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Domain walls: quartic potential

V(ϕ) =
λ
4

(ϕ2 − v2)2



Cosmo𝓛attice school 2025 - LECTURE 11 26th September 2025 3

Domain walls: quartic potential

➤ The DW network soon achieves a “scaling regime” (~one DW per Hubble volume):
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Domain walls: quartic potential

➤ The DW network soon achieves a “scaling regime” (~one DW per Hubble volume):

• Width: δw = m ≡ 2λv (physical width)
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Domain walls: quartic potential

➤ The DW network soon achieves a “scaling regime” (~one DW per Hubble volume):

(energy/area)
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Domain walls: quartic potential

➤ The DW network soon achieves a “scaling regime” (~one DW per Hubble volume):

(energy/area)

• Tension: σ ≡ ∫
∞

−∞
dz[
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(ϕ′￼)2 + V(ϕ)] = ∫
+v
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2V(ϕ) dϕ =

2
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ρdw =
σAa2

Va3
= 2𝒜σHEnergy density: 𝒜 ≡

A
V

1
2aH

≃ const

Area parameter

• Width: δw = m ≡ 2λv (physical width)
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λ
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Domain walls: lattice simulations

ϕ′￼′￼− ∇2ϕ + 2ℋϕ′￼= − λa2(ϕ2 − v2)ϕ

a(η) = 1 + η (RD)



Cosmo𝓛attice school 2025 - LECTURE 11 26th September 2025 5

Domain walls: lattice simulations

δw /a ∝ η−1➤ Comoving width decreases with time:
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Domain walls: lattice simulations

NH = ( a(η)L
H−1(η) )

3

∝ η−3➤ Number of Hubble patches contained in the lattice:

δw /a ∝ η−1➤ Comoving width decreases with time:
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Domain walls: lattice simulations

NH = ( a(η)L
H−1(η) )

3

∝ η−3➤ Number of Hubble patches contained in the lattice:

δw /a ∝ η−1➤ Comoving width decreases with time:

kw ≡
2πa(η)

δw
∝ η; kh ≡

2πa(η)
H−1(η)

∝ η−1

Separation of comoving momenta scales:

kIR < kh < kw < kUVWe require:
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Domain walls: lattice simulations

NH = ( a(η)L
H−1(η) )

3

∝ η−3➤ Number of Hubble patches contained in the lattice:

➤ Given a lattice of N lattice points and comoving length L, the maximum time for 
which DWs can be resolved are:

η < ηmax = ( 3
2

N
HiL

− 1) H−1
i

δw /a ∝ η−1➤ Comoving width decreases with time:

kw ≡
2πa(η)

δw
∝ η; kh ≡

2πa(η)
H−1(η)

∝ η−1

Separation of comoving momenta scales:

kIR < kh < kw < kUVWe require:
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Domain wall evolution: scaling
[Hi = m = 1]
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Domain wall evolution: scaling
[Hi = m = 1]

0 5 10 15 20 25 30 350.00.51.01.52.02.5
Area parameter

Notari, Rompineve & F.T (JCAP, 2025)
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Domain wall evolution: scaling

Friction

[Hi = m = 1]

0 5 10 15 20 25 30 350.00.51.01.52.02.5
Area parameter

Notari, Rompineve & F.T (JCAP, 2025)
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Domain wall evolution: scaling

Friction
~onset of 

scaling regime

[Hi = m = 1]
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Domain wall evolution: scaling

Friction
~onset of 

scaling regime
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Domain wall evolution: scaling

Friction
~onset of 

scaling regime
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scaling regime
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Domain wall evolution: scaling

ϕ′￼′￼− ∇2ϕ + (2ℋ+Γ(a))ϕ′￼= − λa2(ϕ2 − v2)ϕ Γ(a) ≡
Γ0/m

(1 + eγ(a(η1)−a))(1 + eγ(a−a(η2)))

Friction term
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Domain wall evolution: scaling

ϕ′￼′￼− ∇2ϕ + (2ℋ+Γ(a))ϕ′￼= − λa2(ϕ2 − v2)ϕ Γ(a) ≡
Γ0/m

(1 + eγ(a(η1)−a))(1 + eγ(a−a(η2)))

