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Part I: Theoretical basis of 
Gravitational Waves 
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Source of GWs equation
Πμν ≡ Tμν − (Tμν)perfect fluid Πij ≡ Tij − pgijSpatial Component

Let us consider most general theory with Scalars, Charged Scalars and U(1) gauge sector

ϕ ∈ ℝ , φ =
1

2
(ϕ1 + iϕ2) ∈ ℂ , with ϕ1, ϕ2 ∈ ℝ

Fμν = ∂μAν − ∂νAμ , and Dμφ = ∂μφ − igAQAAμφ

𝒮 = − ∫ dx4 −gℒ = − ∫ dx4 −g { 1
2

∂μϕ∂μϕ + (Dμφ)*(Dμφ) +
1
4

FμνFμν + V(ϕ, |φ | )}
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Source of GWs equation
𝒮 = − ∫ dx4 −gℒ = − ∫ dx4 −g { 1

2
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1
4
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Πeff
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given

Ei ≡ F0i , and Bi ≡
1
2

ϵijkFjk



ρGW(t) =
1

32πG
⟨ ·hij(x, t) ·hij(x, t)⟩V

 Volume average to 
encompass all relevant 

wavelengths 

⟨ . . . ⟩V

Energy density of Gravitational Wave 
Background (GWB)
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Fourier transform of ,

Approximation valid for 

 

hij(x, t)

kV1/3 ≫ 1
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1
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For stochastic sources use 
ensemble average ⟨ . . . ⟩

Energy density of Gravitational Wave 
Background (GWB)



ρGW(t) =
1

32πG
⟨ ·hij(x, t) ·h*ij (x, t)⟩

ρGW(t) ≡
1

(4π)3G ∫
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k

k3P ·h(k, t)
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Critical energy density 
ρc ≡ 3H2/8πG

GW energy density per critical 
energy density 

ΩGW =
1
ρc

dρGW

d log k

Energy density per logarithmic interval
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4π
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Energy density of Gravitational Wave 
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Transverse-Traceless Tensor

Gravitational Waves equation of motion
··hij + 3H ·hij +

∇2

a2
hij =
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pa2
{Πij}TT

∂iΠTT
ij = ΠTT

ii = 0 hold ∀x, ∀t

To obtain TT part of a tensor in real space is a non-local operation!

ΠTT
ij (x, t) = ∫

d3k
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Problem!



Evolution of GW modes

non-local operations are computationally expensive!

Every Time-step! ΠTT
ij (x, t) = ∫

d3k
(2π)3

eix⋅kΛijkl(k̂)∫ d3x e−ik⋅x Πkl(x, t)



Evolution of GWs modes
non-local operations are computationally expensive!

Solution: we define a set of unphysical tensor modes u’s
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non-local operations are computationally expensive!

Solution: we define a set of unphysical tensor modes u’sSolution: we define a set of unphysical tensor modes u’s

··uij + 3H ·uij −
∇2

a2
uij =

2
m2

pa2
Πij

2) When needed, (compute power spectrum energy 
density) we apply transformation  

Garcia-Bellido, Figueroa & Sastre ’07

1) Evolve equation of motion of u’s

  hij(k, t) = Λij,kl(k)ukl(k, t)



Why it works?

··hij + 3H ·hij −
∇2

a2
hij =

2
m2

pa2
{Πij}TT

 hij(k, t) = Λij,kl(k)ukl(k, t)
Linear in Fourier Space


=> commute



Why it works?

( d2

dt2
+ 3H

d
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m2
pa2
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 hij(k, t) = Λij,kl(k)ukl(k, t)
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Why it works?

··uij + 3H ·uij −
∇2

a2
uij =

2
m2

pa2
Πij

 hij(k, t) = Λij,kl(k)ukl(k, t)

Every Time-step!

Few Times!
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·hij(k, t) ·h*ij (k, t) = Tr(𝙿 ·𝚞 𝙿 ·𝚞*) −
1
2

Tr(𝙿 ·𝚞)Tr(𝙿 ·𝚞*)

Λij,lm(k̂) ≡ Pil(k̂)Pjm(k̂) −
1
2

Pij(k̂)Plm(k̂) with Pij = δij − k̂ik̂j , k̂i = ki/k

( ·𝚞)ij = ·uij (𝙿)ij = Pij

Energy density of Gravitational Wave 
Background (GWB)



·hij(k, t) ·h*ij (k, t) = Tr(𝙿 ·𝚞 𝙿 ·𝚞*) −
1
2

Tr(𝙿 ·𝚞)Tr(𝙿 ·𝚞*)

Tr(𝙿 ·𝚞 𝙿 ·𝚞*) = v11ṽ11 + v22ṽ22 + v33ṽ33 + v12ṽ21 + v21ṽ12 + v13ṽ31 + v31ṽ13 + v23ṽ32 + v32ṽ23

