Part ll: Lattice formulation of non-perfect fluids coupled to
gauge fields in a FLRW expanding background
and gravitational waves)
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Viscosity

The stress-energy tensor of an imperfect fluid THY — THY _ TV
is described by, pf

¥~ viscous stress tensor

00 0j _ 0j
00Ty + 0% = 011"

Yielding the following 0T =0 -p
conservation laws: H 0 i .
aOTpf + aijf = ajn
In the sub-relativistic limit we may recast the Navier-
Stokes description of viscosity, s.t.:
. i — ij 2 ij 1 k sij
e Viscous force term: fy =01 =2u(l +¢7)d;|p| SV - 55k5 Gii l(aiuf T o)
with 2

0 0i . (rate-of-strain tensor)
* Viscous energy dissipation:  f, = 9,11V = 11§,



Viscosity

Conservation equation with viscosity:

. g 1
00T = = 0% + £ Flise = 21+ p(STS; = =(V - w?)
with i

aOTI;(f’ = =0T +f, i =v(l +cHp(Viu+ 3 V(V-u)+2II- V)lnp)
e conservation form: express p and u' e non-conservation form: express Tgfo and Tlg)fi

in terms of in the viscosity terms TSP in Tgf’ terms of p and u'.

and T2 .

p
700 | TOfi
by using:  p = il and ! ’

u =
(1 4+ c)y? — c? (1 +cPpr?



Viscosity: Discretisation

Conservation equation with viscosity:

. o .
00 _ _ w070 , £0 0 _ 2\ cqiie _ 2 oo(0), /)2
0T = = VOTY + 1 Fone = 200+ (875 = 2 (VOu')?)
with i
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We discretize our equations with 6th order neutral derivative V"
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Viscosity: Discretisation

Conservation equation with viscosity:

j § 1 |
doTSfO = — V}O)ng +f7 0 =2u(l+ Csz)P(SUSij _ g( VJ(O)MJ)z)
with

aOTIl)(f) = — VJ(_O) T;Jf +f‘l, 1l/iSC =v(l + Csz)p E VgO)( V](.O)I/t]) 4+ 2019 V](.O)ln )

We discretize our equations with 6th order neutral derivative V{”, and use:

e 6th order Laplacian: V?u = —= 2 ’ al A L V2a)|

+ O(5x°
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Viscosity: Discretisation

Conservation equation with viscosity:

j § 1 |
dngfO = — VJ(O)TI())g +f7 0 =2u(l+ Csz)P(SUSij _ g( VJ(O)MJ)z)
with

aOTIl)(f) - VJ('O) Tgf +1 1l/isc =v(l + Csz )P E + 211V V](.O)ln p)

We discretize our equations with 6th order neutral derivative V{”, and use:

e 6th order Laplacian: V?u = —= 2 ’ al A L V2a)|

1805x X=nox

+ O(5x9)

e For cross derivatives...

u, ~:—u. . +45u; . —45u. _.+9u. _,.— u.
) 0w0.. _ w0 1,+3i 1,421 I,+i i,—I 1,—2i 1,—3i _
V(V-u) = VOViu =V = ...

606x




Viscosity: Discretisation

Conservation equation with viscosity:

00 — _ w(0)70j 0 _ 2 ij 0),,/\2
doTpf = VJ. Tpf +f visc =2v(1l + ¢)p(S S (Vj u)“)
with

00T = = V) Ty + 1 bise = V(1 + c2)p‘ w + 2017 Oln p)

We discretize our equations with 6th order neutral derivative V{”, and use:

e 6th order Laplacian: V?u = —= 2 ’ al A L V2a)|

+ O(5x°
1806 xensx T O(0X7)

e For cross derivatives we use the following Bidiagonal scheme (requires 12 instead of 36 lattice points):

=2u; i3+ 27U o0 — 2700 iy + 2700 iy — 2745 1540 + 2U; A 2u; 5 3= 27U _p; 5+ 270u;_;_; —270u

J—j+i Jotjti J,—j—i j,—]+1+27u —2j+2i 2“ ,—3j+3i

V]'S.idiagu —
Y 7206 x2 7206 x2



Hydrodynamics is an expanding background

Uv __ v
a,quf _ f Hubble
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Fluid dynamics with expansion

The conservation equations in a

curved background are given by: DﬂTMU =0

In the following we will work in conformal time, i.e. a = 1.

We can then apply a Weyl transformation

g, = Q°g,, and redefine 7,, = Q™°T,, st.

