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What is CosmolLattice?

CosmoLattice is a modern package for lattice simulations of field dynamics in an USER MANUAL
expanding universe. We have developed CosmoLattice to provide a new up-to-date,
relevant numerical tool for the scientific community working in the physics of the

early universe. MONOGRAPHIC

REVIEW

Cosmolattice can simulate the dynamics of i) interacting scalar field theories, ii)
Abelian U(1) gauge theories, and iii) non-Abelian SU(2) gauge theories, either in flat
spacetime or an expanding FLRW background, including the case of self-consistent
expansion sourced by the fields themselves. CosmoLattice is ready to simulate the
dynamics of field theories described by an action and a background metric of the type:

s=- [ {éauasa“cp + (Do) (D) + (D, @) (D) + {FuF™ + STH{GL G} + V(o) gl |<I>|>}
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Technical notes

Here are some technical notes that expand some of the contents of the user manual,
and /or explain new functionalities incorporated to the code in successive releases.

e Technical Note I: Power spectra
Daniel G. Figueroa and Adrien Florio. Written on 06.05.2022. Corrected on
08.06.2022.

e Technical Note II: Gravitational Waves

Jorge Baeza-Ballesteros, Daniel G. Figueroa, Adrien Florio, Nicolas Loayza. Written
on 06.05.2022. Corrected on 20.06.2023.

e Technical Note III: Gravitational Waves from U(1) Gauge Theories

Jorge Baeza-Ballesteros, Daniel G. Figueroa, Adrien Florio, Nicolas Loayza. Written
on 16.06.2023.



Part I: Theoretical basis of
Gravitational Waves




Gravitational Wave equation of motion

FLRW background + tensor perturbations

ds* = — dt* + a(1)*(5; + hy)dxdx. hij = 0;h; = 0
VZ
hi; + 3Hh;; = —hy = —— {0}
ad msd

P



Gravitational Wave equation of motion

FLRW background + tensor perturbations

ds* = — dt* + a(1)*(5; + hy)dxdx. hij = 0;h; = 0

VZ
h + 3Hh ——h
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d mpa

{H }TT

ummation over repeated indices|



Gravitational Wave equation of motion
VZ
h; + 3Hh; — —h,
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Gravitational Wave equation of motion
VZ
h - 3Hh ——h; (I}

a2 mgaz . .

TT part of Anisotrople stress temsor




Gravitational Wave equation of motion
VZ
h;+ 3Hh; — —h;; (11} 7

a2 mlga2 | |

TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt



Gravitational Wave equation of motion
VZ
h - 3Hh ——h; (I}

a2 mlga2 . .

TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt

To obtain TT part of a tensor in real space is a hon-local operation!



TT projection in Fourier Space

4’k

Fx, 1) = [ =

Continuum Fourier Transform

e™* f(k,1)




TT projection in Fourier Space

4’k

Continuum Fourier Transform

7 (K) = Ay (RO (K, 1)

e™* f(k, 1)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P = 5; - kk;. k; = ki/k



TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

T k) = A (KL

chm HTT(k) satusﬁes kHTT HTT -0}
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TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

7 (k) = ARk, 0

) ) I .
Ay (&) = Py(k)P,, (k) - =P k)P, (k) with P, =5, —kk;, k; =k/k

I'T ‘K —
n (x f) = J (2;;)3 '™ Al]kl(k)Jd3xe lkxn,d(x z)




TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

7 (k) = ARk, 0

. N NP
Ay m(K) = Py(k)P;, (k) — 24 =5, - kk k= K/k

P ro b Le wl

HTT(X t) _ j l]kl(k) d X e_lkx Hkl(X t)

(27:)



Anisotropic stress tensor

HﬂV = TMV - (T//tl/)perfect fluid
Spatial Component Hij =T, — pg;

p = homogeneous background pressure
g;i = a“(1)(8; + hy)



Anisotropic stress tensor

HﬂV = TMV - (T//tl/)perfect fluid
Spatial Component Hij =T, — pg;

p = homogeneous background pressure
g;i = a“(1)(8; + hy)



Source of GWs equation
H//tl/ = T//tl/ o (T/tl/)pel”fectﬂuid Spatlal COmpOnent Hl] — 711] — pgl]

Let us consider most general theory with Scalars, Charged Scalars and U(1) gauge sector

F,=0A,-0A,, and D =0,p—ig,0,A,¢



Source of GWs equation

Lo (E F) 4V
+4g g ( af 5/1)+ (¢a9¢b)

|
— = g,uy (g(xﬂ [(Daqab)*(Dﬁwb) T E(aa¢a)(aﬁ¢a)

+(0,0,)00,9,) + [2Re{(D,¢,)*(D,pp)} + g “PF ol vl



Source of GWs equation

1 1
=~ 8w (8 b [(Da%)*(Dﬁ%) T E(aa%)(aﬁ%) T Zg aég m(F aﬂF s1) T V(@ é”b))

