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Why consider NMC?
- Consistent with all 
symmetries from GR and SM 
(and free of scale).
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Most general action of scalar field in curved  Space-time

𝒮 = 𝒮EH + 𝒮χ = ∫ d4x −g [
M2

p

2
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1
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gμν∂μχ∂ν χ −
1
2

ξχ2R − V(χ)]

 = Ricci Scalar Curvature R

 = Non-minimal coupling (NMC) ξ

Why consider NMC?

-  not quantum 
mechanically stable. 


- Non-zero  will be generated 
via renormalization group in 
curved space-time.

ξ = 0

ξ
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Scalar-tensor theory of gravity
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It is common to study this in Einstein frame
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 continuos, non-vanishing, finite, real 
arbitrary function of x.

Ω2(x)
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f(χ)Ω−2 = 14 − D

We have thrown a total derivative term 
# × □̃ln Ω
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Inverting the formula for /  is non-linear!


Fields are quantum, so not clear the 
meaning of the conformal mapping.


We will remain in   JORDAN FRAME.
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ds2 = − a(η)2α + a(η)2δijdxidxj
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FLRW universe with the “ -time” metricα

ds2 = − a(η)2α + a(η)2δijdxidxj

With  and Ricci scalar:−g = a(η)3+α

Notice (  ) are time-derivatives respect to -time.


Therefore 

′￼ α
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Equation of motion for NMC fields in Jordan Frame

□ χ − ξRχ −
∂V
∂χ

= 0

Variating   w.r.t    we obtain𝒮χ χ



Equation of motion for NMC fields in Jordan Frame

□ χ − ξRχ −
∂V
∂χ

= 0

Variating   w.r.t    we obtain𝒮χ χ

Which in  -time and FLRW metric reads asα

χ′￼′￼+ (3 − α)
a′￼

a
χ′￼− a−2(1−α) ∇2χ + a2α (ξRχ +

∂V
∂χ ) = 0



Friedmann Equations
To be consistent with FLRW metric we need

Tμ
ν = diag{−ρ(η), p(η), p(η), p(η)}

 depend on volume averagesp(η) and ρ(η)
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 depend on volume averagesp(η) and ρ(η)
Friedmann equations take the following form
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Friedmann Equations

ℋ2 ≡ ( a′￼
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2
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3m2
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ρ(η)
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= −

a2α

6m2
p

[(1 − 2α)ρ(η) + 3p(η)]

 are given byp(η) and ρ(η)

ρ(η) = ρ(η)χ + ρ(η)m ≡ a−2α⟨Tχ
00⟩ + a−2α⟨Tm

00⟩

p(η) = p(η)χ + p(η)m ≡
1
3

a−2δij⟨Tχ
ij⟩ +

1
3

a−2δij⟨Tm
ij ⟩
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Energy-momentum tensor for  is defined asχ
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+ gμνℒχ
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Energy-momentum tensor for  is defiχ
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δgμν

+ gμνℒχ

We get for Tχ
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μν = ∂μχ∂ν χ − gμν ( 1

2
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Minimally coupled Non-minimally coupled

Non-minimally coupled part contains curvature 
terms!



Energy-momentum tensor for NMC scalar
Energy density ρχ = − T0

0 = − g00T00

ρ(η) =
1

2a2α
⟨χ′￼2⟩ +

1
2a2

⟨(∇χ)2⟩ + ⟨V⟩ +
3ξ
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ξ
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⟨∇2χ2⟩
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a
+ (1 − α)ℋ2)]⟨χ2⟩



Energy-momentum tensor for NMC scalar

ρ(η) =
1

2a2α
⟨χ′￼2⟩ +

1
2a2

⟨(∇χ)2⟩ + ⟨V⟩ +
3ξ
a2α

ℋ2⟨χ2⟩ +
6ξ
a2α

ℋ⟨χχ′￼⟩ −
ξ
a2

⟨∇2χ2⟩

p(η) =
(1 − 4ξ)