Friction term

0 10 20 30 40 5002
46
810

N = 5000

Friction
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GWs from domain walls (scaling)

h′￼′￼ij − ∇2hij + 2ℋh′￼ij =
2

m2
p

(∂iϕ∂jϕ)TT
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GWs from domain walls (scaling)

h′￼′￼ij − ∇2hij + 2ℋh′￼ij =
2

m2
p

(∂iϕ∂jϕ)TT ρgw ≃
m2

p

4a2
⟨h′￼ijh′￼ij⟩V;

dρgw

d log k
=

m2
pk3

8π2a2V ∫
dΩk

4π
h′￼ij(k, η)h′￼*ij (k, η)
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Notari, Rompineve & F.T (JCAP, 2025) Ωquad
gw ≡ 3/(32π)[2σH/ρ2

c ]
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GWs from domain walls (scaling)
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GWs from domain walls (scaling)

∼ k3
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k
2πa

∼ 1.4H
PEAK
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GWs from domain walls (scaling)
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GWs from domain walls (scaling)

[∇i f ](4) ≡
fn−2 ̂ı − 8fn− ̂ı + 8fn+ ̂ı − fn+2 ̂ı

12 Δx
⟶ ∂i𝚏(x) + 𝒪(Δx4)

[∇2
i f ](4) ≡

−fn+2 ̂ı + 16fn+ ̂ı − 30fn + 16fn− ̂ı − fn−2 ̂ı

12 Δx2
⟶ ∂2

i 𝚏(x) + 𝒪(Δx4)

[∇i f ](4) ≡
fn−2 ̂ı − 8fn− ̂ı + 8fn+ ̂ı − fn+2 ̂ı

12 Δx
⟶ ∂i𝚏(x) + 𝒪(Δx4)

[∇i f ](2) ≡
fn+ ̂ı − fn− ̂ı

2 Δx
⟶ ∂i𝚏(x) + 𝒪(Δx2)

[∇2
i f ](4) ≡

fn+ ̂ı − 2fn + fn− ̂ı

2 Δx2
⟶ ∂2

i 𝚏(x) + 𝒪(Δx2)

ORDER 2 ORDER 4
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GWs from domain walls (scaling)
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Annihilating domain walls

➤ DWs eventually dominate the energy density of the universe if                       :

ρdw ∼ σH ∼ a−2

σ ≳ (MeV)3
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DW problem!
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Annihilating domain walls

➤ DWs eventually dominate the energy density of the universe if                       :

ρdw ∼ σH ∼ a−2

σ ≳ (MeV)3

V = Vℤ2
+ Vbias =

λ
4 (ϕ2 − v2)4+qvϕ3

➤ Biased potential:

ΔV = 2q(1 + 9q2)3/2

(q ≪ 1)

DW problem!
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Annihilating domain walls

➤ DWs eventually dominate the energy density of the universe if                       :

ρdw ∼ σH ∼ a−2

σ ≳ (MeV)3

V = Vℤ2
+ Vbias =

λ
4 (ϕ2 − v2)4+qvϕ3

➤ Biased potential:

ΔV = 2q(1 + 9q2)3/2

(q ≪ 1)

DW problem!

Annihilation starts when: σH(ηΔV) = ΔV

➤ Recent papers studying GW production from annihilating DWs with simulations:

Notari, Rompineve & F.T (2025)

Cyr, Cotterill, Battye (2025)

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman (2025)
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Domain wall evolution (biased case)
ηΔV = 14
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Domain wall evolution (biased case)
ηΔV = 14
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Domain wall evolution (biased case)
ηΔV = 14
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GWs from annihilating DW networks

1 10 100 10000.001
0.0050.010
0.0500.100

Ωquad
gw = 3/(32π)[2σH/(3H2Mp)2]
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GWs from annihilating DW networks

1 10 100 10000.001
0.0050.010
0.0500.100

∼ k3

Ωquad
gw = 3/(32π)[2σH/(3H2Mp)2]
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GWs from annihilating DW networks
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GWs from annihilating DW networks

1 10 100 10000.001
0.0050.010
0.0500.100

∼ k3

∼ k−0.5

Ωquad
gw = 3/(32π)[2σH/(3H2Mp)2]
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GWs from annihilating DW networks

1 10 100 10000.001
0.0050.010
0.0500.100

∼ k3

∼ k−0.5

∼ k−1.8

Ωquad
gw = 3/(32π)[2σH/(3H2Mp)2]

k
2πa

∼ 2.2H
PEAK



THANK YOU!
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GWs from annihilating DW networks

0.5 1 5 10 50 1000.0050.010
0.0500.100

Notari, Rompineve & F.T (JCAP, 2025)


