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Let us focus (for simplicity) on the subrelativistic limit (𝑐𝑠2 ≪ 1, 𝑢2≪ 1)

The momentum equation, using a simple model for the viscosity, is

𝜕0𝑢𝑖 = − 𝒖 ⋅ 𝛁 𝑢𝑖 + 𝜈 ∇2𝑢𝑖 −
𝛁𝑝

𝜌
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We then define the Reynolds number as the ratio between nonlinearities and viscosity
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What is hydrodynamic turbulence?

𝜕0𝑢𝑖 = − 𝒖 ⋅ 𝛁 𝑢𝑖 + 𝜈 ∇2𝑢𝑖 −
𝛁𝑝
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nonlinearities viscosity

𝑅𝑒 =
nonlinearities

viscosity
=
𝑣𝑟𝑚𝑠𝐿

𝜈

Experiments show that this ratio can be used to distinguish two different regimes 

Small Reynolds number 

A small change in the initial conditions causes
a small change in the fluid profiles 

(ordered flow)

Laminar regime

Large Reynolds number 

A small change in the initial conditions can cause
instabilities and big changes in the fluid profiles 

(chaotic flow)

Turbulent regime
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knowledge of the initial conditions

However there are universal statistical (average) properties of turbulence

Suppose that turbulence was generated after an injection of energy at a scale 𝑘∗ in the power spectrum
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smaller scales (nonlinearities allow energy exchange between different scales)
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Longitudinal fluid perturbations

friction between 

scalar and fluid

Espinosa et al. [1004.4187]
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Turbulence in the early Universe: first-order phase transitions

The development of nonlinearities then 
leads to turbulence given the extremely 
small viscosity in the early Universe (Arnold 
et al. 2003)

Magnetic fields can be generated through 
scalar gradients (Vachaspati et al. 2021) 
or amplified by turbulence which can 
lead, given the extremely large 
conductivity in the primordial plasma 
(Arnold et al. 2003), to MHD turbulence

The collisions of the fluid profiles 
generate sound waves



Turbulence in the early Universe: first-order phase transitions
and gravitational waves

Roper Pol et al. [2201.05630]

Auclair et al. [2205.02588]

Simulations of vortical hydrodynamic 
turbulence with the SCOTTS code

Simulations of vortical MHD 
turbulence with the PENCIL code
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How to initialize a turbulent fluid in the lattice?
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𝑔𝑙 𝒌 𝑔𝑚(𝒌
′) = 𝛿3 𝒌 − 𝒌′ 𝛿𝑙𝑚With 𝑔𝑗(𝒌) a random Gaussian number

This leads to

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

𝑣𝑖 𝒌 = 2𝜋 3𝑔0 𝑘 𝑔𝑗(𝒌) 1 − 𝑞 𝛿𝑖𝑗 − ෠𝑘𝑖 ෠𝑘𝑗 + 2𝑞 ෠𝑘𝑖 ෠𝑘𝑗

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional

Are we sure that 𝑞 = 0 implies 𝛁 ⋅ 𝒗 = 0 and 𝑞 = 1 implies 𝛁 × 𝒗 = 0 ?



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

𝑣𝑖 𝒌 = 2𝜋 3𝑔0 𝑘 𝑔𝑗(𝒌) 1 − 𝑞 𝛿𝑖𝑗 − ෠𝑘𝑖 ෠𝑘𝑗 + 2𝑞 ෠𝑘𝑖 ෠𝑘𝑗

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional

Are we sure that 𝑞 = 0 implies 𝛁 ⋅ 𝒗 = 0 and 𝑞 = 1 implies 𝛁 × 𝒗 = 0 ?

𝑞 = 0 → ෠𝑘𝑖𝑣𝑖 = 0 → 𝛁 ⋅ 𝒗 = 0 𝑞 = 1 → 𝜖𝑖𝑗𝑙 ෠𝑘𝑗𝑣𝑙 = 0 → 𝛁 × 𝒗 = 0



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

𝑣𝑖 𝒌 = 2𝜋 3𝑔0 𝑘 𝑔𝑗(𝒌) 1 − 𝑞 𝛿𝑖𝑗 − ෠𝑘𝑖 ෠𝑘𝑗 + 2𝑞 ෠𝑘𝑖 ෠𝑘𝑗

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional

Are we sure that 𝑞 = 0 implies 𝛁 ⋅ 𝒗 = 0 and 𝑞 = 1 implies 𝛁 × 𝒗 = 0 ?