+(0,0,)00,9,) + [2Re{(D,¢,)*(D,pp)} + g “PF ol vl




Source of GWs equation




Energy density of Gravitational Wave
Background (GWB)

Pow(l) =

322G (i, tl’ >V

..}y Volume average to |

encompass all relevant



Energy density of Gravitational Wave
Background (GWB)

<hij(X, t)hl-j(x, £))y

1) =
Pow(?) e

1 d3k . |
) hij(k, Hh*(K, 1)
327GV v (271.)3 i

Fourier transform of hlj(X, £), |

Approximation valid for



Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hy(x, Dhy(x, 1))y

327G

N J fkhmnmma
T 327GV |, Q)3 U
dpew(k, 1) dk

[) =
Powl!) J dlogk k



Energy density of Gravitational Wave
Background (GWB)

(hyi(%, Dhyi(%, 1))y

[) =
Pawlt) = 25—~

: J fkhmommo
" 322GV )., 2n)3 Y

Energy density per logarithmic interval

ApGw k° J' ko

dlogk ~ (4°GV

. h;(K, t)h*(k t) |



Energy density of Gravitational Wave
Background (GWB)

| .
(hyi(x, t)h;}f (X,1))

[) =
Paw() 327G



Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hyi(x, DX, D)

327G

For stochastic sources use
5 ensemble average ( ... ) |




Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hyi(x, DX, D)

327G

(h(k, z)h;;(k', 1) = 2n)’P;(k, 6P (k — k)

X op(k
GG ) T D

Pow(l) =




Energy density of Gravitational Wave
Background (GWB)

| .
pGW(t) — 327G <hz](X9 t)h;‘;(x, t)>

(h(k, t)h*(k’ N) = 2r)°P;(k, )6k — K)

dk

Pawll) = (4r)°G J

(" Energy density per logarithmic interval )

oW P h(k )




Energy density of Gravitational Wave
Background (GWB)

Energy densrcy per Iogarlthmlc mterval

Apcw k° J' ko

~dlogk  (4nGV

A h; (K, t)h*(k t)

GW energy density per critical

Critical energy density energy {:Ierglsity
= 3H*/871G _ 1 %Pcw
Pc QGW —



To obtain TT part of a tensor in real space is a hon-local operation!

HTT(X 1) = J (27:)3 e'™ kAl],d(k) Jd3x e‘lk X sz(X t)




Evolution of GW modes

non-local operations are computationally expensive!

EVCVa TLWLC StC'P' * HTT(X t) —_ J (271.) lX kAl]kl(k)J' X e_lk.X Hkl(X’ t)




Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '

V?2 2

Garcia-Bellido, Figueroa & Sastre ‘07



Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '
V- 2

ji;; + 3Hi; — —-u; =

..
a2 VY

Y

242
mpa

Bk, 1) = Ay (R (k, 1)

Garcia-Bellido, Figueroa & Sastre '07



Why it works?

hi(k, 1) = N (K (k, 1) ]

: Llnear in Fourier Space |
hi: + 3Hh; — v b, 2 (1. }TTJ | =>commute ;

2 22
d mpa



Why it works?

4 +3Hd +k2 h.(k,t) = - (TL M (k, 1)
dt? dt a2 ] V77 m]%az 4 ’



(

Why it works?

d* d k2

4




Why it works?

3Hi, Voo 2

= i Every Time-step!
P

hlli(k’ ) = Aij,kl(k)”kz(k, ) Few Times!



Energy density of Gravitational Wave
Background (GWB)

Energy den3|ty per Iogarlthmlc mterval

ApGw k° [ S .

| —h, (K, t)h*(k t)
- dlogk (4r)’GV ) 4rn




Energy density of Gravitational Wave
Background (GWB)

Energy density per logarithmic interval j

| 3
dpgw k

’ dlog k  (4n)3GV i T ) |

hyi(K, z)h;;(k, ) = (AR K, (A K, (K, 1)
= Ngmn(Ktty (K, Dz, (K, 1)



Energy density of Gravitational Wave
Background (GWB)

Energy density per logarithmic interval ]

| 3
dpcw K

’ dlog k  (4n)3GV i T ) |

hyi(K, z)h;;(k, ) = (AR K, (A K, (K, 1)
= Ngmn(Ktty (K, Dz, (K, 1)




Energy density of Gravitational Wave
Background (GWB)

h(k, Dhi(k, 1) = Tr(Pu P 0¥) — ETr(P O Tr(P o)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P, = 5; - kk;. k= ki/k



Energy density of Gravitational Wave
Background (GWB)

Bk, t)hz‘;(k, ) = Tr(PuPu*) — ETr(P ) Ir(Pa*) |

— - ~  — D 4%
Vii = P ikUkj Vij = P iK%y

e o 5 5 5 5 5 5 5 5
Tr(PaP ™) = vy V1 + vaVay + V33033 + Vialny + Vo Vs + Vi3V3q + V31V 3 + Va3V + V3503
TI’(P U.) — Vll —+ V22 —+ V33

