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Motivation

Why do we want to simulate gauge fields on the lattice? J
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Motivation

Why do we want to simulate gauge fields on the lattice? )

» Realistic physics models must include Abelian and non-Abelian gauge fields
e The Standard Model is a SU(3) x SU(2) x U(1) gauge theory
e Grand Unified Theories comprise larger gauge groups, e.g., SU(5)

» Gauge fields can be significantly excited in the early universe

e Broad parametric resonance of gauge fields coupled to oscillating complex
scalars (minimal gauge coupling, this lecture)

e Gauge field production during axion inflation (tomorrow on lecture 7!)
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Motivation

Why do we want to simulate gauge fields on the lattice? )

» Realistic physics models must include Abelian and non-Abelian gauge fields
e The Standard Model is a SU(3) x SU(2) x U(1) gauge theory
e Grand Unified Theories comprise larger gauge groups, e.g., SU(5)

» Gauge fields can be significantly excited in the early universe

e Broad parametric resonance of gauge fields coupled to oscillating complex
scalars (minimal gauge coupling, this lecture)

e Gauge field production during axion inflation (tomorrow on lecture 7!)

Caveat: lattice formulation must preserve gauge invariance! J
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Overview

1. Abelian gauge theories

1.1. Continuum formulation
1.2. Lattice formulation: links and plaquettes

1.3. Numerical implementation

2. Non-Abelian gauge theories

2.1. Continuum formulation

2.2. Lattice formulation and implementation
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Overview

1. Abelian gauge theories

1.1. Continuum formulation
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U(1) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

5=~ [ /g [0 (0%0) + L+ V(o)
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U(1) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

5=~ [ g [(0u0 (0% + L+ V(o)

Scalar sector:
» Complex scalar field:

_i( + i )
® ﬁtpl ©2

» Scalar potential: V(|¢]|)
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U(1) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

* Y 1 na
5= [¢xV77 (D0 (0"0) + 3R F™ + V(le)

Scalar sector: U(1) gauge sector:
» Complex scalar field: » Abelian gauge field:
Ay = (Ao, A1, Az, A3)
Covariant derivative:
D, =0, — igQA,
» Field strength:
Fuv = 0uAy — 0L AL
Electric field: E; = Foi
Magpnetic field: B; = %siijjk

_i( + i )
® ﬁtpl ©2

v

» Scalar potential: V(|¢]|)

g = gauge coupling
Q = charge of ¢ under U(1)
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U(1) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field
* 4 1 v
5= [ V77 (D) (D"0) + 3 Fun ™+ V(o)

Action is invariant under
p(x) —> exp[—igQA(x)] x p(x)
arbitrary
Au(x) = Aulx) =0y

this implies
Fo =—» Fu (Invariant)

Dup(x) =—> exp[—igQ ] x Dyo(x)
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U(1) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field
* 1 v
5= [ xR (D) (D"0) + 3 FusF™ + V(le)

Action is invariant under gauge transformations
p(x) = exp[—igQA(x)] x ¢(x)
A(x) arbitrary
Au(x) = Au(x) = OuA(x)

this implies
Fo =—» Fu (Invariant)

Dup(x) = exp[—igQA(x)] x Dup(x)

We will work in the temporal gauge (Ag = 0) )
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Equations of motion in flat spacetime

Equations of motion in flat spacetime (g, = 7..)

10V o
Complex scalar: D,D,p = —=———
s 20lpl lp]

Gauge field: 8VF,' = Ji = 2gQ|m[<p*(D,<p)]

where J; is the U(1) current and Jy the charge density
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Equations of motion in flat spacetime

Equations of motion in flat spacetime (g, = 7..)

10V o
Complex scalar: D,D,p = —=———
s 20lpl lp]

Gauge field: 8VF,' = Ji = 2gQ|m[<,0*(D,<p)]

where J; is the U(1) current and Jy the charge density

Gauss law must be preserved at all times J

diFoi=Jo =—»V-E=J
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Equations of motion in expanding background

Consider a FLRW metric
ds? = —a**(n)dn?® + a*(n)d;dx dx/

The equations of motion of the fields in an expanding background are

/ 20 oV
. "o _2(1_a)D-D' oNg _ _aov ¢
P ¢ —a iDip+ (3 —a)—¢
a 2 Ol el
!
A;: Foi — a—2(1—a)8j,_-j’_ +(1- a)iFOi = Notation:
a
, fl= g—;
Gauss’ law : 0iFhi = a°Jh
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Equations of motion in expanding background