𝑞 = 0 → ෠𝑘𝑖𝑣𝑖 = 0 → 𝛁 ⋅ 𝒗 = 0 𝑞 = 1 → 𝜖𝑖𝑗𝑙 ෠𝑘𝑗𝑣𝑙 = 0 → 𝛁 × 𝒗 = 0

The last implications are true only if ෠𝑘𝑖  is the Fourier transform of the discrete derivative operator → ෠𝑘𝑖 = ෠𝑘𝐿𝑎𝑡



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

𝑣𝑖 𝒌 = 2𝜋 3𝑔0 𝑘 𝑔𝑗(𝒌) 1 − 𝑞 𝛿𝑖𝑗 − ෠𝑘𝑖
𝐿𝑎𝑡 ෠𝑘𝑗

𝐿𝑎𝑡 + 2𝑞෠𝑘𝑖
𝐿𝑎𝑡 ෠𝑘𝑗

𝐿𝑎𝑡

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional

Are we sure that 𝑞 = 0 implies 𝛁 ⋅ 𝒗 = 0 and 𝑞 = 1 implies 𝛁 × 𝒗 = 0 ?

𝑞 = 0 → ෠𝑘𝑖
𝐿𝑎𝑡𝑣𝑖 = 0 → 𝛁 ⋅ 𝒗 = 0 𝑞 = 1 → 𝜖𝑖𝑗𝑙 ෠𝑘𝑗

𝐿𝑎𝑡𝑣𝑙 = 0 → 𝛁 × 𝒗 = 0

The last implications are true only if ෠𝑘𝑖  is the Fourier transform of the discrete derivative operator → ෠𝑘𝑖 = ෠𝑘𝐿𝑎𝑡



Initializing a turbulent fluid in Fourier space

How to initialize a turbulent fluid in the lattice?

𝑣𝑖 𝒌 = 2𝜋 3𝑔0 𝑘 𝑔𝑗(𝒌) 1 − 𝑞 𝛿𝑖𝑗 − ෠𝑘𝑖
𝐿𝑎𝑡 ෠𝑘𝑗

𝐿𝑎𝑡 + 2𝑞෠𝑘𝑖
𝐿𝑎𝑡 ෠𝑘𝑗

𝐿𝑎𝑡

𝑞 = 0 → fully vortical 𝑞 = 1 → fully compressional

Are we sure that 𝑞 = 0 implies 𝛁 ⋅ 𝒗 = 0 and 𝑞 = 1 implies 𝛁 × 𝒗 = 0 ?

𝑞 = 0 → ෠𝑘𝑖
𝐿𝑎𝑡𝑣𝑖 = 0 → 𝛁 ⋅ 𝒗 = 0 𝑞 = 1 → 𝜖𝑖𝑗𝑙 ෠𝑘𝑗

𝐿𝑎𝑡𝑣𝑙 = 0 → 𝛁 × 𝒗 = 0

The last implications are true only if ෠𝑘𝑖  is the Fourier transform of the discrete derivative operator → ෠𝑘𝑖 = ෠𝑘𝐿𝑎𝑡

For neutral derivatives of order 2, 4 and 6 we have

𝒌𝑳𝒂𝒕
(𝟐)

=
sin

2 𝜋 ෥𝒏
𝑁

𝛿𝑥
𝒌𝑳𝒂𝒕
(𝟒)

=
4

3

sin
2 𝜋 ෥𝒏
𝑁

𝛿𝑥
−
1

6

sin
4 𝜋 ෥𝒏
𝑁

𝛿𝑥
𝒌𝑳𝒂𝒕
(𝟔)

=
3

2

sin
2 𝜋 ෥𝒏
𝑁

𝛿𝑥
−

3

10

sin
4 𝜋 ෥𝒏
𝑁

𝛿𝑥
+

1

30

sin
6 𝜋 ෥𝒏
𝑁

𝛿𝑥



Simulations of Gravitational Waves from vortical turbulence

Subrelativistic case - numerical setup

𝑁 = 512, ෨𝑘𝐼𝑅 = 0.1, ෨𝑘𝑁𝑦 =
෨𝑘𝐼𝑅𝑁

2
= 25.6,

ǁ𝑡𝑓𝑖𝑛 − ǁ𝑡∗ =
1

෨𝑘𝐼𝑅
= 10,

𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 =
𝑣𝑟𝑚𝑠

෨𝑘𝑁𝑦
≈ 10−7

𝑑 ǁ𝑡

𝑑 ෤𝑥
< 0.01,𝑑 ǁ𝑡 = 10−3,

𝑣𝑟𝑚𝑠 ≈ 4 × 10−6,

almost no decay of the source
𝛿𝜏𝑒𝑑𝑑𝑦~10

7

(𝜈)

