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If so, How? What can we learn?
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Figueroa, Florio, Torrenti, Valkenburg
Lattice Theory Review: arXiv: 2006.15122

Code Manual: arXiv: 2102.01031

» Simulates scalar-gauge field dynamics [including U(1) & SU(2) interactions]
[U(T) x SU@2) ]

Links & plaquettes
(~ lattice-QCD) HY
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» Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]

Lecture 4 Lecturq 6
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» Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]

Lecture 4 Lecture 6

\/
» Nowadays Gravitational Waves |Lecture 8
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» Written in C++, with modular structure separating
physics (Cosmolnterface library) and technical details (TempLat library).
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» Written in C++, with modular structure separating
physics (Cosmolnterface library) and technical details (TempLat library).
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» Parallellized in multiple spatial dimensions (but you write in serial)
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Lattice Theory Review: arXiv: 2006.15122
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10,‘\2
» Parallellized in multiple spatial dimensions (but you write in serial) L ecture®
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» Family of evolution algorithms, accuracy ranging from 5@(&2) — 5@(&10)
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» Family of evolution algorithms, accuracy ranging from 5@(&2) — 5@(&10)

Lecture 3 — Lectures 4,5,6,7,8,9
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Cosmolattice

A modern code for lattice simulations of scalar and gauge
field dynamics in an expanding universe
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What Field theory ?

» Matter content:

[d4x\/_ { =0,00"¢p + (D, p)*(D4ep) + %FWF”” + (D,@)'(D"®) + %Tr{G,wG“”} +V(g.lol, | @] )}

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

[d4x\/_ { =0,00"¢p + (D, p)*(D4ep) + %FWF”” + (D,@)'(D"®) + %Tr{G,wG“”} +V(g.lol, | @] )}

O € Re

Scalar
sector

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

[d4x\/_ { —0,00"p + (D p)* (D) + %FWF”” +(D,®@)"(D'®) + %Tr{G,wG“”} + V(. ol || )}

N e

1 .
) € Re Q= ﬁ(% + ip;)
Scalar DA=g — lQ(qo) A
sector ook A Sl

U(1) gauge sector

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

[d4x\/_ { —0,0"p + (D, p)*(Dlp) + %FWF”” + (D,@)'(D"®) + %Tr{G,wG“”} + Vg, o], | @] )}

N — e B
. e

1 , 1 (oo +ig,
O € Re = —(@ + i O=—0 ( . )
@ > (@0 + i) VAT
Scalar A _ ) _ A
F u = aﬂAy — ayAﬂ G,=9,B,-0,B,—iB,B)]
U(1) gauge sector SU(2) gauge sector

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

[d4x\/_ { —0,0"p + (D, p)*(Dlp) + %FWF”” + (D,@)'(D"®) + %Tr{GWG“”} + Vg, o], )}

N — e B
. e

P € Re @ = L(Cﬂo + ig,) D = 1 (gﬁo : l.q)l) Scalar
Scalar 2 . V2 \P2t19; potential
A _ _ A
sector D) =0,-10,"¢ A, D,= 7D, —igslp
FMV = aﬂAy — ayAﬂ G/w = 6”By — 0yBﬂ — i[BM,BU]
U(1) gauge sector SU(2) gauge sector

Transparencies worked out together with Paco Torrenti



What Field theory ?

» Matter content:

[d4x\/_ { —0,0"p + (D, p)*(Dlp) + %FWF”” + (D,@)'(D"®) + %Tr{G,wG“”} + Vg, o], )}

N — e B
. e

P € Re @ = L(Cﬂo + ig,) D = 1 (gﬁo T l.q)l) Scalar
Scalar V2 o V2 \P2t19; potential
A — A
sector D) =0,-10,"¢ A, D,= 7D, —igslp
F'W = 0ﬂAy — ayAﬂ G/w = aﬂBy — 0yBﬂ — i[BM,BU]
U(1) gauge sector SU(2) gauge sector

» Background Metric:

. g% 2( V6. d 7 » Self-consistent expansion (Friedmann equations)
]

2
> Fixed power-law background a(?) ~ 130+w

Transparencies worked out together with Paco Torrenti



> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

oV
=g KICK: (7)) = — a>*0— + g1 +oV?2
d_2¢ — —1 V2¢ -+ E—da —d¢ = — —aV ﬁﬂ(p ¢ i ( ¢) -3 a¢ ¢
dt? a dr dt a¢ DRIFT: ¢’ — 7T¢6la