TI’(P u*) — \711 —+ \722 —+ \733



Energy density of Gravitational Wave
Background (GWB)

Bk, t)h;}f(k, ) = Tr(PuPu*) — ETr(P ) Ir(Pa*) |

— - ~  — D 4%
Vii = P ikUkj Vij = P iK%y

oy o 5 5 5 5 5 5 5 5
Tr(PaP ™) = vy V1 + vaVay + V33033 + Vialny + Vo Vs + Vi3V3q + V31V 3 + Va3V + V3503

TI’(P U.) — Vll —+ V22 —+ V33

TI’(P u*) — \711 —+ \722 —+ \733




Part II: GWs in the lattice

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n,m,n), n=01.,N-1

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n,m,n), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
F)I(ﬁl,ﬁz,ﬁ:;), ﬁisz#*].,...,*l,o,l,...,a

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (I)

We work in a real periodic lattice with spacing dx

n:(n17n27n3), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
n = (A1, Az, A fij =——+1,...,—1,0,1,..., —
n = (i, fip, fi3), fi 5 + 0 >
Related by discrete Fourier transform
1 2mi ~ ~ _ 2mi
f(n) =15 Anf (i) f(R)=> e " ™f(n)
n n

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (II)

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)

Different derivative discretizations

Vo) = D =D o s/
£f(n 1) F f(n)

[Vif(m) = == — K = 26T

ysin(mi;/N)
ox

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GWs in the lattice
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GWs in the lattice

We work with six unphysical real degrees of freedom

iij(n) + 3Hu;(n) — V—Eu--(n) -2 M;(n)
uy y a2 u - mglag y

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GWs in the lattice

We work with six unphysical real degrees of freedom

iij(n) + 3Hu;(n) — V—Eu--(n) -2 M;(n)
uy y a2 u - mglag y

Physical fields projected only when measuring

hij(f, ) = Ny (1) uia (i, £)
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GWs in the lattice

We work with six unphysical real degrees of freedom

iij(n) + 3Hu;(n) — V—Eu--(n) -2 M;(n)
uy y a2 u - m%|32 y

Physical fields projected only when measuring

hij(f, ) = Ny (1) uia (i, £)

Need to choose a particular lattice derivative

kiikij
k¢

Ensures h;; = 0 and V| ’hU = (Q [Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]

1
Ab’,k! = PyPjm — EPUP”” Pj = 6 —

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Pj = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

Similar set of properties for real projector

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

Similar set of properties for real projector

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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GW energy density power spectrum
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GW energy density power spectrum

We define the GW energy density as a volume average

1

T 32 G<hh>

pew(t)
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
S R ) 00 A S S i B
pew(t) 327rG< ihi)v 307 GN3 ; ii(n, t)hi(n, t)
1 . .
= ——— h, N, t h* ~7 t
l 327 GNS En: i (7, ) (A, 1)

Fourier transform
Parseval's theorem

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 i, (7, 1)

i R(A)
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 i, (7, 1)

A R(A)

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 o .
= o ane 2 4 (i, (. 1)) rr)
n

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= iy O hilA: t)hi (i, 1)
1 e
= scige D 4 (hy (A, )5 (R, £) ree
5x58 TR
-2 W" (1) Chyj (7, t)hji (i, 1)) r(s) | Alogk

!

kir/ k()
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
— hehidy, — i b
pew(t) 32.-¢ hihilv = 35— zn: j(n, t)hi(n,t)
1 P L
= 35-CNG ; hij(f, t)hi (A, t)
1 e
= Somgne 2 4 hi (A, ) k(. 1)) r()

X o
B Z [(47r($)3GL3k3(ﬁ)<h"f('~1’ t)hy(#, t)>R(ﬁ):| Alogk

!

dpew .
kir/k
dlogk IR/ k()

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
— hehidy, — i b
pew(t) 32.-¢ hihilv = 35— zn: j(n, t)hi(n,t)
1 T
= 35-CNG ; hij(f, t)hi (A, t)

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 e Niwrs

= mk (/) (hy (A, t)5(7, £)) r(s | Alogk

!

dpew .
kir/k
dlogk R/ k(7)

Using the TT projector

. . 1

highi; = Nij sk Ui Ny Uy = Tr[PUPu*]—ETr[Pu]Tr[Pu*]
We only project when we want to measure

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= g 2 PP Oh;(A. 0

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 e Niwrs

= mk (/) (hy (A, t)5(7, £)) r(s | Alogk

!

dpew ~
kir/ k(A
dlogk v/ k(A)
In general we compute the normalized energy density power spectrum
1 dpew
Qew = —
oW pc dlogk

J. Baeza-Ballesteros & N. Loayza CosmoLattice school
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