Consider a FLRW metric
ds? = —a**(n)dn?® + a*(n)d;dx dx/

The equations of motion of the fields in an expanding background are

/ 20 oV
. "o _2(1_a)D-D' oNg _ _aov ¢
P ¢ —a iDip+ (3 —a)—¢
a 2 Ol el
!
A;: Foi — a—2(1—a)8j,_-j’_ +(1- a)iFOi = Notation:
a
, fl= g—;
Gauss’ law : 0iFhi = a°Jh

. derive them!
Hint: impose Ay = 0 after computing the EOMs to obtain Gauss' law
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Equation of motion of the scale factor

Self-consistent expansion: a evolves according to second Friedman equation

aZa—l
"= 3m? ((a — 2)K§D + OtGg(J + (04 + 1)\/ + (a — 1)(Ku(1) + GU(l))>
p

Sourced by the average energy components of scalar and gauge fieldSJ
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Equation of motion of the scale factor

Self-consistent expansion: a evolves according to second Friedman equation

aZa—l
"= 3m? <(a — 2)K§D + OtGg(J + (Oz + 1)\/ + (a — 1)(Ku(1) + GU(l))>
p

Sourced by the average energy components of scalar and gauge fieldSJ

First Friedman equation provides a constrain for energy conservation

2 20

. a a

Hubble constraint : <a> =372 (Ko + G, + V + Ky + Guay)
P Total energy density
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Scalar and gauge energy components

Energy components for the scalar field and gauge field:

Kinetic :

Gradient :

Electric :

Magnetic :

J. Baeza-Ballesteros

Ko = 5= (Do) (Do)

Go =2 Z(Df@)*(Dfso)

Kuq) = 1+a) Z 0i = 5 2(lta) Z E?
Guq) = 234 Z = Z B?

hJ<i
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Scalar and gauge energy components

Energy components for the scalar field and gauge field:

. . 1 *
Kinetic : K, = aTa(DOSO) (Doy)
1
Gradient : Go = 5 Z(Di@)*(DiS@)

. 2
Electric : Ku(1) 1+a) Z 0i — 23 9 32(1+a) Z E
Magnetic : a4 Z = on Z B?

ihj<i

Caution: some authors define physical electric/magnetic fields

h h
E’-p s — al+aE; Blp S = azBi
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Equations of motion in the continuum

We want to simulate the evolution of ¢ + A; + a
IOV ¢
2 el el

Gauge field : (a'~*Fy;)' — a®10;F; = a*“J;

Complex scalar :  (a>~%¢') — al**D;D;p = —

200—1
Scale factor: 3" = 33m2 (0 —2)K, + G,
p
| +a+ DV + (o = )(Kua) + Guy))

Evolution must obey two constraints:

Gauss’ law :  9;Fy; = a°Jy

N\ 2 20
Hubble constraint : (Z) = %“{w + G, + V + Ky + Guq))
p
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Overview

1. Abelian gauge theories

1.2. Lattice formulation: links and plaquettes
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Discretizing the theory

» For scalar theories, we discretized the EOMs by substituting (spacial) derivatives
with finite-volume differences (hybrid approach)

0o —> Vip= W — dip (n + %:) +0(5x%)
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Discretizing the theory

» For scalar theories, we discretized the EOMs by substituting (spacial) derivatives
with finite-volume differences (hybrid approach)

0o —> Vip= W — dip (n + %,) +0(5x%)

» Can we do the same for gauge theories?

J. Baeza-Ballesteros CosmoLattice school 2025 - 23rd September 2025 12 /37



Discretizing the theory

» For scalar theories, we discretized the EOMs by substituting (spacial) derivatives
with finite-volume differences (hybrid approach)

0o —> Vip= W — dip (n + %,) +0(5x%)

» Can we do the same for gauge theories? —» NO

Naive discretization of the EOMs breaks gauge invariance, and
propagates spurious degrees of freedom J

Dip = Vip— igQAip
—> ;" [ 5P p(n)] - igQA(n) — Vi A()]e™ 5P £ e E X Ds(n)

e Leibniz rule (fg)' = f'g + fg’ does not hold for finite differences
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Gauge-invariant discretization

We must use links and plaquettes to preserve gauge invariance )
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Gauge-invariant discretization