Transparencies worked out together with Paco Torrenti



> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

]Z'¢ = ¢/a3—a

3dadp oV

adt dt 9

KICK:

' DRIFT:

» Scalar Fields and momenta are defined in the lattice sites

ox (lattice spacing)

s
ettt

N : number of points/dimension
L. = N - 6x :length side

Of : time step

Transparencies worked out together with Paco Torrenti

-

Minimum and maximum momenta:




> Hamiltonian scheme: coupled first-order differential equations

et et

» Scalar fld example

3dadp

adt dt 9

ﬂ(,b — /a3—a

oV

KICK:

' DRIFT:

» Scalar Fields and momenta are defined in the lattice sites

ox (lattice spacing)

s
ettt

» Gauge fields introduced via links and plaquettes (like in lattice-QCD)

N : number of points/dimension
L. = N - 6x :length side

Of : time step

-

Minimum and maximum momenta:

Transparencies worked out together with Paco Torrenti




Writing a model

» Equations solved in (dimensionless) program variables:

Choose: y j=? =L -2 | Scalar
din = a”"w.dt P = £, v f ®= fe | fields
{ ’ a)*’f*} ) d¥ = w.dx'
: T Aﬂ Fa— Bﬁ Gauge
Space and time = . fields

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: y j=? =L -2 | Scalar
din = a”"w.dt P = £, v f ®= fe | fields
{ ’ a)*’f*} ) d3 = w.dx'
— A ~ B Gauge
Space and time A, = - BZ = — fielo?s

Example: ¢(t) ~ &, X fosc(t)

¢(t) [GeV]

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: y j=? =L -2 | Scalar
din = a”"w.dt P = £, v f ®= fe | fields
{ ’ w*’f*} ) d¥ = w.dx’
: T Aﬂ Fa— Bﬁ Gauge
Space and time = . fields

Example: ¢(t) ~ &, X fosc(t)

S
|
ek
~
3

¢(t) [GeV]

Y » Make period
constant in ﬁ

ol < > > \

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

Choose: . ¢ - _ @ . @ scalar
di/] =a a)*dt ¢ — ]T* P f* O = f>!< fields
{ ’a)*’f*} ) d¥ = w.dx'
| — 4 — B | Gauge
Space and time A, = B = - fiolds
) *

» Write scalar potential and first and second derivatives in one file (model.h)

oV 0’V 0%V

L 1 =
V@191, 1® 1) = =V L1 @1 L1 @) —>a¢ am TN AT TG

Transparencies worked out together with Paco Torrenti



Writing a model

» Equations solved in (dimensionless) program variables:

S

Choose: . ~ .9 P P | Scalar
dij=a™wdt | |P=5 P77 | fields

{ ’ a)*’f*} ) dx' = w.dx'
A ~ B, Gauge

Space and time A u= - BZ = fields

» Write scalar potential and first and second derivatives in one file (model.h)

1 ov. oV v PV oV PV

~

‘7(43,I¢|,|d’l)Ef%w%V(ﬁkd),ﬁI@I,ﬁI@I) o’ ol@l" al®l" of2” 911” 01B|

#0utput
outputfile = ./

#Evolution

expansion = true
evolver = VV2

NV A WN R

#Lattice

9 [N =32

10 |dt = 0.01
11 | kIR = 0.75

» Parameters passed via one file (input.txt) —> i erines

15 tOutputFreq = 0.1
16 | tOutputInfreq = 1
17 tMax = 300

(no need to re-compile !) 2

20 | kCutOff = 1.75
21 initial_amplitudes = 7.42675e18 0 # geneous amplitudes
plitud

homogen in Ge
22 initial_momenta = -6.2969e30 0 # homogeneous amplitudes in G

V
i ev2
24 | #Model Parameters
25 lambda = 9e-14
26 | q = 100

Transparencies worked out together with Paco Torrenti



Self-consistent Expansion

> Algorithms use second Friedmann equation to evolve the scale factor.