Gravitational Waves from decaying turbulence



Simulations of Gravitational Waves from vortical turbulence

modes grow as
and saturate when

𝛿 ǁ𝑡2

෨𝑘𝛿 ǁ𝑡 ≈ 1

Gravitational Waves from decaying turbulence



Simulations of Gravitational Waves from vortical turbulence

Relativistic case - numerical setup

𝑁 = 512, ෨𝑘𝐼𝑅 = 0.1, ෨𝑘𝑁𝑦 =
෨𝑘𝐼𝑅𝑁

2
= 25.6,

ǁ𝑡𝑓𝑖𝑛 − ǁ𝑡∗ =
1

෨𝑘𝐼𝑅
= 10, 𝑑 ǁ𝑡 = 10−4,

𝑑 ǁ𝑡

𝑑 ෤𝑥
< 0.001,

𝑣𝑟𝑚𝑠 ≈ 0.1, 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 =
𝑣𝑟𝑚𝑠

෨𝑘𝑁𝑦
≈ 10−2

visible decay of the source
𝛿𝜏𝑒𝑑𝑑𝑦~10

2

Gravitational Waves from decaying turbulence

(𝜈)



Simulations of Gravitational Waves from vortical turbulence

modes grow as
and saturate when

𝛿 ǁ𝑡2

෨𝑘𝛿 ǁ𝑡 ≈ 1

Gravitational Waves from decaying turbulence



Simulations of Gravitational Waves from vortical turbulence

modes grow as
and saturate when

𝛿 ǁ𝑡2

෨𝑘𝛿 ǁ𝑡 ≈ 1

Gravitational Waves from decaying turbulence

This spectral shape and behavior seems quite universal. Is it consistent with theoretical expectations?



(𝜕𝜏
2 + 𝑘2) ℎ𝑖𝑗 𝜏, 𝒌 = 6 Π𝑖𝑗 𝜏, 𝒌

ℋ∗

𝜏

𝑑𝑠2 = 𝑎2 𝜏 −𝑑𝜏2 + (𝛿𝑖𝑗 + ℓ𝑖𝑗) 𝑑𝑥
𝑖 𝑑𝑥𝑗

ℎ𝑖𝑗 = 𝑎 ℓ𝑖𝑗

𝑎 = 𝜏/𝜏∗

Π𝑖𝑗 = 𝑎2Λ𝑖𝑗𝑘𝑙𝑇
𝑘𝑙/𝜌𝑐𝑟𝑖𝑡

Caprini, Figueroa [1801.04268]

Gravitational Wave Background from stochastic processes in the early Universe

Tensor perturbations over FLRW

GW equation (radiation domination) 



(𝜕𝜏
2 + 𝑘2) ℎ𝑖𝑗 𝜏, 𝒌 = 6 Π𝑖𝑗 𝜏, 𝒌

ℋ∗

𝜏

𝑑𝑠2 = 𝑎2 𝜏 −𝑑𝜏2 + (𝛿𝑖𝑗 + ℓ𝑖𝑗) 𝑑𝑥
𝑖 𝑑𝑥𝑗

ℎ𝑖𝑗 𝜏, 𝒌 =
6ℋ∗

𝑘
න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 sin 𝑘(𝜏 − 𝜏1)

ℎ𝑖𝑗 = 𝑎 ℓ𝑖𝑗

𝑎 = 𝜏/𝜏∗

Π𝑖𝑗 = 𝑎2Λ𝑖𝑗𝑘𝑙𝑇
𝑘𝑙/𝜌𝑐𝑟𝑖𝑡

source active for 𝜏∗ < 𝜏 < 𝜏𝑓𝑖𝑛

Caprini, Figueroa [1801.04268]

Gravitational Wave Background from stochastic processes in the early Universe

Tensor perturbations over FLRW

GW equation (radiation domination) 

Solution 



(𝜕𝜏
2 + 𝑘2) ℎ𝑖𝑗 𝜏, 𝒌 = 6 Π𝑖𝑗 𝜏, 𝒌

ℋ∗

𝜏

𝑑𝑠2 = 𝑎2 𝜏 −𝑑𝜏2 + (𝛿𝑖𝑗 + ℓ𝑖𝑗) 𝑑𝑥
𝑖 𝑑𝑥𝑗

ℎ𝑖𝑗 𝜏, 𝒌 =
6ℋ∗

𝑘
න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 sin 𝑘(𝜏 − 𝜏1)

