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Elements of hydrodynamic turbulence

What is hydrodynamic turbulence?

Monin & Yaglom «Statistical Fluid Mechanics: Mechanics of Turbulence»



Elements of hydrodynamic turbulence

What is hydrodynamic turbulence?

Let us go back to the fluid equations in the non-conservation form
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What is hydrodynamic turbulence?

Let us go back to the fluid equations in the non-conservation form

9, | 1re fg +1_C‘°’2( )
np = — U u - n
0P 1 — cu? 1+ c¢? P
2 2 2
cc V;lnp oF: 1—c
aoui=—(u-V)ui—1+C§ )/2 +ul(1_C§u2)y2[Vu+1+ Sz(uV)lnp

Let us focus (for simplicity) on the subrelativistic limit (c¢? < 1, u* <« 1)

The momentum equation, using a simple model for the viscosity, is

Vv
dou; = —(u - V)u; + v Vauy, _?p
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The evolution of the velocity is strongly dependent on the interplay between two terms
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Elements of hydrodynamic turbulence

What is hydrodynamic turbulence?

The evolution of the velocity is strongly dependent on the interplay between two terms

Vp
Oou; = —(u-Vu; +v Vou, — —
P
nonlinearities viscosity
X vT?mS/L XV vT'mS/LZ

To gain insight on the interplay between them we can consider a fluid motion with a
characteristic lenght scale L and a characteristic velocity v,

We then define the Reynolds number as the ratio between nonlinearities and viscosity
nonlinearities  v,.,,cL

Re = : : =
VlSCOSlty V
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Elements of hydrodynamic turbulence

What is hydrodynamic turbulence?

Vp nonlinearities v, L
aoui = —(u : V)ui + vV Vzui __rr Re —= . . _ “rms
P viscosity Vv

nonlinearities viscosity

Experiments show that this ratio can be used to distinguish two different regimes

Small Reynolds number Large Reynolds number
A small change in the initial conditions causes A small change in the initial conditions can cause
a small change in the fluid profiles instabilities and big changes in the fluid profiles
(ordered flow) (chaotic flow)

Laminar regime Turbulent regime
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Elements of hydrodynamic turbulence

What is hydrodynamic turbulence?

Turbulence features chaotic flow — predicting the exact fluid motions requires extremely accurate
knowledge of the initial conditions

However there are universal statistical (average) properties of turbulence

Suppose that turbulence was generated after an injection of energy at a scale k, in the power spectrum

E” (k)

Experimentally we see that in turbulence energy tends to move from larger to
smaller scales (nonlinearities allow energy exchange between different scales)

This happensinthe , Which is between the injection scale k, and the
dissipation scale (at which viscosity balances nonlinearities) k; = v,.,,,./V

The energy transfer rate is approximately scale independent

k.

Which implies the

E Vins 11
const = € = X 2 Vyps X €3 k73
. 5Teddy
k; k Vrms K

k. ke EV(k)dlnk < v? . — X V2 .



Turbulence in the early Universe: first-order phase transitions

First-Order
A Ez0
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First-Order
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Turbulence in the early Universe: first-order phase transitions

First-Order
A Ez0

A
Verr(b, T) = D (T? = Tg) ¢*—ETH° + ¢ v,

0
Scalar bubbles \/ :

nucleate and expand

Longitudinal quid perturbations

@ frlctlon between

<¢>=0 scalar and fluid
)
'J}¢>\Ol\

deflagration hybrid detonation

Espinosa et al. [1004.4187]



Turbulence in the early Universe: first-order phase transitions
and gravitational waves
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Turbulence in the early Universe: first-order phase transitions
and gravitational waves

_g T=100GeV.a =05 B/H, =10, v, = 0.95, £y, = |

10 I IIIIIII| I III{\III| I IIIIII| I IIIIIII| I Il.‘IIIIII
A The collisions of the fluid profiles
10—9 - generate sound waves
| turbulence . N
107 10 sound waves _|  The development of nonlinearities then
b B ’ leads to turbulence given the extremely
:’E ) O_M B B small viscosity in the early Universe (Arnold
ol et al. 2003)
C i,
™~ o1n—17
..::f 10 1zl . Magnetic fields can be generated through
| scalar gradients (Vachaspati et al. 2021)
10~ 31 - or amplified by turbulence which can
R lead, given the extremely large
10—14 v bbb b v NN conductivity in the primordial plasma