2a2α
⟨χ′￼2⟩ −

(1 − 12ξ)
6a2

⟨(∇χ)2⟩ − ⟨V⟩ +
2ξ
a2α

ℋ⟨χχ′￼⟩ −
ξ

3a2
⟨∇2χ2⟩

+2ξ⟨χV,χ⟩ +
ξ

a2α [ℋ2 + 12 (ξ −
1
6 ) ( a′￼′￼

a
+ (1 − α)ℋ2)]⟨χ2⟩



Equation of motion for a( )η
Acceleration equation

a′￼′￼

a
= −

a2α

6M2
p

[(1 − 2α)ρ(η) + 3p(η)]

Enough to evolve a( ), but it contains non-linear 
derivatives of a( ) and surface terms.


Is there a better way?

η
η
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Equation of motion for a( )η
Let us recall definition of R
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2

=
a2α

6
R

and trace of Einstein equation

R = −
T

M2
p

=
1

M2
p

(ρ − 3p)

Trace is a linear operator so


T = Tχ + Tm
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Trace of  (in 4-D) is given byTχ

Tχ = (6ξ − 1)(∂μχ∂μχ + ξχ2R) − 4V(χ) + 6ξχV,χ
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pR = Tχ + Tm

Trace of  (in 4-D) is given byTχ

Tχ = (6ξ − 1)(∂μχ∂μχ + ξχ2R) − 4V(χ) + 6ξχV,χ

We can solve for R

R =
1

M2
p

(1 − 6ξ)⟨∂μχ∂μχ⟩ + 4⟨V⟩ − 6⟨χV,χ⟩ − ⟨Tm⟩
1 + (6ξ − 1)ξ⟨χ2⟩/M2

p



Equation of motion for a( )η

R =
1

M2
p

(1 − 6ξ)⟨∂μχ∂μχ⟩ + 4⟨V⟩ − 6⟨χV,χ⟩ − ⟨Tm⟩
1 + (6ξ − 1)ξ⟨χ2⟩/M2

p

a′￼￼
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Everything set to write 
lattice formulation.



Lattice implementation for NMC scalars

a′￼′￼

a
− (1 − α)( a′￼

a )
2

=
a2α

6
R

χ′￼′￼+ (3 − α)
a′￼

a
χ′￼− a−2(1−α) ∇2χ + a2α (ξRχ +

∂V
∂χ ) = 0

R =
1

M2
p

(1 − 6ξ)⟨∂μχ∂μχ⟩ + 4⟨V⟩ − 6⟨χV,χ⟩ − ⟨Tm⟩
1 + (6ξ − 1)ξ⟨χ2⟩/M2

p

EoM for a(η)

EoM for χ
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Lattice implementation for NMC scalars
Program variables

χ̃ =
χ
f*

, dη̃ = ω*dη, dx̃i = ω*dxi

R̃ = ω−2
* R Ṽ =

V
f 2
*ω2

*

In particular we chose


f* = Mp ω* = Hi



Lattice implementation for NMC scalars
We choose π̃χ = a3−αχ̃′￼

χ̃′￼ = aα−3π̃χ

π̃χ
′￼ = K̃χ[a, χ̃, {ϕ̃m}, R̃]

K̃χ[a, χ̃, {ϕ̃m}, R̃] ≡ a1+α ∇̃2χ̃ − a3+α (ξR̃χ̃ +
∂Ṽ
∂χ̃ )
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Lattice implementation for NMC scalars
We choose π̃a = a1−αa′￼

a′￼ = aα−1π̃a

π̃a
′￼ = K̃a[a, R̃] K̃a[a, R̃] ≡

a2+α

6
R̃

R̃ =
f2
*

M2
P [

2 (1 − 6ξ)(Ẽχ̃
G − Ẽχ̃

K) + 4⟨Ṽ⟩ − 6ξ⟨χ̃ Ṽ,χ̃⟩ + (ρ̃m − 3p̃m)