Ω𝐺𝑊 𝑡0 =
𝜌𝐺𝑊
0

𝜌𝑐𝑟𝑖𝑡
0 =

𝑀𝑝𝑙
2

4𝜌𝑐𝑟𝑖𝑡
0 ⟨ቚ 𝜕𝑡ℓ𝑖𝑗(𝒙, 𝑡0) ቚ

2
⟩ =

1

12 𝐻0
2

𝑎∗
𝑎0

4

⟨ ቚ 𝜕𝜏ℎ𝑖𝑗 𝒙, 𝜏0 −ℋ0ℎ𝑖𝑗 𝒙, 𝜏0 ቚ
2
⟩

ℎ𝑖𝑗 = 𝑎 ℓ𝑖𝑗

𝑎 = 𝜏/𝜏∗

Π𝑖𝑗 = 𝑎2Λ𝑖𝑗𝑘𝑙𝑇
𝑘𝑙/𝜌𝑐𝑟𝑖𝑡

source active for 𝜏∗ < 𝜏 < 𝜏𝑓𝑖𝑛

Caprini, Figueroa [1801.04268]

Gravitational Wave Background from stochastic processes in the early Universe

Tensor perturbations over FLRW

GW equation (radiation domination) 

Solution 

GW spectrum at present time



(𝜕𝜏
2 + 𝑘2) ℎ𝑖𝑗 𝜏, 𝒌 = 6 Π𝑖𝑗 𝜏, 𝒌

ℋ∗

𝜏

𝑑𝑠2 = 𝑎2 𝜏 −𝑑𝜏2 + (𝛿𝑖𝑗 + ℓ𝑖𝑗) 𝑑𝑥
𝑖 𝑑𝑥𝑗

ℎ𝑖𝑗 𝜏, 𝒌 =
6ℋ∗

𝑘
න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 sin 𝑘(𝜏 − 𝜏1)

Ω𝐺𝑊 𝑡0 =
𝜌𝐺𝑊
0

𝜌𝑐𝑟𝑖𝑡
0 =

𝑀𝑝𝑙
2

4𝜌𝑐𝑟𝑖𝑡
0 ⟨ቚ 𝜕𝑡ℓ𝑖𝑗(𝒙, 𝑡0) ቚ

2
⟩ =

1

12 𝐻0
2

𝑎∗
𝑎0

4

⟨ ቚ 𝜕𝜏ℎ𝑖𝑗 𝒙, 𝜏0 −ℋ0ℎ𝑖𝑗 𝒙, 𝜏0 ቚ
2
⟩

ℎ𝑖𝑗 = 𝑎 ℓ𝑖𝑗

𝑎 = 𝜏/𝜏∗

Π𝑖𝑗 = 𝑎2Λ𝑖𝑗𝑘𝑙𝑇
𝑘𝑙/𝜌𝑐𝑟𝑖𝑡

source active for 𝜏∗ < 𝜏 < 𝜏𝑓𝑖𝑛

Caprini, Figueroa [1801.04268]

Gravitational Wave Background from stochastic processes in the early Universe

𝑘 ≫ ℋ0

Tensor perturbations over FLRW

GW equation (radiation domination) 

Solution 

GW spectrum at present time



׬
0

∞
Ω𝐺𝑊 𝜏0, 𝑘 d ln 𝑘 ≡ Ω𝐺𝑊 𝑡0 ≅

1

12 𝐻0
2

𝑎∗

𝑎0

4
ȁ𝜕𝜏ℎ𝑖𝑗 𝒙, 𝜏0 ȁ2  

𝜕𝜏ℎ𝑖𝑗 𝜏, 𝒌 = 6ℋ∗න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 cos 𝑘(𝜏 − 𝜏1)

GW spectrum

From GW equation’s solution

Gravitational Wave Background from stochastic processes in the early Universe



׬
0

∞
Ω𝐺𝑊 𝜏0, 𝑘 d ln 𝑘 ≡ Ω𝐺𝑊 𝑡0 ≅

1

12 𝐻0
2

𝑎∗

𝑎0

4
ȁ𝜕𝜏ℎ𝑖𝑗 𝒙, 𝜏0 ȁ2  

𝜕𝜏ℎ𝑖𝑗 𝜏, 𝒌 = 6ℋ∗න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 cos 𝑘(𝜏 − 𝜏1)

Π𝑖𝑗 𝜏1, 𝒌 Πlm
∗ (𝜏2, 𝒌

′) =
1

2
2𝜋 6𝛿3 𝒌 − 𝒌′ [Λ𝑖𝑗𝑙𝑚 ෡𝒌

𝐸Π 𝑘, 𝜏1, 𝜏2
4𝜋𝑘3

+ 𝑖𝒜𝑖𝑗𝑙𝑚
෡𝒌

𝐻Π 𝑘, 𝜏1, 𝜏2
4𝜋𝑘3

]