a a2a
— = 3 (@ —2)(Kyp+ Ky + Ko) +a(Gyp + Gy, + Go) + (a+ 1)V
p
+ (a —1)(Kya) + Gua) + Ksue) + Gsue))
(...) represents volume averaging
e Kow = gibmSiF2
. Ky = 2a12a ¢’2 Gy = # Ez(az¢)2 KZ((JI()Q) _ za1+ _ Eaz(()ng)Z :
K, = @@er(Dge) ;5 G = wXDie)(Die) 5 g 1 g
- Ko = 2(Do®)'(Do®) Go = 2 2i(Di®)'(Di®) Gove = za E”Q (é;a 2|
I a? a,t,1<t |
i (Kinetic-Scalar) (Gradient-Scalar) (Electric & Magnetic) i

Transparencies worked out together with Paco Torrenti



Self-consistent Expansion

> Algorithms use second Friedmann equation to evolve the scale factor.

> The first Frledmanne, uation is used to check the accuracy of the simulation.

a a2
— = 35 ((@=2)(Ky+ Ky + Ko) + (G + G + Ga) + (a + 1)V
p
+ (a —1)(Kya) + Gua) + Ksue) + Gsue))
a’ 2 a2a
(E) = 32 <K¢+K¢+K<p +G¢+G¢+G<I> +KU(1) +GU(1) +KSU(2) +GSU(2) +V>
p
(...) represents volume averaging
e Kooy = pimSiF2
: K¢ — 2alza ¢/2 G(;‘) = # Zz(az¢)2 K.(S']((Jl()2) - zT%*QE Za z(Ong)z :
: K, = %(D()q‘/)) (D64‘P) G, = aL2 Zz‘(DzASO)*(Df‘P) ; Gua) = 2a e > :
| _ 1 _ 1 . . a7 2ij<i by :
E o = _(DO(I)) (DOCI)) o = aTZz(DZ(I))T(DZ(I)) GSU(2) = 2a4 Za,z,]<z(Ga )2:
i (Kinetic-Scalar) (Gradient-Scalar) (Electric & Magnetic) i

Transparencies worked out together with Paco Torrenti



Al Output from your Run
p y

Volume averages: variance, energies, etc

128 A a

Output 10 | —
q A 0.8F 0.01+ S
=Y [
= [ @
Types Too s
m(U 0.4f ] ~p=2 ] ]
: — Ko Gur — Ky Vint
0.2 107 Go —f:<SU2 éx—f?
\ — Ku1— Gsuz — V
0.0; | | | T | | ] ool | ‘ ‘ |
5 10 50 100 5001000 0 100 200 300 400
t f

Transparencies worked out together with Paco Torrenti



Al Output from your Run
p y

Volume averages: variance, energies, etc

128 A a

Output 10 ||
Types - | i

v 06"

- p=2 1"

0.01r

“© 1074+

p=2
. — Ko — Gy _’fx Vint
107" Go —Ksuz — Gy—P

0.2} ] | | c c
[ ] : — Ku1— Gsyz — V
0.0f ‘ ‘ ‘ ‘ : ‘ ‘ ] 10—8 ‘ ‘ ‘ ‘ ‘
5 10 50 100 5001000 0 100 200 300 400
'i t

Fld Spectra: Raw/Binned

© 0.4F

3/2

Transparencies worked out together with Paco Torrenti



m Output from your Run

Volume averages: variance, energies, etc

Sy T2
Output o [\ |
' A 08 0.01
Types :\.%0'6é ” ‘:210'4—
Bcu 0.4; “

0.2 “ 107

0.0; o - o ] 10-8L ‘ ‘ ‘ ‘

5 10 50 100 5001000 0 100 200 ) 300 400

7 t
Fld Spectra: Raw/Binned Snapshots: 2D/3D distribution

Transparencies worked out together with Paco Torrenti

(Constraints)



Lattice

Theory Review http://www.cosmolattice.net/ Code Manual
arXiv: 2006.15122 arXiv: 2102.01031

In summary ...


http://www.cosmolattice.net/
https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2102.01031

allcce

Theory Review http://www.cosmolattice.net/ Code Manual
arXiv: 2006.15122 arXiv: 2102.01031

Field Th. Problem

* Init Conditions
* Eqgs. of Motion



http://www.cosmolattice.net/
https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122

Theory Review

arXiv: 2006.15122

allcce

Field Th. Problem

* Init Conditions
* Eqgs. of Motion

5

(Cosmolattice

* Choose Lattice: dt, N, dx
* Choose Algorithm O(61")

* Choose Param: g, m, ...
* Choose Observables

ox (lattice spacing)

e

H http://www.cosmolattice.net/ H

-

h
I

N - 6x

Code Manual
arXiv: 2102.01031
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https://arxiv.org/abs/2006.15122

allcce

Theory Review H http://www.cosmolattice.net/H Code Manual

arXiv: 2006.15122 arXiv: 2102.01031
(Coomalattice

Field Th. Problem * Choose Lattice: dt, N, dx

* Choose Algorithm O(61")

* Init Conditions

* Egs. of Motion * Choose Param: g, m, ...

