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e|n the early universe — Dark Matter, inflation, ...

Misalignment models

Using CL: [M. Fasiello, J. Lizarraga,
A. Papageorgiou, AU (2507.01822)]
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Topological defects
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Basics of the model

[M. M. Anber, L. Sorbo
(0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]

[N. Barnaby, E. Pajer, M. Peloso
(1110.3327)]

1 1 1 b -
4 2 Vo v
S:/d Ly —( (zmle—2¢—V(¢)—4Fw/F“ | 4AFHVFM )
Simple derivative
Non covariant

Axion-inflation + ?Fﬁ’

Shift symmetry @ — @ +c¢ A

¢ —P Pseudo-scalar axion field

F,LLV — 8,uAV — 8,,AM FMV 1 Fpa

A, — A, +0,a(x)

Cosmolattice School, Sept. 22-26, Daejeon Ander Urio




<>

é _

2
~1

K. Freese, J. A. Frieman, A. V.
Olinto (PRL 65,3233 1990)]

Basics of the model

[M. M. Anber, L. Sorbo
(0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]

[N. Barnaby, E. Pajer, M. Peloso
(1110.3327)]

1 1 1 b N
4 2 Vo v
S:/d Ly —( (Qmle—2¢—V(¢)—4 HVF'U |-4AF/U/F,U )
Simple derivative
Non covariant

Axion-inflation + ?Fﬁ’

Shift symmetry @ — @ +c¢ A

Interaction only through this

@ —» Pseudo-scalar axion field axion coupling!
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F,, =0,A, —0,A, £, EEWWFPJ 1/A Coupling constant [ ;"]
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K. Freese, J. A. Frieman, A. V.
Olinto (PRL 65,3233 1990)]

Basics of the model

[M. M. Anber, L. Sorbo
(0908.4089)]
[J. Cook, L. Sorbo (1109.0022)]

AXIO n_l nﬂ at I O n _I_ A FF [N. Barnaby, E. Pajer, M. Peloso

Shift symmetry ¢ — ¢ + ¢ A (1110.3327)]

1 1 1 b N
4 2 Vo v
S:/d T\ —g (zmle—2¢ —4 T |.4AFWFM )
Simple derivative
Non covariant

¢

Interaction only through this

@ —» Pseudo-scalar axion field axion coupling!

Generated from

external mechanism 1/A Coupling constant [mgll]

Fuy = 0, Ay — 0,4, FW breaks the shift

symmetry explicitly

A, — A, +0,a(x)
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el L
/
G — d4 1 2 R 18 HH v 1 Jon ¢ 5 ﬁ’ﬂ”

— LN/ —(g §mp1 - 5 ,u¢ ¢ o (¢) - Z Hv | AA i

Vectorial form

B 1 /o 2 1 (=, B2\ ¢~ =
L 4 - 3.2 - - 2 | .
S—/da? 50 Ty 2@(V¢) @ 2CL(E a2> | AE B
(1

@ FLRW: )= Vi (1 V)
ds® = —dt? + a?di? Our choice of r
- 9 ° IN
o the potential, V(o) = Vi (1 ) <¢> ) CouIO 9
In cosmic time also: 1
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Temporal gauge

ﬁ¢:agﬂ¢, EZCLE

Dynamical equations: Ag =0
- No Hubble friction
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Continuum equations of motion:
Temporal gauge

/R
\ =

CL momentum variables

ﬁ¢:agﬂ¢, EZCLE

Dynamical equations: Ag =0
| No Hubble friction
3 = = 3 term in the EoM
7T¢:av2¢—a3m2 | I3 B, erm in the EoMs
al\
Fe-tVxBo—~i,B+—-VoxB
= ——V X (s X
a a3A T T aA
Constraint equation:
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V- E A A€¢ .B=0
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> Basics of the model
Lecture 6

Continuum equations of motion: CL momentum variables

Temporal gauge

/R
\ =

ﬁ¢:a37r¢, EZCLE

Dynamical equations: Ag =0

No Hubble friction
term in the EoMs

= | -
EF=——VXxXDZB Non-linear terms
a

Constraint equation:
Gauss’s law
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Dynamical equations:

Constraint equation:

Gauss’s law

Basics of the model

¢
Let’s go now deep inside inflation

: > 1] = o
NZVQ_SZI EF.RB
Ty =aVQp —a m o ” ,
1 - 1 - at
T+ B - V E

a3A7T¢ al\ P X
V. B+ Ve B —
IA —
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Homogeneous
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dominated by the potential
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Let’s go now deep inside inflation

Dynamical equations:

Constraint equation:
Gauss’s law

< Basics of the model: linear regime

Inflaton in slow-roll,
Homogeneous
+
dominated by the potential

e No backreaction in
inflation’s dynamics

® No generation of
inhomogeneities

Ander Urio
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< Basics of the model: linear regime