We must use links and plaquettes to preserve gauge invariance )

» Parallel transporter connects two points in spacetime in a gauge invariant form

Y u . .
Uy) = Perp | ~igQ [ 4, 00| =Sy o R,y

x transform
|—> Path ordering
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Gauge-invariant discretization

We must use links and plaquettes to preserve gauge invariance J

» Parallel transporter connects two points in spacetime in a gauge invariant form

y G . .
U(x,y) = Pexp {—ng dx“A#(x)] —=, e_’s*(X)U(x7y)e’eMy)
x transform
|—> Path ordering

» Define spacial and temporal link variables between neighboring lattice sites

U
~ o 8QOXA; .

x+Exi
Ui(x) = exp {—fgo [ A

) Uo(x)
n+6n0 .
Uo(x) = exp [ng/ dn'Ao(n’)] A e EQOMA0 X
n
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Gauge-invariant discretization

We must use links and plaquettes to preserve gauge invariance J

» Parallel transporter connects two points in spacetime in a gauge invariant form

y G . .
U(x,y) = Pexp {—ng dx“A#(x)] —=, e_’s*(X)U(x7y)e’eMy)
x transform
|—> Path ordering

» Define spacial and temporal link variables between neighboring lattice sites

U
~ o 8QOXA; .

x+Exi
Ui(x) = exp {—fgo [ A

) Uo(x)
n+6n0 .
Uo(x) = exp [ng/ dn'Ao(n’)] A e EQOMA0 X
n

e Link variables live at n + j1/2
e Notation: U,(n)= U, (n+3p) U—, = Ul(n—p)
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Gauge-invariant discretization of kinetic terms

Covariant derivative includes link variable

5 1
+ Ay — _— 0) —
Diw(n+8) = 5 [Uumeln+ ) = ol
. 1 R
Dio(n=5) = 5o [e(m = Uin =)o~ )
o Expansion: D¢ = D,p + O(6x) at n+g

~

but D, Djf ¢ = DuDup+ O(6x%) at n+ %

e Gauge transformation: Dfp —> €9 Do

J. Baeza-Ballesteros
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Gauge-invariant discretization of field-strength tensor

Two formulations to discretize FU2 for Abelian gauge theories J

J. Baeza-Ballesteros CosmoLattice school 2025 - 23rd September 2025 15 / 37



Gauge-invariant discretization of field-strength tensor

Two formulations to discretize Fu2 for Abelian gauge theories J

» Non-compact formulation based on gauge fields

Fj=ViA —V/A

Note: F; = Fj; (n + é + é) lives in the center of the plaquette

The discretized EOM reads
do(a' =" BA) — a1 [V VA = V7 VA = 22" gQIm[»" (D} ¢)]

Exercise: Derive EOM from the discretized action.

Approach used in CosmoLattice for U(1) theories J
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Gauge-invariant discretization of field-strength tensor

Two formulations to discretize FU2 for Abelian gauge theories J

» Compact formulation based on link variables and plaquettes

Plaquette : Uy = Uj(n)Uj(n+ U (n+))U'(n) 4
S
Note: Uj lives in the center of the plaquette Uij(n)
The action can be rewritten following b 4 pi !
1 1
EEjEj ~ 7g2026x4 Re[1 — Uj]

Only possibility for non-Abelian gauge theories J
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Gauss’' law in a finite volume

Discrete Gauss’ law is preserved to machine precision
(control over discretization effects) J

—V:aoA,' = 2e|m[<,0*80<p] = Jo
On a periodic volume (discrete or continuous), Gauss’ law imposes Q = 0
Q=) Jh=->> VidA =0
% v

Note: other boundary conditions allow Q # 0, but are not implemented in
CosmoLattice (let me know if you are interested to help!)