* Choose Observables

5

Algorithms

- Staggered LeapFrog (LF)

- Position-Verlet (PV2)

- Velocity-Verlet (VV2)

- Runge-Kutta (RK2, RK3, RK4)
- Yoshida (W4, V6, VV8, VV10)


http://www.cosmolattice.net/
https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122

Theory Review HNttp .//www.cosmolattice.net/ code manual
arXiv: 2006.15122 arXiv: 2102.01031

Field Th. Problem * Choose Lattice: dt, N, dx

* Choose Algorithm O(61")
* Choose Param: g, m, ...
* Choose Observables

* Init Conditions
* Eqgs. of Motion

1 | #0utput

2 utputfil /
3

4 | #Evolution

5 ex| sion = tri
6 |evolver = VV2

7

8 #lLatt

12 nBinsSpectra = 55

14 | #Times
15 tOutputFreq = 0.1

16 | tOutputInfreq = 1
2 2 2 @ 17 | tMax = 300
Ko

9 e o o e o o 19 | #IC
w 20 | kCutoff = 1.75

21 initial_amplitudes = 7.42675el18 0 # geneous am

homogen litudes in Ge'
22 | initial_momenta = -6.2969e30 0 # homogeneous ampl

tud
itudes in Ge

(2Nl
<<

P
P
24 | #Model Parameters

25 | lambda = 9e-14
26 | q = 100

» Parameters via input file
(no need to re-compile !)
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arXiv: 2006.15122 arXiv: 2102.01031

Field Th. Problem * Choose Lattice: dt, N, dx

* Choose Algorithm O(61")

* Init Conditions

* Egs. of Motion * Choose Param: g, m, ...

* Choose Observables
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Lattice

Theory Review HNttp .//www.cosmolattice.net/ code manual
arXiv: 2006.15122 arXiv: 2102.01031

Field Th. Problem * Choose Lattice: dt, N, dx

* Init Conditions * Choose Algorithm 0(61")

* Eqgs. of Motion

* Choose Param: g, m, ...
* Choose Observables

CL is a platform for field theories
You choose the problem to solve !
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allcce
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arXiv: 2006.15122 arXiv: 2102.01031

Field Th. Problem .. | * Choose Lattice: dt, N, dx
* Init C~~ ‘b'\e“\“ * Choose Algorithm 0(61")
L="" ?(0 B * Choose Param: g, m, ...
L& \s\e\N L * Choose Observables

(

Field Objects
Field Algebra

CL is a platform for field theories
You choose the problem to solve !
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Field Th. Problem * Choose Lattice: dt, N, dx

* Init Conditions * Choose Algorithm 0(61")

* Eqgs. of Motion

* Choose Param: g, m, ...
* Choose Observables

CL is a platform for field theories
You choose the problem to solve !
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Field Th. Problem

* Init Conditions
* Egs. of Motion

Basic use of CL:
Black Box
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Field Th. Problem

* Init Conditions
* Egs. of Motion

Basic use of CL:
Set of Black Boxes
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Field Th. Problem

* Init Conditions
* Eqgs. of Motion

Proper use of CL.:
White, Grey & Black Boxes
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Field Th. Problem

* Init Conditions
* Eqgs. of Motion

White, Grey & Black Boxes

(good (advance (expert
level) level) level)
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Field Th. Problem

* Init Conditions
* Eqgs. of Motion

» CL so far (v1.0, Public):
» Global scalar field dynamics
» U(1) scalar-gauge dynamics

» SU(2) scalar-gauge dynamics
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Field Th. Problem

* Init Conditions
* Eqgs. of Motion

» CL so far (v1.x, Public):
» Global scalar field dynamics
» U(1) scalar-gauge dynamics