1 + (6ξ − 1) ξ⟨χ̃2⟩f 2
* /M2

P ]



Lattice implementation for NMC scalars

Ẽχ̃
K =

1
2a6

⟨π̃2
χ̃⟩

Ẽχ̃
G =

1
2a2 ∑

i

⟨∂̃i χ̃∂i χ̃⟩

R̃ =
f2
*

M2
P [

2 (1 − 6ξ)(Ẽχ̃
G − Ẽχ̃

K) + 4⟨Ṽ⟩ − 6ξ⟨χ̃ Ṽ,χ̃⟩ + (ρ̃m − 3p̃m)

1 + (6ξ − 1) ξ⟨χ̃2⟩f 2
* /M2

P ]

Gradient Energy of NMC field

Kinetic Energy of NMC field



Non symplectic evolver

K̃a[a, R̃] ≡
a2+α

6
R̃
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*

M2
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 depends on all field amplitudes and conjugate momentaR̃
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K̃a[a, R̃] ≡
a2+α
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 = kernel of NMC field depends on its conjugate momentaKχ̃[R̃[π̃χ̃]]



Non symplectic evolver

R̃ =
f2
*

M2
P [

2 (1 − 6ξ)(Ẽχ̃
G − Ẽχ̃

K) + 4⟨Ṽ⟩ − 6ξ⟨χ̃ Ṽ,χ̃⟩ + (ρ̃m − 3p̃m)

1 + (6ξ − 1) ξ⟨χ̃2⟩f 2
* /M2

P ]
 depends on all fiR̃

We need non-symplectic 
evolver like Runge-Kutta!

 = kernel of NMC fiKχ̃[R̃[π̃χ̃]]

K̃a[a, R̃] ≡
a2+α

6
R̃



working example

Based on: Toby Opferkuch’s presentation



What are NMC Scalars good for? 


NMC reheating 


Series of papers by DeCross et al 1510.08553, 1610.08868 & 1610.08916 


Higgs inflation & reheating 


Bezrukov & Shaposhnikov 0710.3755 

Bezrukov et al 0812.3622 Garcia-Bellido et al 0812.4624 


Inflation & reheating: 


Dominates only in the 

very early Universe 

f(φ) inflation & reheating 

Watanabe & Komatsu gr-qc/0612120 

f(R) inflation & reheating 

De Felice & Tsujikawa 1002.4928 


Geometric preheating 


Bassett & Liberati hep-ph/9709417  

Ricci reheating 


Figueroa & Byrnes 1604.03905 Opferkuch et al 1905.06823 


ℒ ⊃ ξRϕ2 ∼ ξH2ϕ2
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Example



Inflationary model: -attractorα

Inflationary Model
V(ϕ) =

Λ4

p
tanhp ( ϕ

M )

Inflation

Kallosh, Linde ‘13

V(ϕ)

ϕ
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V(ϕ) =
Λ4

p
tanhp ( ϕ

M )
V(ϕ)

ϕ

Λ4 Energy Scale 
of infl

They look better in the Asymptotic limit 











For which we choose 

ℳ ≪ 1

ns(M, p) →
29
30

≃ 0.967

r(M, p) ⟶
(M/mp)2

1800
= 5.56 ⋅ 10−4 ( M

mp )
2

Λ(M, p)
mp

⟶ ( 24π2pAs

28800 )
1/4

M
mp

≃ 2.04 ⋅ 10−3 p1/4 M
mp

Nk = 60

CMB constrains for -attractorsα



Early Universe



V(ϕ) =
Λ4

p
tanhp ( ϕ

M )

V(ϕ)

ϕ

Inflaton oscillations



V(ϕ)

