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Can we simulate the very first 
instants of the Universe ?



If so, How? What can we learn?
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School 2025CosmoLattice —

School aimed to provide a pedagogical 
introduction to lattice field theory techniques 

+

their adaptation to simulate the dynamics of
interacting fields in an expanding background



School 2025CosmoLattice —

We will introduce CosmoLattice, our public code
for lattice simulations of early Universe scenarios 

… so you learn how to simulate non-linear scalar
+ gauge field dynamics in an expanding universe 

http://www.cosmolattice.net/


School 2025CosmoLattice —

We will introduce CosmoLattice, our public code
for lattice simulations of early Universe scenarios 

… so you learn how to simulate non-linear scalar
+ gauge field dynamics in an expanding universe 

+ fluid dynamics ! 
(~ fermions)

http://www.cosmolattice.net/
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Lecture 1: What is a Lattice? 
Lecture 2: Inflation and post-inflationary dynamics 
Practice 1: My first run! fun with phi^4 
Lecture 3: Evolution algorithms 
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Final Overview / Discussion
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Lecture 1: What is a Lattice? 
Lecture 2: Inflation and post-inflationary dynamics 
Practice 1: My first run! fun with phi^4 
Lecture 3: Evolution algorithms 

Lecture 4: Interacting scalar fields in an expanding background 
Practice 2: Playing with Scalar fields (choose your potential!) 
Lecture 5: Non-minimally coupled scalar fields 
Lecture 6: U(1) & SU(2) Lattice Gauge Theories 

Lecture 7: Axion coupling 
Practice 3: Beyond scalars... simulating gauge flds ! 
Lecture 8: Gravitational wave (GW) creation and propagation 
Practice 4: GWs from scalars and gauge flds ! 

Lecture 9: (Relativistic) fluid dynamics 
Practice 4: Playing with fluid dynamics 
Lecture 10: CL technical features (plotting, parallelization, …) 
Practice 5: GWs from hydrodynamic turbulence 

Lecture 11: Simulating Cosmic Defects 
Lecture 12: Advanced CL features (GPU, …) 
Final Overview / Discussion
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Lecture 1: What is a Lattice? 
Lecture 2: Inflation and post-inflationary dynamics 
Practice 1: My first run! fun with phi^4 
Lecture 3: Evolution algorithms 

Lecture 4: Interacting scalar fields in an expanding background 
Practice 2: Playing with Scalar fields (choose your potential!) 
Lecture 5: Non-minimally coupled scalar fields 
Lecture 6: U(1) & SU(2) Lattice Gauge Theories 

Lecture 7: Axion coupling 
Practice 3: Beyond scalars... simulating gauge flds ! 
Lecture 8: Gravitational wave (GW) creation and propagation 
Practice 4: GWs from scalars and gauge flds ! 

Lecture 9: (Relativistic) fluid dynamics 
Practice 4: Playing with fluid dynamics 
Lecture 10: CL technical features (plotting, parallelization, …) 
Practice 5: GWs from hydrodynamic turbulence 

Lecture 11: Simulating Cosmic Defects 
Lecture 12: Advanced CL features (GPU, …) 
Final Overview / Discussion
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Lecture 1: What is a Lattice? 
Lecture 2: Inflation and post-inflationary dynamics 
Practice 1: My first run! fun with phi^4 
Lecture 3: Evolution algorithms 

Lecture 4: Interacting scalar fields in an expanding background 
Practice 2: Playing with Scalar fields (choose your potential!) 
Lecture 5: Non-minimally coupled scalar fields 
Lecture 6: U(1) & SU(2) Lattice Gauge Theories 

Lecture 7: Axion coupling 
Practice 3: Beyond scalars... simulating gauge flds ! 
Lecture 8: Gravitational wave (GW) creation and propagation 
Practice 4: GWs from scalars and gauge flds ! 

Lecture 9: (Relativistic) fluid dynamics 
Practice 4: Playing with fluid dynamics 
Lecture 10: CL technical features (plotting, parallelization, …) 
Practice 5: GWs from hydrodynamic turbulence 

Lecture 11: Simulating Cosmic Defects 
Lecture 12: Advanced CL features (GPU, …) 
Final Overview / Discussion
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Lecture 1: What is a Lattice? 
Lecture 2: Inflation and post-inflationary dynamics 
Practice 1: My first run! fun with phi^4 
Lecture 3: Evolution algorithms 

Lecture 4: Interacting scalar fields in an expanding background 
Practice 2: Playing with Scalar fields (choose your potential!) 
Lecture 5: Non-minimally coupled scalar fields 
Lecture 6: U(1) & SU(2) Lattice Gauge Theories 

Lecture 7: Axion coupling 
Practice 3: Beyond scalars... simulating gauge flds ! 
Lecture 8: Gravitational wave (GW) creation and propagation 
Practice 4: GWs from scalars and gauge flds ! 

