01831
https://inspirehep.net/literature/2033575
https://arxiv.org/pdf/2108.02803
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Current status of tt+jet corrections 
INTRODUCTION

● NLO QCD corrections

● Mixed QCD and EW corrections

● Full off-shell decays and interfaces with 
parton shower

Nowadays NLO is automated

MadGraph5_aMC@NLO

OpenLoops2 Helac-NLO
[Buccioni, Lang, Lindert, Maierhöfer, 
Pozzorini, Zhang, Zoller ‘19]

[Bevilacqua, Czakon, Garzelli, van Hameren, 
Kardos, Papadopoulos, Pittau, Worek ‘11]

[Alwall, Frederix, Frixione, Hirschi, Maltoni, 
Mattelaer, Shao, Stelzer, Torrielli, Zaro ‘14]

Implemented within the framework
Powheg-Box

[Alioli, Nason, Oleari, Re ‘10]

NNLO QCD corrections to tt+jet

[Dittmaier, Uwer, Weinzierl, ’07]

[Melnikov and Schulze ’10]
[Alioli, Moch, Uwer ’12]
[Bevilacqua, Czakon, Hartanto, Kraus, 
Worek ’15-’16]

[Gütschow, Lindert, Schönherr ’18]

https://arxiv.org/pdf/1907.13071
https://arxiv.org/pdf/1907.13071
https://arxiv.org/pdf/1110.1499
https://arxiv.org/pdf/1110.1499
https://arxiv.org/pdf/1405.0301
https://arxiv.org/pdf/1405.0301
https://arxiv.org/pdf/1002.2581
https://arxiv.org/abs/hep-ph/0703120
https://arxiv.org/abs/1004.3284
https://arxiv.org/abs/1110.5251
https://arxiv.org/abs/1509.09242
https://arxiv.org/abs/1509.09242
https://link.springer.com/article/10.1140/epjc/s10052-018-5804-2
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Current status of tt+jet corrections 
INTRODUCTION

● NNLO QCD corrections needed
initial steps towards this challenge 

[Badger, Becchetti, Chaubey, 
Marzucca, Sarandrea ’22]
[Bera, CB, Canko, Hartanto, ‘25]

[Badger, Becchetti, Chaubey, Marzucca ’23]
[Badger, Becchetti, Giraudo, Zoia ’24]
[Becchetti, Dlapa, Zoia ’25]

[Badger, Becchetti, CB, Hartanto, Zoia ’24]

One-loop at O(ε2)

DEs for two-loop 
planar topologies

Numerical evaluation 
two-loop amplitude● NLO QCD corrections

● Mixed QCD and EW corrections

● Full off-shell decays and interfaces with 
parton shower

[Dittmaier, Uwer, Weinzierl, ’07]

[Melnikov and Schulze ’10]
[Alioli, Moch, Uwer ’12]
[Bevilacqua, Czakon, Hartanto, Kraus, 
Worek ’15-’16]

[Gütschow, Lindert, Schönherr ’18]

NNLO QCD corrections to tt+jet

https://arxiv.org/pdf/2201.12188
https://arxiv.org/pdf/2201.12188
https://arxiv.org/abs/2505.10406
https://arxiv.org/pdf/2210.17477
https://arxiv.org/pdf/2404.12325
https://arxiv.org/pdf/2503.03603
https://arxiv.org/pdf/2412.13876
https://arxiv.org/abs/hep-ph/0703120
https://arxiv.org/abs/1004.3284
https://arxiv.org/abs/1110.5251
https://arxiv.org/abs/1509.09242
https://arxiv.org/abs/1509.09242
https://link.springer.com/article/10.1140/epjc/s10052-018-5804-2
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Towards NNLO QCD corrections tt+jet
INTRODUCTION

Cross section = Amplitude + Phase space integration

NNLO QCD corrections to tt+jet

STRIPPER
[Czakon ‘10][Czakon, Heymes ‘14]
[Czakon, van Hameren, Mitov, Poncelet ‘19]

[Buccioni, Lang, Lindert, Maierhöfer, 
Pozzorini, Zhang, Zoller ‘19]

OpenLoops2

AvH library
[Bury, Hameren ‘15]

This work!