Note Il: in an expanding universe simulation, Q # 0 on each Hubble patch
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Discrete equations of motion
We discretized the EOM as

ate gv o
. 0o(a>%0op) — att D D p = — el
P bl ) 2 3l vl
Aii 05 (3 e00A) — a2 (V] VIA = VA = 8,
Discrete
>t current

a: Oa=

((a = 2)K, + a6,
+(a+ 1)V + (a — 1)(Kuw) + Guw))

Discrete version of energies

2
3mp

Evolution must obey two constraints:
Gauss' law : —V; QoA = 2> Jo

2 2c
Hubble constraint : <80a> = a—2<K¢ + G, + V + Ky + Guqy)
P

a "~ 3m
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Overview

1. Abelian gauge theories

1.3. Numerical implementation
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EOM in program variables

To simulate the dynamics of gauge fields, we need to rewrite the EOM
in dimensionless program variables J

in Cosmo/Lattice:

We use two scales
1= a “wyt, X' = wex' o =p/f

Cosmo/Lattice school 2025 - 23rd September 2025 19 / 37
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EOM in program variables

To simulate the dynamics of gauge fields, we need to rewrite the EOM

in dimensionless program variables

We use two scales in Cosmo/Lattice:

= a “w,t, £ =wex, o =p/f

<

. We need link variables
» What about gauge fields? —> . .o dimensionless

A= AL ws

_ a—i0xMA, _ —id%MA Foo_ 2
U, =e " =e 0% — F = Fu/wi
= Dyufws
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Dimensionless equations of motion in the continuum

We rewrite the equations of motion as
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Dimensionless equations of motion in the continuum

We rewrite the equations of motion as

A;: 80(31_u50A~,') . (V

Introduce conjugate momenta:

o = > 0@ (7a)i = a' Do
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Dimensionless equations of motion
» Rewrite EOM as a system of first order ODEs

L do(7y) = Kela @ Al dop = a3,
Ai: 50(%’4)" = KA,‘ [37 &, /Z\J] 50A: = aa_l(ﬁ—A)i

with kernels

3+ 7
~ A a dv ® I+a RN— Nt~
Kc 37807/4‘ = — —— +a D: DISD
ola 2, Al 2 d3 14l |
Kaila, &, Aj] = —ategtatt (ﬁj_ ~fA~,- o @j_@f ~j)
In CosmoLattice, we use a non-compact discetization J

J. Baeza-Ballesteros CosmoLattice school 2025 - 23rd September 2025 21 /37



Dimensionless equations of motion
» Rewrite EOM as a system of first order ODEs

L do(7y) = Kela @ Al dop = a3,
Ai: 50(%’4)" = KA,‘ [37 &, /Z\J] 50A: = aa_l(ﬁ—A)i

with kernels

3+« VAR
~ F a dv 2 4o N— A+~
Kola, 8, Al = — st Ha D Do
ol 8,4l FTE
Kaila, &, Aj] = —ategtatt (ﬁj_ erAh"’ o @j_@f ~j)
In CosmoLattice, we use a non-compact discetization )
» Some simplifications
7 L 2e f} ok —iedRA; ~ 2
Ji=2elm [(p (D;go)} :57)?0.73”1[90 S SO(nJF’)]
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Friedman equation in program variables

The field EOM are complemented by the evolution of the scale factor
da= b (conjugate momentum)
50[7 = ]Ca[a, Rgp, égp, kSU(l)a Cl:’;SU(l)a \7]

200+1 f2

a _x_
2
3 mg

<(a — 2K, + ab, + (a+ 1)V + (0 — 1)(Ka + GA)>
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Friedman equation in program variables

The field EOM are complemented by the evolution of the scale factor

da= b (conjugate momentum)

5Ob = ]Ca[a7 Rgp, égp, RSU(I)? Ch";SU(l)a V]
2o+l f2

_x_
2
3mp

<(a — 2K, + ab, + (a+ 1)V + (0 — 1)(Ka + GA)>

Caution: some energies get a wi/ff factor

- 1 w? L N 1 w? .
Ksuy = ﬁ?z* (a)i Gsuq) = g?; > F (1)
* * ij<i

Be aware: other quantities also get this factor (e.g. currents, source of GWs...)
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Evolving the equations of motion

Numerical evolution is analogous to scalar models! J

Example: Staggered leapfrog algorithm
ICs: {a,¢,A,} at 7o and {b, 7o, (7a)i} at fio — 67i/2
Evolution:
(7~rv>)+1/2 = (7~Tso)71/2 + 577’C<p[37 @»Ai]
(Fadierjz = (Fa)i—1/2, 87iKa [a, 6, A Kick
bi1/ = b_1) + 6iiKa[a, Ky, Gy, Ksuqy, Gsuqy, V]
a0 = a+ 6ijby1p —>
Bro = ¢+ 0iia; 0y (Fp) 412 Drift

Aio=Ai+ 5773;1(}27(1)(7?/4)/&1/2

Complemented by Gauss’ law and Hubble constraint
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Initial conditions