GW spectrum

From GW equation’s solution

Gravitational Wave Background from stochastic processes in the early Universe



׬
0

∞
Ω𝐺𝑊 𝜏0, 𝑘 d ln 𝑘 ≡ Ω𝐺𝑊 𝑡0 ≅

1

12 𝐻0
2

𝑎∗

𝑎0

4
ȁ𝜕𝜏ℎ𝑖𝑗 𝒙, 𝜏0 ȁ2  

Ω𝐺𝑊 𝜏0, 𝑘 = 3 𝒯𝐺𝑊ඵ
𝜏∗

min[𝜏0,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

𝑑𝜏2
𝜏2

cos𝑘 𝜏0 − 𝜏1 cos𝑘 𝜏0 − 𝜏2 𝐸Π(𝑘, 𝜏1, 𝜏2)

𝜕𝜏ℎ𝑖𝑗 𝜏, 𝒌 = 6ℋ∗න
𝜏∗

min[𝜏,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

Π𝑖𝑗 𝜏1, 𝒌 cos 𝑘(𝜏 − 𝜏1)

Π𝑖𝑗 𝜏1, 𝒌 Πlm
∗ (𝜏2, 𝒌

′) =
1

2
2𝜋 6𝛿3 𝒌 − 𝒌′ [Λ𝑖𝑗𝑙𝑚 ෡𝒌

𝐸Π 𝑘, 𝜏1, 𝜏2
4𝜋𝑘3

+ 𝑖𝒜𝑖𝑗𝑙𝑚
෡𝒌

𝐻Π 𝑘, 𝜏1, 𝜏2
4𝜋𝑘3

]

GW spectrum

From GW equation’s solution

Gravitational Wave Background from stochastic processes in the early Universe



Constant-in-time model for the UETC of the source

Ω𝐺𝑊 𝜏0, 𝑘 = 3 𝒯𝐺𝑊ඵ
𝜏∗

min[𝜏0,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

𝑑𝜏2
𝜏2

cos 𝑘 𝜏0 − 𝜏1 cos 𝑘 𝜏0 − 𝜏2 𝐸Π(𝑘, 𝜏1, 𝜏2)



  Assuming that the source is slowly decaying* for 𝐸Π 𝑘, 𝜏1, 𝜏2 = 𝐸Π
∗ (𝑘) 𝜏∗ < 𝜏 < 𝜏𝑓𝑖𝑛

Constant-in-time model for the UETC of the source

*with respect to the light crossing time at wavenumber 𝑘  

Ω𝐺𝑊 𝜏0, 𝑘 = 3 𝒯𝐺𝑊ඵ
𝜏∗

min[𝜏0,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

𝑑𝜏2
𝜏2

cos 𝑘 𝜏0 − 𝜏1 cos 𝑘 𝜏0 − 𝜏2 𝐸Π(𝑘, 𝜏1, 𝜏2)



  Assuming that the source is slowly decaying* for 𝐸Π 𝑘, 𝜏1, 𝜏2 = 𝐸Π
∗ (𝑘) 

Ω𝐺𝑊 𝜏0, 𝑘 = 3 𝒯𝐺𝑊𝐸Π
∗ (𝑘)න

𝜏∗

min[𝜏0,𝜏𝑓𝑖𝑛]

න
𝜏∗

min[𝜏0,𝜏𝑓𝑖𝑛]𝑑𝜏1
𝜏1

𝑑𝜏2
𝜏2

cos 𝑘 𝜏0 − 𝜏1 cos 𝑘(𝜏0 − 𝜏2)

𝜏∗ < 𝜏 < 𝜏𝑓𝑖𝑛

≡ 3 𝒯𝐺𝑊𝐸Π
∗ 𝑘 Δ2(𝑘, 𝜏0)

Constant-in-time model for the UETC of the source
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Conclusions

- Hydrodynamic and magnetohydrodynamic turbulence are expected to be
      generated from phase transitions in the early Universe

- The actual sourcing phase of turbulence is relevant for the final 
      Gravitational Wave spectrum but requires full phase transition simulations 

- We can simulate decaying turbulence by properly initializing the velocity 
      field in Fourier space 

- The Gravitational Wave spectrum from decaying turbulence (in the 
      subrelativistic limit) can be described assuming a constant-in-time 
      unequal time correlator of the anisotropic stresses
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