This work!

https://arxiv.org/abs/1005.0274
https://arxiv.org/abs/1408.2500
https://arxiv.org/abs/1907.12911
https://arxiv.org/pdf/1907.13071
https://arxiv.org/pdf/1907.13071
https://www.sciencedirect.com/science/article/abs/pii/S0010465515002684
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Numerical evaluation of the finite remainder
RESULTS

Numerical evaluation of finite remainders up to two loops in
the leading color limit for gg → ttg production

Check out our paper arXiv:2412.13876

NNLO QCD corrections to tt+jet

Less than 
one year 

ago at this 
workshop!

https://arxiv.org/abs/2412.13876


●
● PDF4LHC21 PDF set
● Stable top productions

● Two fiducial phase spaces:

● Scales:
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pp→ttj cross section
RESULTS

NNLO QCD corrections to tt+jet

From H. B. Hartanto's talk at TOP25

Theory uncertainties from 7-point scale variations

New!

Hard                                   Soft

Hard-jet phase space

https://indico.cern.ch/event/1501204/contributions/6561357/attachments/3139567/5572304/Bayu_Top_2025.pdf
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pp→ttj differential distributions
RESULTS

NNLO QCD corrections to tt+jet

PRELIMINARY
PRELIMINARY

Highly sensitive to mt and αs

TNP: [Lim, Poncelet, ‘24]

New!

https://arxiv.org/abs/2412.14910


10Colomba Brancaccio

Amplitude computation: the challenges
WORKFLOW

NNLO QCD corrections to tt+jet

Laurent expansion of the MIs and their coefficients around ε=0 (with d=4-2ε):

High algebraic complexity High analytic complexity

Tamed with finite-field approach See also: [Badger, Becchetti, Giraudo, Zoia ’24]
 [Badger, Becchetti, Chaubey, Marzucca ’23] 
 [Becchetti, Dlapa, Zoia ‘25]

[von Manteuffel, Schabinger ’14]
[Peraro ’16][Peraro ’19]

● Minimised impact of non-polylogarithmic 
functions

● Derived a (potential over-complete) special 
function basis allowing for: 
1. Analytic UV/IR pole subtraction
2. Simplification of finite remainders

For the first time in case of elliptic functions
[Badger, Becchetti, CB, Hartanto, Zoia ’24]

Leading-colour limit

https://arxiv.org/pdf/2404.12325
https://arxiv.org/pdf/2210.17477
https://arxiv.org/pdf/2503.03603
https://arxiv.org/pdf/1406.4513
https://arxiv.org/pdf/1608.01902
https://inspirehep.net/literature/1735575
https://arxiv.org/pdf/2412.13876
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Numerical evaluation
WORKFLOW

NNLO QCD corrections to tt+jet

Bulirsch–Stoer algorithm 
Previously used for pp→tt production

new implementation for the ttj – highly 
promising for phenomenological applications

Numerical integration of the DEs for the special functions

Numerical C++ implementation
~20 seconds per point
(double-double for rational coefficients,
double for special functions)

    interface to STRIPPER
    on-the-fly evaluation

dominates the total 
evaluation time

[Caffo, Czyz, Remiddi, 02]
[Boughezal, Czakon, Schutzmeier, ‘07]
[Czakon, ‘08]

Check also [Petit Rosàs, Torres Bobadilla, ‘25]

https://arxiv.org/abs/hep-ph/0203256
https://arxiv.org/abs/0707.3090
https://arxiv.org/abs/0803.1400
https://arxiv.org/abs/2507.12548
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Conclusions 

Outlook 

● Analytic expressions of two-loop leading-colour 
helicity amplitudes for pp→ttj

● NNLO QCD predictions: cross section ad differential 
distributions for pp→ttj at LHC@13 TeV

● NNLO precision is essential to reach sub-10% 
theoretical accuracy

● In-depth phenomenological studies 
mt and αs extraction

● NNLO QCD predictions including 
top-quark decay via NWA

NNLO QCD corrections to tt+jet

PRELIMINARY
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Conclusions 

Outlook 

● Analytic expressions of two-loop leading-colour 
helicity amplitudes for pp→ttj

● NNLO QCD predictions: cross section ad differential 
distributions for pp→ttj at LHC@13 TeV

● NNLO precision is essential to reach sub-10% 
theoretical accuracy

● In-depth phenomenological studies 
mt and αs extraction

● NNLO QCD predictions including 
top-quark decay via NWA

NNLO QCD corrections to tt+jet

PRELIMINARY

Thank
You!