D,T" =0 —> D, 1" +To"InQ =0
(perfect fluid: T = a*T = p(3c? — 1)
— invariance under WT for c2 = 1/3 )
For Q=a"" and g, =1, the transformed

conservation equations become:

~

0,1 = f, and 0,I" =0 with fo=-Tx

=p when we include the expansion in CL we are solving for 7% and T



Solving conservation form with expansion

The conservation equations then obtain the following form

(32— 1)
(I +c)y?—c?

o 0" =-0TY-TH o 9TV =-09TY with T T

(perfect fluid)



Solving conservation form with expansion

The conservation equations then obtain the following form

(Bc; = 1)
(I +c)y?—c?

o 0,7%=- ajTO«j ~ T o 0,7V =- ajTif with T T

Solve the following set of equations with explicit Runge-Kutta (Williamson) scheme:

0,TY = F[TO, TY a,b;c?] = FH[T®, T c ]+flqlubble

aTTOZ %l[TOO TOl I’ 6'2]
TOO

- 1
0.b = H (T >>,a] > J(T), al 6mga( ¢ ) T CS2>

d,a=>b \

(...) represents a volume average




Non-conservation form with expansion

The redefined quantities yield the following stress-energy tensor:

T = qSTH and p=a% p=ap it = u# where u = y(1,u')la

=> | "= (p+puu’+pn*




Non-conservation form with expansion

The redefined quantities yield the following stress-energy tensor:

T = qSTH and p=a% p=ap it = u# where u = y(1,u')la

> | T =(p+puiu +pn

In the non-conservation form we then obtain the following conservation equations:

o 9lns 1+¢; i 1—¢f wioinp 42 a’ (1+u*)(1—-3c)
np—=—— -M—— n —_—
i 1 —c2u? 1 — c2u? p a 1 — c2u?
. 1 —u? 5 1—C2 02 a (1-— 3(:32)(1—u2)
O Du' =u'——— |c?ou’ +c ufa Inp dlnp——

i 1 — c2u? O 1 +c? 1 +e2

— c2y2
: a 1 —ctu



Solving non-conservation form with expansion

Non-conservation form

S 1+ c? .y 1 —c? 51 ~+a’(l+u2)(l—3csz)
np=—-————0u' ————u'd;Inp + —
i 1 —c2u? 1 —c2u? ' T 1 — c2u?
1 =u? S c? a1 =3cH(1 —u?)
ou' = u'——— | c20u’ + c? ~wo.Inp| ————0.Inp —wou' — — >
i 1—c2u? | ° 142 P 1+c2" P / a 1 — c2u?



Solving non-conservation form with expansion

Non-conservation form

3 1n 5 1+ c? 1-¢? 5 In 5
npg =— — u'o;In p
e P —cu? ! —cu? Q
1 —u? . 1—c? . c2 Y/
I — 41 23 1,1 2 S . ~| S _ S i JA gt —
o,u u—l—c2u2 csou +cs1+czuajlnp 1_I_czdllnp u'ou ;

A

Solve the following set of equations with explicit Runge-Kutta (Williamson) scheme:

- . . 1 + u?
0.Inp=Cnp,i',a,b;c?] = €'1n p, ii'’; c?] + iy
~i o[l x i L2 i x i 2 u' 0
afu —?[lnpauaaabacs]_?[lnp’u’cs]_F fH

(1 = cqu?)y*p
0.b = H [(p),al

da=>b

T



Solving non-conservation form with expansion

Non-conservation form

1+¢; 1= a' (1+u?)(1 -3¢
olnp=——-vVOui 3 4ivOins 4 — -
i 1 —c2u? ! 1 —c2u? ! T 1 — c2u?
P 7S N c; o a (1=3cH(1 —u?)
Ou' = u'———— c? Vgo)u’ + CSZ—S2 W VOInp| ——3 > Vl(.o)lnp~ — VOl — — - 5
1 — ciu 1 + ¢ J I + ¢ J a 1 —ciu

Solve the following set of equations with explicit Runge-Kutta (Williamson) scheme:

- . . 1 + u?
0.Inp=Cnp,i',a,b;c?] = €'1n p, ii'’; c?] + iy
~i o[l x i L2 i x i 2 u' 0
afu —?[lnpauaaabacs]_?[lnp’u’cs]_F fH

(1 = cqu?)y*p
0.b = H [(p),al

da=>b

T



Solving non-conservation form with expansion

Non-conservation form

1+¢; 1= a' (1+u?)(1 -3¢
olnp=——-vVOui 3 4ivOins 4 — -
i 1 —c2u? ! 1 —c2u? ! T 1 — c2u?
P 7S N c; o a (1=3cH(1 —u?)
@W:W——jj-ﬁva+ﬁ——%WV@mﬁ-— szvpmﬁ—wv@W—— S22
1 — ciu 1 + ¢ J I + ¢ J a 1 —ciu

Solve the following set of equations with explicit Runge-Kutta (Williamson) scheme:

> : : 1+ u?
0,Inp = &np, i, a,b;c] = Enp, i’ ]+ 0
. . _ | U
04" = G'[Inp,it',a,b;c?] = G'[In p, ii"; c2] + 0
5 1
0.b = H [(p),al > FH(p).al = (1 =3¢){p)
6mzia

da=>b

T



Magnetohydrodynamics

MU v
a,quf _ f Lorentz



Magnetohydrodynamics

The stress-energy tensor of a perfect fluid U _ Y U __ Uy A _ l oA
and electromagnetism is given by I = Tpf +lem = Tpf + FMFM gﬂl/F Fop



Magnetohydrodynamics

The stress-energy tensor of a perfect fluid

1
UV — THY L 717 A - oA
and electromagnetism is given by r Tpf + Lem Tpf +F ﬂF vk oy gpr Fop

Conservation of

Uy __ - v __ U
energy gives: 9" =0 > a”Tpf 9l

u-em



Magnetohydrodynamics

The stress-energy tensor of a perfect fluid

1
UV — THY L 717 A - oA
and electromagnetism is given by r Tpf + Lem Tpf +F ﬂF vk oy gpr Fop

Conservation of . wo__ ")
0ﬂT”” =0 =p aﬂTpf =—0,7T

energy gives: utem
0 _ 7i
e with the Lorentz 9T — _ J FvH = _ fL =E.J
force given by: prem o Tpm = JL l. ; ik
fL —_ EJO + €l-ijB



Magnetohydrodynamics

The stress-energy tensor of a perfect fluid

1
UV — THY L 717 A - oA
and electromagnetism is given by r Tpf + Lem Tpf +F ﬂF vk oy gpr Fop

Conservation of
energy gives:

0 _ 7i
e with the Lorentz 0T — @W =_ fi=EJ
f ' ; pem - JL : . :
orce given by fi = B+ €l-ijJB L

aﬂTﬂ” =0 =) dﬂTg‘f” = —0 T

u-em



Magnetohydrodynamics

The stress-energy tensor of a perfect fluid

1
UV — THY UV _ UV A - oA
and electromagnetism is given by r Tpf + Lem Tpf +F ﬂF vk oy gpr Fop

Conservation of

HY = - 0T" =—0 T

energy gives: 0”T 0 > Hopt p-em
fO — Ejl
e with the Lorentz 0TV = — J FWh = — ff L i
. . U em U — : . .
force given by: fi = ElJ, + elijJBk
The current density J, induced by Jo=—7v(p, + guiEi)
the charged particles of the fluid is -
described by Ohms law: J, =y(pu; + o(E; + el-jkuJB )
/! o\

charge density  conductivity



Magnetohydrodynamics: Discretisation and solving equations

The set of Magnetohydrodynamics equation of motions are the following and
can be solved again by the explicit Runge-Kutta (Williamson) scheme:

00 _ _ A470i 4 £0
a()Tpf = =0T +/, Gauge sector (see Lecture 6)

i0 _ j i (with Ohm’s law)
0T = =90, T +f]



Magnetohydrodynamics: Discretisation and solving equations

The set of Magnetohydrodynamics equation of motions are the following and
can be solved again by the explicit Runge-Kutta (Williamson) scheme:

0T = — 0, + f

i pt + Gauge sector (see Lecture 6)
0 _ g . (with Ohm’s law)
0T = — aﬂTlf)ff + /7
The discretisation:
e V,-» VO
l

e FE; and B, live at n+ Zand n+=+< respectively and we need
to replace in f7* all: 2 2

1 1
Ei - E(z) = — (El + Ei —i) Bi - B(4) = — (Bl +Bi—k +Bi_'+Bl'_-_k>
l 2 s 1 4 5 »—J »—J



Gravitational Waves



Gravitational Waves from fluids

We are solving for the unphysical tensor modes u;; (see Lecture 8 by Nico and Jorge):

11¢f

2,2 )
msa

7 2 o

The gravitational waves are sourced by:
F0i70j
e Conservation form: % =1+ c? - ¢y ) ——
ij o 7°00

e Non-conservation form: Hfo = (1 + c2)y*pu'n/



Gravitational Waves from fluids: Discretisation

We are solving for the unphysical tensor modes u;; (see Lecture 8 by Nico and Jorge):

11¢f

2,2 )
msa

1" 2 A

The gravitational waves are sourced by:
F0i70j
e Conservation form: % =1+ c? - ¢y ) ——
ij o 7°00

e Non-conservation form: Hfo = (1 + c2)y*pu'n/

Discretising the equation of motions of u; :

2 _ai = 2Tf; _0; + 270f; _; — 490f; + 270f; 1, — 27f; 10; + 2f; 13

V2 i —p A(6) .=
Ji Y 1806x2