Lecture 9: (Relativistic) fluid dynamics 
Practice 4: Playing with fluid dynamics 
Lecture 10: CL technical features (plotting, parallelization, …) 
Practice 5: GWs from hydrodynamic turbulence 

Lecture 11: Simulating Cosmic Defects 
Lecture 12: Advanced CL features (GPU, …) 
Final Overview / Discussion
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DA
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A
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1
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U(1) gauge sector
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Transparencies worked out together with Paco Torrentí

What Field theory ?

S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}

➤ Matter content:

ϕ ∈ ℛe

Scalar 
sector

DA
μ ≡ ∂μ − iQ(φ)

A g
A
Aμ

φ ≡
1

2
(φ0 + iφ1)

Fμν ≡ ∂μAν − ∂νAμ

U(1) gauge sector

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Dμ ≡ ℐDA

μ − igBQBBa
μ Ta

Φ =
1

2 (φ0 + iφ1
φ2 + iφ3)

SU(2) gauge sector

Gμν ≡ ∂μBν − ∂νBμ − i[Bμ, Bν]

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Scalar 

potential



Transparencies worked out together with Paco Torrentí

What Field theory ?

S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}

➤ Matter content:

ϕ ∈ ℛe

Scalar 
sector

DA
μ ≡ ∂μ − iQ(φ)

A g
A
Aμ

φ ≡
1
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(φ0 + iφ1)

Fμν ≡ ∂μAν − ∂νAμ
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<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Dμ ≡ ℐDA

μ − igBQBBa
μ Ta

Φ =
1

2 (φ0 + iφ1
φ2 + iφ3)

SU(2) gauge sector

Gμν ≡ ∂μBν − ∂νBμ − i[Bμ, Bν]

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Scalar 

potential

ds2 = − dt2 + a2(t) δij dxidxj
➤ Self-consistent expansion (Friedmann equations)

➤ Fixed power-law background

➤ Background Metric: {
a(t) ∼ t

2
3(1 + w)



Transparencies worked out together with Paco Torrentí

Lattice Equations

➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′￼≡ πϕaα−3

(πϕ)′￼= − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′￼a3−α KICK:

DRIFT:

➤ Scalar fld example

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ



Transparencies worked out together with Paco Torrentí

Lattice Equations

➤ Hamiltonian scheme: coupled first-order differential equations

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ ϕ′￼≡ πϕaα−3

(πϕ)′￼= − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′￼a3−α KICK:

DRIFT:

➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

L

Aμ

Uμν

(lattice spacing)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{



Transparencies worked out together with Paco Torrentí

Lattice Equations

➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′￼≡ πϕaα−3

(πϕ)′￼= − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′￼a3−α KICK:

DRIFT:

➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

Aμ

Uμν

(lattice spacing)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ



Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)
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{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
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➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤
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ϕ̃ =
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φ
f*
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μ =
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Space and time

Scalar 
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➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤

<latexit sha1_base64="JZVat4eIWApa43Xm9RG5Gz6dfqM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBeiiJFPUiFL14rGA/oAlhs920SzebsLsRSujf8OJBEa/+GW/+GzdtDtr6YODx3gwz84KEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gsld7veeqFQsFo96mlAvwiPBQkawNpIb+nV0g9z2mPl1v1qzG/YcaJU4BalBgbZf/XKHMUkjKjThWKmBYyfay7DUjHA6q7ipogkmEzyiA0MFjqjysvnNM3RmlCEKY2lKaDRXf09kOFJqGgWmM8J6rJa9XPzPG6Q6vPYyJpJUU0EWi8KUIx2jPAA0ZJISzaeGYCKZuRWRMZaYaBNTxYTgLL+8SroXDeey0Xxo1lq3RRxlOIFTOAcHrqAF99CGDhBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEVJJBt</latexit>
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Transparencies worked out together with Paco Torrentí

Writing a model

➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)
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➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (input.txt)
(no need to re-compile !)
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Self-consistent Expansion

➤ Algorithms use second Friedmann equation to evolve the scale factor.