» We choose ICs for complex scalar analogously to scalar singlet

1 _ ei(x,m0) = lpol +

p= 7(%01 +ip2) — , ,
2 pi(x;m) = [pol +
Homogeneous

mode

Same spectrum of fluctuations as for scalar singlets

oy L 10) 00 (k) 6 00 (k) 2V

ik = s |10l 4 00 PR
1 iw; i r iol")

i) = it |22 (1960 W1 + 50 U0l )| - st

A priori, there are eight random functions

5‘;05')(") . Rayleigh dist. Gﬁl)(k) : Random phase
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Imposing Gauss law

Initial conditions must obey Gauss’ law J

» Zero electric charge in a periodic lattice

Q= [ axn(x) o [ dkRe [ (k) (K) — k)i (k)] =0

In Cosmo/Lattice, we impose this with three constraints

0 () = g (k) 0 =6 + 67— of)
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Initial conditions for gauge field
» For gauge fields, we set minimal ICs
Initially, we set
Ai(x,m) = 0 longitudinal electric
Al(x,m0) = JAI(x) field and no
magnetic field

» Electric field needed to obey Gauss’ law

o Initial spectrum:
AN (x) = Jo(x) s ki Al(k) = Jo(k) .
transform 5A:(k) — I%Jo(k)

e Discretize using lattice momentum

k.
BoAi(k) = i

)

Z Vi BoAi(x) = Jo(x) >

- sin(2miii/N) ,.1 — cos(27fi;/N)
Li T 0x 0x
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Summary on U(1) gauge theories

» Theories of physical interest are gauge theories

» Lattice discretization must preserve gauge invariance

» Hybrid discretization in temporal gauge

» Gauge-covariant finite differences using link variables

» Two options for gauge field-strength tensor:

e Non-compact formulation in terms of A;

e Compact formulation in terms of plaquettes

» Numerical implementation similar to scalar fields

» Impose Gauss’ invariance on initial conditions
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Overview

2. Non-Abelian gauge theories

2.1. Continuum formulation
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SU(2) theory in the continuum

Realistic physics models must include non-Abelian gauge groups |

Example: Simulations of the electroweak phase transition, SU(2) monopoles...
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SU(2) theory in the continuum

Realistic physics models must include non-Abelian gauge groups |

Example: Simulations of the electroweak phase transition, SU(2) monopoles...

Reminder of group theory:

SU(2) group: Ut =u-? det(U) =1 )

= T =
su(2) algebra: M=M Tr(M) =0 . J
5ab

M=MT? T?=9% T¢(T°T®) =
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SU(2) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

S= —/d4x\/§ {(Dm*(o%) + %Tr[GWG*“’] + V(|®])
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SU(2) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

S= —/d“x\/fg {(Dﬂ)*(ow) + %Tr[GWG*“’] + V(|®])

Scalar sector:
» Scalar doublet in
fundamental irrep:

¢:i o + ip1
V2 \p2 +ips

» Scalar potential: V/(|®|)
W
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SU(2) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field

5= [ dx/g |(0,0)/(D,0) + 576,61 + V(lo)

Scalar sector: SU(2) gauge sector:
» Scalar doublet in

. » Non-Abelian gauge field:
fundamental irrep:

Blt = (Bo, Bla B2a B3)
1 <g00 + IQOl) _ paTa

b=— . B, = B,T" € su(2)

V2 \p2 +ips » Covariant derivative:
» Scalar potential: V/(|®]) Dy = 0.1 — igs Qs By
’ » Field strength:

Guv = 0,B, — 8, B, — i[Bu, BJ]
Electric field: E'®) = Gy,

Magnetic field: B'®) = e G5
o

J. Baeza-Ballesteros CosmoLattice school 2025 - 23rd September 2025 30 /37



SU(2) theory in the continuum

Consider a simple model with a complex scalar and a U(1) gauge field
1
5=~ [ ¢'x/77 |(0,0)'(0"0) + 376, 6] + V(9]

Action is invariant under gauge SU(2) transformations (©(x) € SU(2))

dO(x) = Q(x)d(x) (Fundamental irrep)

1

Bux) — 2B (x) ~

[0,2(x)12" (x)

this implies .
Guv(x) = Qx)Gu(x)2"(x)

D,®(x) = Q(x)D,P(x)

As for the U(1) theory, we work in the temporal gauge (By = 0) J
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Equations of motion