ϕ

Inflaton oscillations

Preheating

- Indirect couplings





Non-minimal coupling to 
gravity


Ricci Reheating

1
2

ξχ2R

V(ϕ) ≃
1
p

λμ4−p |ϕ |p for ϕ ≪ M

Figueroa, Stefanek, Opferkuch  ’23

 



V(ϕ)

ϕ

Preheating

- Indirect couplings





Non-minimal coupling to 
gravity


Geometric Reheating

1
2

ξχ2R

V(ϕ) ≃
1
p

λμ4−p |ϕ |p for ϕ ≪ M

Ford ‘87

Figueroa, Florio, Opferkuch, Stefanek ’23


 

Inflaton oscillations



V(ϕ)

ϕ

Oscillations of the Ricci Scalar

Lets consider the metric 







If is driven purely by the 

homogeneous oscillations of 

the inflation





gμν ≡ diag(−a(η)2α, a(η)2, a(η)2, a(η)2)

R =
6

a2α [ a′￼′￼

a
− (α − 1)( a′￼

a )
2

]

R =
2

m2
p

(2⟨Vinf(ϕ)⟩ − ⟨K(ϕ)⟩)

Inflaton oscillations



Brief description of Geometric (p)reheating
1
2

ξχ2R

Whenever 

Effective mass of   becomes 

tachyonic

R < 0
χ

Adapted from Figueroa, Florio, Opferkuch, Stefanek  ’23

Whenever 

  oscillates as free field

R > 0
χ

χχχχ

Veff(χ) ≡ V(χ) +
1
2

ξχ2RV e
ff(

χ)



We can relate Ricci oscillations 
to the Equation of State (EoS) 

w

For potentials of the kind 
∼ ϕp

wosc ≡
pϕ

ρϕ
≃

p − 2
p + 2

Ricci scalar normalized by 
Hubble square is


R
H2

= 3(1 − 3wosc) ≃ 6
(4 − p)
(p + 2)

Inflaton oscillations



We can relate Ricci oscillations to 
the Equation of State (EoS) w

For potential -attractors





α

wosc ≃
p − 2
p + 2

for M ≳ mp

wosc ≃ (increasing function) →
p − 2
p + 2

for M ≲ mp

Ricci scalar normalized by Hubble 
square is




R

H2
≃ 6

(4 − p)
(p + 2)

for M ≳ mp

R
H2

≃ (decreasing function) → 6
(4 − p)
(p + 2)

for M ≲ mp

Inflaton oscillations



Inflaton oscillations
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Inflaton oscillations
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Oscillations get affected by 
lowering  M



Inflaton oscillations

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
N

°5

0

5

10

(M = 5 £ 10°2mp ; p = 6)
R/H2

We are interested in those 
cases that lead to NEGATIVE 

Ricci oscillations

R
H2

< 0 ⟹ p > 4

Inflaton oscillations



Geometric preheating: Linear regime

Let us consider the action





Non-minimal coupled field EoM in -time


S = ∫ d4x −g ( 1
2

m2
pR −

1
2

ξRχ2 −
1
2

gμν∂μχ∂ν χ −
1
2

gμν∂μϕ∂νϕ − V(ϕ, χ))
α

χ′￼′￼+ (3 − α)ℋχ′￼− a−2(1−α) ∇2χ + a2α (ξRχ + V,χ) = 0



Geometric preheating: Linear regime
Let us consider the action





Non-minimal coupled field EoM in -time





In the linear regime we can focus on the  modes


S = ∫ d4x −g ( 1
2

m2
pR −

1
2

ξRχ2 −
1
2

gμν∂μχ∂ν χ −
1
2

gμν∂μϕ∂νϕ − V(ϕ, χ))
α

χ′￼′￼+ (3 − α)ℋχ′￼− a−2(1−α) ∇2χ + a2α (ξRχ + V,χ) = 0

χk

χ̃′￼′￼k + ω2
k χ̃k = 0 , with ω2

k ≡ k2 + a2(ξ −
1
6 )R



Geometric preheating: Linear regime




Whenever  modes grow exponentially





 is a treshold momenta

χ̃′￼′￼k + ω2
k χ̃k = 0 , with ω2

k ≡ k2 + a2(ξ −
1
6 )R

ω2
k < 0

k*

aH
< 6ξ − 1

k*



Geometric preheating: Linear regime
We can solve linear equation for  modesχk

 = 6p
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What happens if  is smaller?M