10_6 1079 O—-L 10—3 10—2 10—1 (Arnold et al. 2003), to MHD turbulence
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Turbulence in the early Universe: first-order phase transitions
and gravitational waves
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Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

For a statistically homogeneous and isotropic field we have the following
general decomposition of the two-point correlator in Fourier space

o , ~ o ER(R) L L EP() . o HY(K)
(vi(R)v; (k")) = 2m)°83(k — k') (65 — kik;) 4’21{3 + kik; Zl;Tkg ticjikig o

vortical compressional helical

Ef (k) #0-> V Xv+0 E/(k) #0-> V-v+#0 HY(k) # 0 - parity violation

Causality (real space two-point correlator of velocity being zero at large scales) implies
Ev(k) o« k> for k — 0 for a purely vortical (Ef = 0) or purely compressional (Ey = 0) field



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

Ex(k) ~ o E/(k)
41k3 +keik 21k3

vortical compressional
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How to initialize a turbulent fluid in the lattice?

* / / T~ T Ev(k) ~ Ev(k)
vortical compressional

A possible solution is to initialize the velocity field in Fourier space as
v (k) = (2m)3go(K)g; (k) |1 —q (6;; — kik;) +/2q kik;]

|

With g; (k) a random Gaussian number (g,(k) gp, (k")) = 6°(k — k') ,p,
Thisleadsto  (v;(K)v; (k")) = gd(k) 83(k — k') [(1 — q) (6;; — kik;) + 2 q ki k)]

q = 0 — fully vortical g = 1 — fully compressional



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?
v (k) = (2m)3g,(k)g;(k) |1 —q (6 — kik;) ++/2q kK]

g = 0 — fully vortical q = 1 — fully compressional

Are we surethatqg = 0 impliesV-v=0andqg = 1impliesV X v=07



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?
v (k) = (2m)3g,(k)g;(k) |1 —q (6 — kik;) ++/2q kK]
g = 0 — fully vortical q = 1 — fully compressional

Are we surethatqg = 0 impliesV-v=0andqg = 1impliesV X v=07

q=0-ky;=0-V-v=0 g=1-€;kiy,=0->Vxv=0



Initializing a turbulent fluid in Fourier space
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Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?
v (k) = 2m)3go(k)g; (k) |1 —q (6:; — kF“ ki) +y2qh I ]

g = 0 — fully vortical q = 1 — fully compressional
Are we surethatqg = 0 impliesV-v=0andqg = 1impliesV X v=07
q:O—)ElLatviZO—)V-vzo q=1—>el-jll€jLatvl=0—>V><v=O

The last implications are true only if l?l- is the Fourier transform of the discrete derivative operator — l?l- = IELat

For neutral derivatives of order 2, 4 and 6 we have

. (271?1) . (27T'ii> . <4nﬁ) Sin(Znﬁ) Sin<4nﬁ) Sin<6nﬁ)
p@ _ N pw AU N ) 1PPUN 1 ® _3 N_) 3 N ) 1 N
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Gravitational Waves from decaying turbulence

E}/(K)

Velocity Spectrum

Subrelativistic case - numerical setup

N=512 kp=01 Ry, =225,

~

t E—l 10, dt =103 dt<001
fin *_I’EIR_ ’ - ’ dx . ’

v
Vems = 4 X 1078, viscosity = —— ~ 1077
v Ky

5Teddy~107

\ 4

almost no decay of the source



Gravitational Waves from decaying turbulence

Gravitational Wave Spectrum
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Gravitational Waves from decaying turbulence

Velocity Spectrum

101

103

10—5 o

107 4

En(K)

1079 A

10—11 -

10—13
101

Relativistic case - numerical setup

N=512, k=01 Fky, ==2% =256,

t t, = - =10, dt=10"* df<0001
fin " ]EIR B ’ B ’ di . ’
. ... Vrms )
Vrms = 0.1,  viscosity =—=—— = 10
v
6Teddy~102

» visible decay of the source



Gravitational Waves from decaying turbulence

Qow(K)

Gravitational Wave Spectrum
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Gravitational Waves from decaying turbulence

This spectral shape and behavior seems quite universal. Is it consistent with theoretical expectations?