Equations of motion in the continuum are similar to the U(1) case

/ 2 9V ¢
b - (D// _ ,2(1-a) DiDiq) _ i(b/ — _L o
? T(3-a)3 2 0[6| 0|

/
B,' . DO Go,' — a_z(l_o‘)Dj GJ',' + (1 — Oz)iGo,' = az"J,-
a
Gauss’ law : D;Gy; = a*Jy

complemented by Friedman equations

J. Baeza-Ballesteros CosmoLattice school 2025 - 23rd September 2025 31 /37



Equations of motion

Equations of motion in the continuum are similar to the U(1) case

/ 22 9V o
b o — _2(1_a)DiDi¢ _ iqy — _3777
a +B-a); 2 0] 0]

/
B,' . DO Go,' — a_z(l_o‘)Dj GJ',' + (1 — Oz)iGo,' = azaJ,-
a
Gauss’ law : D;Gy; = a*Jy

complemented by Friedman equations

» Some new elements
J2 = 2g8Qslm[®T T,(Dyd)]

[D.Guw]* = (Du)abcﬁu = (0ap0) — fachﬁ)GW’b
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Overview

2. Non-Abelian gauge theories

2.2. Lattice formulation and implementation
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Discretizing the SU(2) gauge theory

We discretize using links and plaquettes (compact formulation)
e~ "eBu c SU(2)

Links :  U,(n) =
Plaquette : Uy, (n) = Uu(n)U,(n+ p)Uf(n+ 2)U(n)
e Continuum limit:
xn+%+g

. 1
U, ~1-— lgBQB5X2GW/ + EgéQécix“G,wGW + ...

Exercise: prove this!
Hint: expand around the center of the plaquette
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Discretizing the SU(2) gauge theory

» We use links to discretize the covariant derivative

D;¢ (n+5) = 5 (Um0 + ) - o(n)]

Recall ¢ and U, are SU(2) matrices!

» We use plaquettes to discretize the EOM of the gauge field

DiGj ~ 5% [Uij(") — Ul (n—NUy(n = NUi(n - 0]

e Used to discretize spacial derivatives in EOM

e For time derivatives, we keep gauge field

e Plaquettes are also used for magnetic field
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Discrete equations of motion

Using this discretization, the equations of motion become

a3 v o
2 0|o]|P|

U; - 80(31*a608,-) — a‘kll)j* Gji = al+aJi

b 80(33—(180(1)) — al+aD’.7 D’+¢ [
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Discrete equations of motion

Using this discretization, the equations of motion become

a3 v o
2 0|o]|P|

U; - 80(31*a608,-) — a‘kll)j* Gji = al+aJi

b 80(33—(180(1)) — al+aD’.7 D’+¢ [

Introduce conjugate momenta:

o = 83_a80¢ (7‘(‘3),‘ = al_aG(),' = al_("a()*B,-

: U € SU(2), mg € su(2), ¢, T )

» Evolve using some numerical algorithm (LF, VV...)!

» Initial conditions analogous to U(1) case (see Art)
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Evolving the equations of motion

How do we evolve U; from (7g);? J
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Evolving the equations of motion

How do we evolve U; from (7g);? J

» Option 1: Use an approximation
GoUj = 0o [efigBQBBXB"] ~  —igsQudx(3B))U; + O(6x")

g8Qsdx

= -/ gl—«

(TI'B);U,' + O(5X2)

and invert the relation for U; 1o

2
_ 88 Qe0nox Ui + O(67%, 6x%)

1—a
23,1

Ui o= {]l (78)i41/2

e Approach used in CosmoLattice

e Caution: Introduces errors at O(dx)
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Evolving the equations of motion

How do we evolve U; from (7g);? J

» Option 2: Use a time-like plaquette
Uoi = exp [—igg Qgénao‘*l(wB),-]
to determine the evolved link
Uoi = Ui 4o U,-T —> U0 = UoiUi

Require to exponentiate a matrix =  Complicated for SU(N)
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Summary of non-Abelian gauge theories

» Lattice formulation of non-Abelian gauge theories requires of the compact
formulation

» Gauge-covariant derivatives using links

» Field-strength tensor using plaquettes

» Numerical simulations of non-Abelian gauge theories are similar to Abelian
gauge theories

» Analogous evolution algorithms and initial conditions

» Approximation to evolve link variables in CosmoLattice
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