Geometric preheating: Linear regime
We can solve linear equation for  modesχk

 = 6p
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Geometric preheating: Linear regime
We can solve linear equation for  modesχk

 = 6p
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=6 shows to be the best candidate to 
achieve reheating for low energy scales.

p



Geometric (p)reheating: Non-linear regime

In linear regime  modes grow unboundedχk

Let us go back to the action





and the NMC-field EoM 





can we get the effect of the  growth on  dynamics? 

S = ∫ d4x −g ( 1
2

m2
pR −

1
2

ξRχ2 −
1
2

gμν∂μχ∂ν χ −
1
2

gμν∂μϕ∂νϕ − V(ϕ, χ))

χ′￼′￼+ (3 − α)ℋχ′￼− a−2(1−α) ∇2χ + a2α (ξRχ + V,χ) = 0

χ R



We have now a full system of equations that characterize the 
system











with


χ′￼′￼+ (3 − α)( a′￼

a ) χ′￼− a−2(1−α) ∇2χ = − a2α (ξRχ + V,χ)
ϕ′￼′￼+ (3 − α)( a′￼

a ) ϕ′￼− a−2(1−α) ∇2ϕ = − a2αV,ϕ

a′￼′￼

a
+ (1 − α)( a′￼

a )
2

=
a2α

6
R

R =
[(6ξ − 1)( ⟨χ′￼2⟩

a2α − ⟨(∇χ)2⟩
a2 ) − 6ξ ⟨χV,χ⟩ + 4 ⟨V⟩ − ⟨ϕ′￼2⟩

a2α + ⟨(∇ϕ)2⟩
a2 ]

m2
p + (6ξ − 1)ξ⟨χ2⟩

Geometric (p)reheating: Non-linear regime



Geometric (p)reheating: Non-linear regime

Figueroa, Florio, Torrenti, Valkenburg ’21, ’23


 

Full non-linear system 
impossible to solve analytically


Lattice simulations

osmo attice𝒞 ℒ



Model: Tanh4NMC.h Parameter file: 
Tanh4NMC.in

osmo attice input𝒞 ℒ

http://Tanh4NMC.in


Model: Tanh4NMC.h Parameter file: 
Tanh4NMC.in

One of the fields is NMC

osmo attice input𝒞 ℒ



osmo attice input𝒞 ℒ

Model: Tanh4NMC.h Parameter file: 
Tanh4NMC.in

External Power spectrum as 
input



Model: Tanh4NMC.h Parameter file: 
Tanh4NMC.in

NMC parameter

osmo attice input𝒞 ℒ



osmo attice output𝒞 ℒ

average_scale_factor.txt a, a′￼, a′￼/a, R



osmo attice output𝒞 ℒ

average_scale_factor.txt a, a′￼, a′￼/a, R

average_energy_densities.txt η̃, K̃ϕ, … ,3ξ/a2αℋ⟨ϕ2⟩, 6ξ/a2α⟨ϕϕ′￼⟩, Etot



osmo attice output𝒞 ℒ

average_scale_factor.txt a, a′￼, a′￼/a, R

average_energy_densities.txt η̃, K̃ϕ, … ,3ξ/a2αℋ⟨ϕ2⟩, 6ξ/a2α⟨ϕϕ′￼⟩, Etot

spectra_scalar_1.txt



Geometric (p)reheating: Lattice results =6p



Reheating is achieved for any value of 


For any  eventually <0

M

M R̄

Geometric (p)reheating: Lattice results =6p



Geometric (p)reheating: Lattice results =6p



For any  eventually 


Reheating is achieved in any case.