BACKUP
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Growing challenges for phenomenology
BACKUP

Massless amplitudes Internal masses
Massless 
internal 
propagators

Massive 
internal 
propagators

Logs, 
Classical Polylogs, 

MLPs …

Elliptic
functions …

● Analytic cancellation 
of the poles

● Compact expressions
● Fast and stable 

numerics ● Functions under 
investigation

Pentagon functions 
approach

How to obtain the 
same advantages of 
the massless case?

See [Gehrmann, Henn, Lo Presti ’18] 
[Chicherin, Sotnikov ’20] [Chicherin, Sotnikov, Zoia ’22] 
[Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia ’24]

Colomba Brancaccio NNLO QCD corrections to tt+jet

https://arxiv.org/pdf/1807.09812
https://arxiv.org/pdf/2009.07803
https://arxiv.org/pdf/2110.10111
https://arxiv.org/pdf/2306.15431


Helicity amplitudes - useful definitions 1
BACKUP

Colomba Brancaccio NNLO QCD corrections to tt+jet

Colour decomposition:

Finite reminder:



Helicity amplitudes - useful definitions 2
BACKUP

Colomba Brancaccio NNLO QCD corrections to tt+jet

Hard functions:

Amplitudes in terms of massive spinor form factors:



Step 1 Look for linear relations among the coefficients

Step 2 Make the ansatz

Step 3 Perform univariate partial fraction decomposition

Example

   max. numerator|denominator degrees 4|5          max. numerator|denominator degrees 1|0

Univariate partial fraction decomposition
BACKUP

[Badger, Hartanto, Zoia ‘21]

Colomba Brancaccio NNLO QCD corrections to tt+jet

https://arxiv.org/pdf/2102.02516


● Degrees reduction of ~80%
● no          dependence

Momentum twistor variables
BACKUP

 Univariate partial 
fraction decomposition   

+                                        
 Momentum twistor 

variables
=

feasible analytic 
reconstruction

with                  and   

Colomba Brancaccio NNLO QCD corrections to tt+jet
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BACKUP

NNLO QCD corrections to tt+jet

Differential equations for MIs
MIs satisfy the following differential equation:

[Kotikov ‘91-’93]
[Bern, Dixon, Kosower ‘94]
[Remiddi ‘97]
[Gehrmann, ‘00]
[Henn, ‘13]

For PBA and PBC:

     factorised                  dlog-form

[Badger, Becchetti, Chaubey, Marzucca ’23]
[Badger, Becchetti, Giraudo, Zoia ’24]

For PBB:
[Badger, Becchetti, Giraudo, Zoia ’24]

        DEs quadratic in             one-form

      solution in terms of elliptic functions

https://arxiv.org/pdf/1304.1806
https://arxiv.org/pdf/2210.17477
https://arxiv.org/pdf/2404.12325
https://arxiv.org/pdf/2404.12325


Pentagon functions derivation: the idea
BACKUP

● Solution of the canonical DEs in terms of Chen iterated integrals
● Write the MIs components in terms of symbols
● Select the MI components for the basis at symbol level

Include products 
of lower-weight functions

Tune ordering 
to streamline the amplitude

Preferred ordering:
● lower-weight functions 

over higher-weight functions
● 1-loop functions 

over 2-loop functions

ATTENTION!
Pentagon functions

in progress

Colomba Brancaccio NNLO QCD corrections to tt+jet



Special functions basis: non-canonical case
BACKUP

with

Canonical

Canonical

Constant

vanishing for a conspiracy of the boundary values

The DEs for the coefficients           are

Colomba Brancaccio NNLO QCD corrections to tt+jet



Special functions basis: non-canonical case
BACKUP

with

Same as for 

Canonical

Canonical

Constant

Non-polylogarithmic special functions

MIs of the elliptic sectors

The DEs for the coefficients           are

Colomba Brancaccio NNLO QCD corrections to tt+jet



Numerical evaluation of special functions
BACKUP

Generalised power series method 
(as implemented in DiffExp)

[Moriello ’20] [Hidding ’21]

Evaluation time per segment - Special functions

Colomba Brancaccio NNLO QCD corrections to tt+jetColomba Brancaccio NNLO QCD corrections to tt+jet

Numerical integration with 
Bulirsch–Stoer algorithm
From M. Czakon’s talk at 2nd HOCTools-II

https://gitlab.com/hiddingm/diffexp
https://arxiv.org/pdf/1907.13234
https://arxiv.org/pdf/2006.05510
https://indico.global/event/15809/contributions/137657/attachments/63801/123233/talk.pdf