Gravitational Wave Spectrum

10—17

Qow(K)

10—23

10—25

modes grow as Ot°
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Gravitational Wave Background from stochastic processes in the early Universe
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Gravitational Wave Background from stochastic processes in the early Universe

Tensor perturbations over FLRW ds* = az(T)[—dTZ + 0y + 44j) dx' dxf]

GW equation (radiation domination) LY (02 + kD) hij(t,k) = 611;;(7, k) T*
a=rt/t, \
67, (minletrinl dr o 2p mkly,
Solution h;;(7, k) = f —1 [1;; (71, k) sink(t — 74) i = a*Agja T/ Perie
k T, T
source active for 7. <7 < Tfjp
GW spectrum at present time k > 3,
0 2 4

Pew My, 2 1 A 2
QGW(tO) — — ( 5tf--(x, to) — ( 5 h(x, To) _g'[ "(x, To) )
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Gravitational Wave Background from stochastic processes in the early Universe

_ 4
GW spectrum [ Qg (70, k) dInk = Qg (t) = - (a) (10:hi;(x,70) %)

12 HE \aq

min|7,7fin| dT1
From GW equation’s solution  d:h;;(7,k) = 6 H, f — IM;; (71, k) cosk(t — 1)
Ty 1



Gravitational Wave Background from stochastic processes in the early Universe
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Gravitational Wave Background from stochastic processes in the early Universe

GW spectrum f Qe (1o, k) dInk = Qg (t) = 12H0 (ao) ( |0:h;;(x, 7o) )
min(7,7fip | dT1
From GW equation’s solution  d:h;;(7,k) = 6 H, f — IM;; (71, k) cosk(t — 1)
Ty 1

Hl_[(k; Tl; TZ)

(Hij(Tpk)Hikm(Tz»k')) = —(Zﬂ)653(k k)[ lJlm(k) 47’[k3 T i"qijlm(/k) A1k 3

min[TO,Tfin] dTl dT

‘Q'GW(TO' k) =3 TGW jf T ‘[22 COS k(TO — Tl) COS k(TO — Tz) En(k, Tl,Tz)
Ty




Constant-in-time model for the UETC of the source

min[TO,Tﬁn] dTl de
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Constant-in-time model for the UETC of the source

min[TO,Tﬁn] dTl de

Qew (T, k) =3 Tow Jj T_l;COS k(to — 11) cos k(o — 75) En(k, 74, 75)
T

*

Assuming that the source is slowly decaying* for 7. <t <7t —— Ep(k,tq,1,) = Ef(k)

*with respect to the light crossing time at wavenumber k
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Constant-in-time model for the UETC of the source

QGW(TO k) — 3 TGW Jj T—l?COS k(TO - Tl) COS k(TO - Tz) En(k Tl Tz)

Assuming that the source is slowly decaying* for 7. <t <7t —— Ep(k,tq,1,) = Ef(k)

min|[7o,Tfin] jmin[To,Tfin] dTl de
T

cosk(ty — 11) cosk(ty — T,)
11 T2

Qew (Tg, k) = 3 TGWEH(k)f

=3 TGWEH(k) AZ (k, To)

. 4 7 2/ B
e (5 002

*with respect to the light crossing time at wavenumber k
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Constant-in-time model for the UETC of the source

QGW(TO k) — 3 TGW Jj T—l?COS k(TO - Tl) COS k(TO - Tz) En(k Tl Tz)

Assuming that the source is slowly decaying* for 7. <t <7t —— Ep(k,tq,1,) = Ef(k)