» SU(2) scalar-gauge dynamics

» GWs from Global/Abelian sectors
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Field Th. Problem

* Init Conditions
* Eqgs. of Motion

» CL so far (v1.x, Public):
» Global scalar field dynamics
» U(1) scalar-gauge dynamics

» SU(2) scalar-gauge dynamics

m = = = = = = =i
O
D
®
2829
¢ O
Q.
S
®
)

» GWs from Global/Abelian sectors


http://www.cosmolattice.net/
https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122

New
Modules

* Magneto Hydro-dynamics (MHD)
* AXion-gauge interactions

* Cosmic string networks

* Non-minimal Grav. coupling



New
Modules

* Magneto Hydro-dynamics (MHD)



Magneto Hydro-dynamics (MHD)

" = (p +p)U'U" — pg™

1
D, T" = 9, T" + TV T + I TH = = 0,(v/—g T") = 0,

anTOO + azTOZ — SvO [¢7 Ak7 {T’lk}] )

0,T" + 0,7 = S'[¢, Ax, {Tux}]

Work in progress ... key to GWs from PhT’s !
(w/ K. Marschall, A. Midiri and A. Roper Pol)



Magneto Hydro-dynamics (MH“ E

" = (p +p)U'U" — pg™

1
D, T" = 9, T" + TV T + I TH = = 0,(v/—g T") = 0,

anTOO + azTOZ — SvO [¢7 Ak7 {T’lk}] )

0,T" + 0,7 = S'[¢, Ax, {Tux}]

Work in progress ... key to GWs from PhT’s !
(w/ K. Marschall, A. Midiri and A. Roper Pol)



New
Physics

* AXion-gauge interactions



Axion-gauge interaction

1 1 o -
Sax =~ de4\/ —8 {Eaﬂéba’“‘qb + V@) + L F P+ 4A = F, )
P

6 = —3H$+5V¢—Vs+ 52T . B,
E = -HE- L1V xB 2 (gb§+7gb - f),
G = —gm (20x — v + PEM)
V-E = _a%\pv¢ . B, (Gauss law]
H? = ﬁ (pK T PG T PV T PEM) , |Hubble law]

(w/ J. Lizarraga, N. Loayza, and A. Urio)

Phys. Rev. Lett. 131 (2023) 15, 151003 ; Phys.Rev.D 111 (2025) 6, 063545



1 1
Sy = — deﬂ /—g{adﬂgbd”gb + V(p) + ZFWF””+

v -

Axion-gauge interactions
ay ¢

4mp

FWF””}

6 = —3H$+5V¢—Vs+ 52T . B,
E = -HE- L1V xB 2 (gb§+7gb - f),
G = —gm (20x — v + PEM)
E = _a%\pv¢ . B, (Gauss law]
H? = ﬁ (pK T PG T PV T PEM) , |Hubble law]

(w/ J. Lizarraga, N. Loayza, and A. Urio)

Phys. Rev. Lett. 131 (2023) 15, 151003 ; Phys.Rev.D 111 (2025) 6, 063545



New
Physics

* Cosmic defect networks



Cosmic (Topological) Defects

Particle & GW Emission

£

(String Networks)

(Isolated loops)

Qawl(k,T) (A)
s ' ' "~ Artificial
: N\, L = 512 '
- ) Ly =64
v N /Aﬁ/\\‘ 5 = 0.25
/’.’.',» ( ] hh o
y % 2 R W
| i/ \" 7 AN o ,.0\‘
0 V \.f.\‘\'A\o.‘t-\“’\.\ .
7 QCAR
1073

002 005 010 020 050 1.00

(GW enission)

(w/ J. Baeza-Ballesteros, E. Copeland, J. Lizarraga)

ArXiv:2308.08456 (Global) ; ArXiv:2408.02364 (Local)




Cosmic (Topological) D

Particle & GW Emission

SRS

(String Networks)

(Isolated loops)
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Non-minimal Grav. coupling
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ArXiv:2112.08388; ArXiv:2406.02689; ArXiv:2404.17654
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* Magneto Hydro-dynamics (MHD)
* AXion-gauge interactions
* Cosmic string networks

* Non-minimal Grav. coupling

* Grav. Pert. Th / Full GR
(w/ N. Loayza & R. Flauger)
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— Lecture 1 —
Welcome to the Lattice

Francisco Torrenti
UB, Barcelona, Spain