M Eχ > Eϕ

Geometric (p)reheating: Lattice results =6p
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For any  eventually 


Reheating is achieved in any case.

M w → 1/3

Geometric (p)reheating: Lattice results =6p



 when  (EoS) envelope falls bellow 90% its Max 
value 

NBR ≡ w

Geometric (p)reheating: Lattice results =6p



Geometric (p)reheating: Lattice results =6p

 moment when NRH ≡ Eχ = Eϕ



Thanks!



Inflaton fragmentation
V(ϕ)

ϕ

··δϕk + [κ2 + (p − 1) |ϕ |p−2 ] δϕk = 0

Inflaton inhomogeneous 
perturbations  couple to 

the background 
δϕ(x, t)

Lozanov, Amin ‘17

Antusch, Figueroa, Marschall, Torrenti  ’20


 



Inflaton fragmentation
V(ϕ)

ϕ

··δϕk + [κ2 + (p − 1) |ϕ |p−2 ] δϕk = 0

Inflaton inhomogeneous 
perturbations  couple to 

the background 
δϕ(x, t)

For 

Inhomogeneities grow due to 

parametric resonance 

M ≳ mp

Leading to the fragmentation 
of the homogeneous 

background 
Fragmentation ⟹ w = 1/3



Inflaton fragmentation
V(ϕ)

ϕ

Inflaton inhomogeneous 
perturbations  couple to 

the background 
δϕ(x, t)

Fragmentation ⟹ w = 1/3

For 

Inhomogeneities grow due to 

parametric resonance 

M ≳ mp

Inefficient effect

Fragmentation time scale very 

long Nfrag ∼ 𝒪(1 − 10)

··δϕk + [κ2 + (p − 1) |ϕ |p−2 ] δϕk = 0



Inflaton fragmentation
V(ϕ)

ϕ

··δϕk + [κ2 +
∂2V(ϕ)

∂ϕ2
ϕend

] δϕk = 0

Inflaton inhomogeneous 
perturbations  couple to 

the background 
δϕ(x, t)

For  initial effective mass 
of modes is negative


M ≪ mp

∂2V(ϕ)
∂ϕ2

ϕend

< 0

Fragmentation ⟹ w = 1/3



Inflaton fragmentation
V(ϕ)

ϕ

Inflaton inhomogeneous 
perturbations  couple to 

the background 
δϕ(x, t)

A very large range of modes 




grow exponentially (tachyonic 
excitation)

κ ≲ (M/mp)−1

··δϕk + [κ2 +
∂2V(ϕ)

∂ϕ2
ϕend

] δϕk = 0

Fragmentation ⟹ w = 1/3

Efficient effect

Fragmentation time scale very 

short Nfrag ∼ 𝒪(10−2)



Inflaton fragmentation
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For  competition 
between tachyonic and 
parametric resonance


Long 

M ≳ 10−2mp

Nfrag

For  dominated 
tachyonic resonance


Short 

M ≲ 10−2mp

Nfrag



Inflaton fragmentation

0 2 4 6
N

°0.25

0.00

0.25

0.50

w̄ M = 10°3mp

M = 10°2mp

M = 2 £ 10°2mp

M = 2.5 £ 10°2mp

M = 3.5 £ 10°2mp

M = 5 £ 10°2mp

M = 6 £ 10°2mp

M = 8 £ 10°2mp

M = 10°1mp

Lattice simulations for p = 6

For  competition 
between tachyonic and 
parametric resonance


Long 

M ≳ 10−2mp

Nfrag

For  dominated 
tachyonic resonance


Short 

M ≲ 10−2mp

Nfrag

Fragmentation kills homogeneous 
oscillations!


Frustrates geometric geometric 
(p)reheating