Tr(𝙿 ·𝚞) = v11 + v22 + v33

Tr(𝙿 ·𝚞*) = ṽ11 + ṽ22 + ṽ33

vij ≡ Pik
·ukj ṽij ≡ Pik

·u*kj

Energy density of Gravitational Wave 
Background (GWB)



Energy density of Gravitational Wave 
Background (GWB)

·hij(k, t) ·h*ij (k, t) = Tr(𝙿 ·𝚞 𝙿 ·𝚞*) −
1
2

Tr(𝙿 ·𝚞)Tr(𝙿 ·𝚞*)

Tr(𝙿 ·𝚞 𝙿 ·𝚞*) = v11ṽ11 + v22ṽ22 + v33ṽ33 + v12ṽ21 + v21ṽ12 + v13ṽ31 + v31ṽ13 + v23ṽ32 + v32ṽ23

Tr(𝙿 ·𝚞) = v11 + v22 + v33

Tr(𝙿 ·𝚞*) = ṽ11 + ṽ22 + ṽ33

vij ≡ Pik
·ukj ṽij ≡ Pik

·u*kj

Notice in Continuum ṽij = v*ij



Part II: GWs in the lattice
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Recap of lattice discretization (I)

We work in a real periodic lattice with spacing δx

n = (n1, n2, n3), ni = 0, 1, ...,N − 1

Fourier modes also live in a periodic lattice with spacing kIR = 2π/L

ñ = (ñ1, ñ2, ñ3), ñi = −N

2
+ 1, ...,−1, 0, 1, ...,

N

2

Related by discrete Fourier transform

f (n) =
1

N3

∑
ñ

e
2πi
N ñnf (ñ) f (ñ) =

∑
n

e−
2πi
N ñnf (n)
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Recap of lattice discretization (II)

We define a lattice momentum

[∇i f ](ñ) = −ikL(ñ)f (ñ)

Different derivative discretizations

[∇0
i f ](n) =

f (n + î)− f (n − î)

2δx
−→ k0

L,i =
sin(2πñi/N)

δx

[∇±
i f ](n) =

±f (n ± î)∓ f (n)
δx

−→ k±
L,i = 2e∓iπñi/N

sin(πñi/N)

δx
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GWs in the lattice

We work with six unphysical real degrees of freedom

üij(n) + 3Hu̇ij(n)−
∇2

L

a2
uij(n) =

2

m2
Pla

2
Πij(n)

Physical fields projected only when measuring

hij(ñ, t) = ΛL
ij,kl(ñ)ukl(ñ, t)

Need to choose a particular lattice derivative

ΛL
ij,kl = PilPjm − 1

2
PijPlm Pij = δij −

kL,ikL,j
k2
L

Ensures hii = 0 and ∇L,ihij = 0
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[Figueroa, Garćıa-Bellido, Ranjantie, (2011), 1110.0337]



Properties of the TT projector

For the forward/backward derivatives,∑
i

kL,iPij = 0
∑
i

k∗
L,iPij ̸= 0

∑
j

kL,jPij ̸= 0
∑
j

k∗
L,jPij = 0

P∗
ij = Pji Pij(−ñ) = Pij(ñ)

PijPjk = Pik PijPki ̸= Pik

Similar set of properties for real projector
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GW energy density power spectrum

We define the GW energy density as a volume average

ρGW(t)

=
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32πG
⟨ḣij ḣij⟩V

=
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32πGN3
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n

ḣij(n, t)ḣij(n, t)
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32πGN6

∑
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ḣij(ñ, t)ḣ∗ij(ñ, t)

=
1

32πGN6

∑
ñ
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R(ñ)

ḣij(ñ, t)ḣ∗ij(ñ, t)

=
∑
ñ

[
δx6

(4π)3GL3
k3(ñ)⟨ḣij(ñ, t)ḣ∗ij(ñ, t)⟩R(ñ)

]
∆logk

Fourier transform
Parseval’s theorem

kIR/k(ñ)

Using the TT projector

ḣij ḣ
∗
ij = Λij,kl u̇klΛ

∗
ij,mp u̇

∗
mp = Tr[Pu̇Pu̇∗]−1

2
Tr[Pu̇]Tr[Pu̇∗]

We only project when we want to measure
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ḣij ḣ
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R(ñ)
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ñ

∑
R(ñ)
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⟨ḣij ḣij⟩V =

1

32πGN3

∑
n
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ñ
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∗
ij = Λij,kl u̇klΛ

∗
ij,mp u̇

∗
mp = Tr[Pu̇Pu̇∗]−1

2
Tr[Pu̇]Tr[Pu̇∗]

We only project when we want to measure

J. Baeza-Ballesteros & N. Loayza CosmoLattice school



GW energy density power spectrum

We define the GW energy density as a volume average

ρGW(t) =
1

32πG
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In general we compute the normalized energy density power spectrum

ΩGW =
1

ρc

dρGW
d logk
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