QGW(TOI k) — 3 TGWEH (k) f COS k(TO - Tl) COS k(TO _ Tz)

=3 TGWEH(k) AZ (k To)
/
a (2 51)
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*with respect to the light crossing time at wavenumber k



Constant-in-time model for the UETC of the source

QGW(TO k) — 3 TGW Jj T—l?COS k(TO - Tl) COS k(TO - Tz) En(k Tl Tz)

Assuming that the source is slowly decaying* for 7. <t <7t —— Ep(k,tq,1,) = Ef(k)

QGW(TOI k) — 3 TGWEH (k) f COS k(TO - Tl) COS k(TO _ Tz)

= 3 TowEn (k) A* (k, TO) _ (minlfoTrinl g7
P Y~ Ak, 7,) = f = cosk(zg — D

Ty

min|[7o,Tfin] jmin[ro,rﬁn] dTl de
. 11 12
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Constant-in-time model for the UETC of the source

"
k(t—71,) =két <1 5t/r, <« 1 (flat spacetime)
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Constant-in-time model for the UETC of the source

(flat spacetime) kST > 1 kr,» 1 (flat spacetime)

1

2
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Constant-in-time model for the UETC of the source

k(t—1.) = kér < 1 57/, « 1 (flat spacetime) kST > 1 kr.>» 1 (flatspacetime)
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Constant-in-time model for the UETC of the source

(flat spacetime)
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Constant-in-time model for the UETC of the source

Modes k > 1/87s;, saturated with amplitude In*[1+ (kz,)™"]



Constant-in-time model for the UETC of the source

Modes k > 1/87s;, saturated with amplitude In*[1+ (kz,)™"]

Modes k < 1/871s;, stop growing at T = T, and have amplitude In?[1 + OTfin/Ts]



Constant-in-time model for the UETC of the source

Modes k > 1/87;, saturated with amplitude In*[1 + (kt,)™']

Modes k < 1/87¢;, stop growingat 7 = Tr;n and have amplitude In?[1 + 8Tin /7]
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Constant-in-time model for the UETC of the source

Modes k > 1/87;, saturated with amplitude In*[1 + (kt,)™']
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Constant-in-time model for the UETC of the source

Qew (k, 7o) = 3 oy Ef(k) A5 (K, Trin)

causality
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Assuming for the UETC ~
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In Q& (k, TO)

In 1/i5rfl-n In k, In k
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Constant-in-time model for the UETC of the source

Qew (k,79) = 3 T En(k) A o(k, Tfm)

causality
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Constant-in-time model for the UETC of the source

Qew (k, 7o) = 3 oy Ef(k) A5 (K, Tfin)

Assuming for the UETC Efj(k) ~ {

In Q& (k, TO)
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}sality
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For a purely vortical velocity field with a Von Kdrman spectrum

En(k) ~ -

—

Gravitational Waves from decaying turbulence
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Gravitational Waves from decaying turbulence

For a purely vortical velocity field with a Von Kdrman spectrum
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GW spectrum envelope for vortical turbulence in the constant-in-time model (flat spacetime)
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Gravitational Waves from decaying turbulence

For a purely vortical velocity field with a Von Kdrman spectrum

— —

k> (k/kpear = 0) Batchelor k3 (k/k.— 0)

Ex(k) ~ 5 En(k) ~ -
k=23 (k/kpear = ©©) Kolmogorov k273 (k/k., — )

—

—

GW spectrum envelope for vortical turbulence in the constant-in-time model (flat spacetime)

Roper Pol et al. [2201.05630]
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Conclusions

Hydrodynamic and magnetohydrodynamic turbulence are expected to be
generated from phase transitions in the early Universe

The actual sourcing phase of turbulence is relevant for the final
Gravitational Wave spectrum but requires full phase transition simulations

We can simulate decaying turbulence by properly initializing the velocity
field in Fourier space

The Gravitational Wave spectrum from decaying turbulence (in the
subrelativistic limit) can be described assuming a constant-in-time
unequal time correlator of the anisotropic stresses
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