➤ The first Friedmann equation is used to check the accuracy of the simulation.
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Output from your Run

Volume averages: variance, energies, etc
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Output from your Run

Fld Spectra: Raw/Binned 
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Output from your Run
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(Constraints)



CosmoLattice
http://www.cosmolattice.net/Theory Review
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Code Manual

arXiv: 2102.01031
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CosmoLattice
http://www.cosmolattice.net/

* Init Conditions 
* Eqs. of Motion 

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

δx{ (lattice spacing)
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* Init Conditions 
* Eqs. of Motion 

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

                Algorithms 

- Staggered LeapFrog (LF) 
- Position-Verlet (PV2) 
- Velocity-Verlet (VV2) 
- Runge-Kutta (RK2, RK3, RK4) 
- Yoshida (VV4, VV6, VV8, VV10)
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* Init Conditions 
* Eqs. of Motion 

CosmoLattice
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* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

λ1 , λ2 , . . . , g2
1 , g2

2 , . . .

m2
ϕ , m2

ψ , . . . , v2, Φ*, . . .

➤ Parameters via input file
(no need to re-compile !)
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* Eqs. of Motion 

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

Output
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* Init Conditions 
* Eqs. of Motion 

Output

CL is a platform for field theories 
You choose the problem to solve !

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem
𝒪(δtn)

New Problem

Field Objects 
Field Algebra
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CosmoLattice Output

Basic use of CL:
Black Box

Field Th. Problem

Code Manual
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Theory Review
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CosmoLattice
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* Init Conditions 
* Eqs. of Motion 

CosmoLattice Output

Basic use of CL:
Set of Black Boxes

Field Th. Problem

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 
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CosmoLattice
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* Init Conditions 
* Eqs. of Motion 

CosmoLattice Output

Proper use of CL:
White, Grey & Black Boxes

Field Th. Problem

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 
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Field Th. Problem
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One can add 

GWs from Global/Abelian sectors
(Interactions, fields, EOM,  

observables, features, …)New Modules !
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https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122
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* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic string networks 
* Non-minimal Grav. coupling
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Magneto Hydro-dynamics (MHD)

DνTμν = ∂νTμν + Γμ
σνTσν + Γν

νσTμσ =
1
−g

∂ν( −g Tμν) = 0,

Work in progress … key to GWs from PhT’s  !

Tμν = (p + ρ)UμUν − pgμν

(w/ K. Marschall, A. Midiri and A. Roper Pol)
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1
−g

∂ν( −g Tμν) = 0,

Work in progress … key to GWs from PhT’s  !
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* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic string networks 
* Non-minimal Grav. coupling

New  
Physics



Axion-gauge interactions
𝒮ax = − ∫ dx4 −g{ 1

2
∂μϕ∂μϕ + V(ϕ) +

1
4

FμνFμν+
αΛ

4
ϕ
mp

FμνF̃μν}

Phys. Rev. Lett. 131 (2023) 15, 151003 ; Phys.Rev.D 111 (2025) 6, 063545 

⃗E ⋅ ⃗B ,
·ϕ ⃗B + ⃗∇ ϕ ⋅ ⃗E

ρEM

ρEM

⃗∇ ϕ ⋅ ⃗B ,

(w/ J. Lizarraga, N. Loayza, and A. Urio)

Lecture 7



Axion-gauge interactions
𝒮ax = − ∫ dx4 −g{ 1

2
∂μϕ∂μϕ + V(ϕ) +

1
4

FμνFμν+
αΛ

4
ϕ
mp

FμνF̃μν}

Phys. Rev. Lett. 131 (2023) 15, 151003 ; Phys.Rev.D 111 (2025) 6, 063545 

⃗E ⋅ ⃗B ,
·ϕ ⃗B + ⃗∇ ϕ ⋅ ⃗E

ρEM

ρEM

⃗∇ ϕ ⋅ ⃗B ,

(w/ J. Lizarraga, N. Loayza, and A. Urio)



* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic defect networks 
* Non-minimal Grav. coupling 

New  
Physics



Particle & GW Emission

Cosmic (Topological) Defects

_

(GW emission)(Isolated loops)(String Networks)

ArXiv:2308.08456 (Global) ; ArXiv:2408.02364 (Local) 

(w/ J. Baeza-Ballesteros, E. Copeland, J. Lizarraga)
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Welcome to the Lattice
— Lecture 1 —

Francisco Torrenti 
UB, Barcelona, Spain