. . . Inflaton in slow-roll
Let’s go now deep inside inflation N
Homogeneous

+
dominated by the potential

\ =

/R

Dynamical equations:

e No backreaction in
inflation’s dynamics

F—_"VxB ﬁqu | 5 ® No generation of
a

inhomogeneities
Constraint equation: \

Gauss’s law

Gauge fields get excited by this term

<u

)
= | =
X

|

-
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Dynamical equations: . Expansion equation:
0 3 92 E _
om0l 5 o = =5 (3p + p) =
. 6mp1
: a
= ——V X T :
a BA Y '
Ko=ani=bil, Gy= 53 02, V=imig?
Constraint equation: Ra = %Z% - %Z%  Gas %Z%
Gauss’s law )
V-E+ =
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< Basics of the model: linear regime

Gauge fields evolve in
EoMs the background set by

\ =

the axion field

Tp = —am o = — (3p+p) =

Dynamical equations: Expansion equation:

b mcccmme-----c--sse-ssse-sss--ss----=---——- : 6Tnpl
JE e B
EF=——VXxD~B z Ty B : ple ... :
a 1° A\
: 1 1 1 1
: K¢E 57-‘-9275:2(]_67?9%’ G¢E ﬁ (8’&¢)27 V = §m2¢27
1« E? 1 E? 1 B?
Constraint equation: KAEizi:?:izi:aT ’ GA:izi:F
Gauss’s law
\VARN = =\
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< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

A@, 1) =) / (ZWI;A/\(/C,T)?\(/%)@”@W

/R
\ =

Photon with 2 helicity
states

' _:(/Af) — O, Gijkkjgz(]%) — ::iké‘,?t(if)

eE (k) =eb(—k), eMk)e) (k) = dan
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CLSAﬁq5

/R
\ =

Changing to the helicity basis: + Conformal time

A@, 1) =) / (ZWI;A/\(/C,T)?\(/%)@”@W

Photon with 2 helicity
states

ke (k) =0,  ejpkier (k) = FikeF (k)
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A@, 1) =) / (ZWZ;A/\(/C,T)?\(/%)@”@W

/R
\ =

Photon with 2 helicity
states

' _:(/Af) — O, Gijkkjg,ij(]%) — ::ike,?t(if)

eE (k) =eb(—k), eMk)e) (k) = dan

Cosmolattice School, Sept. 22-26, Daejeon Ander Urio



< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

A@, 1) =) / (ZWZ)CBA/\(/C,T)?(/%)&W

/R
\ =

Photon with 2 helicity
states

ke (k) =0,  ejpkier (k) = FikeF (k)

Two polarisations:
- One exponentially amplified
- The other not

Chiral instability
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< Basics of the model: linear regime

An analitycal solution can be found 0

Changing to the helicity basis: + Conformal time

Aan =3 | (gﬂl)ﬁg ANk, 7)E (k)i FT ( 5

/R
\ =

Photon with 2 helicity
states

cikei (k)

Two polarisations:
- One exponentially amplified

- The other no
Chiral instability
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< Basics of the model: linear regime

An analitycal solution can be found

Changing to the helicity basis: + Conformal time

A@, 1) =) / (ZWZ)CBA/\(/C,T)?(/%)&W

/R
\ =

Photon with 2 helicity
states

“ike s (k)
Two polarisations:
- One exponentially amplified
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< Basics of the model: linear regime

ap-
\/
Analytical solution: [M. M. Anber, L. Sorbo (0908.4089)]
_ ¢ 02 2kt
§ = 2
2H A o i = Ar(k,7) =0
(6’7‘2 ' T ) (. 7)

Instability controlled by g
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ﬁ Basics of the model: linear regime
~1
Analytical solution: [M. M. Anber, L. Sorbo (0908.4089)]
_ ¢ 02 2kt
§ = 2
2H A o i Ar(k,7) =0
(6’7‘2 T ) ()

Instability controlled by g

Deep inside inflation f — const

5§ 1 L. 1/4
T — € ' ~ Tl E|—2+/2|E|\k/aH
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Analytical solution:

= ¢ A
- 2HA |

OT

Instability controlled by g

Deep inside inflation

e2®

AT (k,t) = N

1/4 5
Wie 1 (2tkt) ~ ! ( k ) 67T|§|_2\/2|§|k/aH a

Basics of the model: linear regime

[M. M. Anber, L. Sorbo (0908.4089)] Topological term:
Appears in EoMs

g+ 2% Ay (k,7) =0 1o - HE

- ’ —(E - B) ~2.4-10" — >l

a €|
EM energy:
& — const
1 HY onjel

—(a’E* + B®) ~1.4-10*

el *

V2k \2[¢|laH
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Analytical solution:

= ¢ A
- 2HA |

OT

Instability controlled by g

Deep inside inflation

e2®

AT (k,t) = N

1 k 1/4 2a4
W.. 1(2ikt) ~ o |€1—2+/2[€|k/aH
6.3 (2K1) = T (2\§\aﬂ) -

Basics of the model: linear regime

[M. M. Anber, L. Sorbo (0908.4089)] Topological term:
Appears in EoMs

g+ 2% Ay (k,7) =0 1o - HE

- ’ —(E - B) ~2.4-10" — >l

a €|
EM energy:
& — const
1 HY onjel

(a*E* + B?) ~1.4-10" 4‘5‘3

Amplified around
the Hubble scale

at each time
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< Basics of the model: linear regime

mpl/A:2O

(k, 7) = 0 o ‘

10° | _

(62 'k22:%>14

104 B _

;AT

-6 eFolds

k,S
27m%m
=
(@)

N
|
|

0 eFolds 1072 -

104 1073 102 101 10° 101 10°

k/m
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i Basics of the model: linear regime
~1—
62 2 Qkf 108 L )
I 1 — A__ ] p—
(872 g T > (k,7) =0
106 | _
—
< 10%} _
-6 eFolds E:E 02| _
|
- Vacuum solution:
O eFolds 107 | ;  _
: x k =
L0 . N B R S———
10 10 10~ 10! 100 101 102
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< Basics of the model: linear regime

' L ' ' 'I'""I U | ' L ' L
1010 B _
, (CLH) : mpl/A —= 20
a 2 Qkf 108 | | _
(87‘2 - ke + — Ayr(k,7)=0 ,
10 | : -
A
_I_
<C 104 B J i
-6 eFolds o Nﬁ 102 | : )
N | z
10° - | \ -
I fresstessnensnen :
S | i Vacuum solution:
O eFolds 10°“ | . 2 P
T R
104 103 102 101 109 101 102

k/m
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i Basics of the model: linear regime
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
Energy components Topological term vs slow-roll
p [m?] m?]
- 0y
10 %ng 4 %m2¢2 ----- ————
108 I 1 [ E2 B2 mpl/A = 10 104 —___________________________.——,__-————"""
5(&2 | a4> mp]/A:15 _¢‘
10° |
10° — [3H ¢
m?¢)
10* } _ 1r 1 . .
mpl/A =0 3—AE . B
2 mpi/A =6 ;
10 10—2
O T = TR T E—— v
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< Basics of the model: linear regime

ap-
~.—

[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

Energy components Topological term vs slow-roll
p [m?] m?]
10°
1010 r — %ng i %m2¢2
4
108 | 1 (E* B? mp1/A = 15 |
9 ( a? = a? )
106 ! 102 B
10* B 1t
mpl/A =3
102 P 10—2 ’
—0 —1o — 10 B N 2.0 15 1.0 ~0.5 N

Backreaction effect cannot be neglected
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ﬁ Basics of the model: linear regime
~1l . .
Dynamical equations: : Expansion equation:
T = a>m?o T, = ¢ (3p + p) =
6m21
p
= 1 1 ' L (2K 4V )
= = R o : &
E——5VXB a3A7T¢B i Smgl
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<= Basics of the model: linear regime

Linear regime

Dynamical equations: . |Expansion equation:

/R
\ =

Negleted
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= Basics of the model

¢\ L
~J1
Dynamical equations: . |Expansion equation:
L 3. 2, , | 0. p 5 , —a
: 1 1 i - (—2Ky+V — Kp —Gy)
RIS w > ~ D , S 0 — I A — U A
= CLVXB a3A7T¢B i Bmpl
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= Basics of the model

¢\ L
~J1
Dynamical equations: . |Expansion equation:
L 3. 2, , /1 0. p 5 , —a
: 1 1 i - (2K +V —Kqg —Ga)
RIS w > ~ D , S 0 — Uy A — U A
= CLVXB a3A7T¢B i Bmpl
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ﬁ Basics of the model
~1
Dynamical equations: : Expansion equation:
T a’>m*¢ - : <§ B) : ‘ — (3 )
— — | y ] . T‘-CL p— p—
¢ A\ : o2, p+p
' a
a 1o o 1 - : —2K4+V)—(Ks+CG
EF=—-——VXxDB 3 77'¢B :3m21 (< qb"_ > < AT A>)
a a° A\ 5 b
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= Basics of the model

/R
\ =

Expansion equation:;

3 | = — B — A o
L " aA <E B> ) Ta 6m12)1 (3p /0) —
a
E=—-VxB— 4 7,B 3m21(< o TV) = (Ka+Ga))
a a° &
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= Basics of the model

/R
\ =

Expansion equation:;

| —a
_ 3 2 I E . B , — p—
@ aA< ) Ma 6m1231 (3p+ )
o
1 _ = 5 ((—2Ky + V) —(Ka+Ga))

Mode by mode solving integro-differential
equations.

[G. Dall’Agata, S. Gonzalez-Martin, A. Papageorgiou, M. Peloso (1912.09950)]
[V. Domcke, V. Guidetti, Y. Welling, A. Westphal (2002.02952)]

Gradient expansion formalism (GEF),
infinite tower of coupled ODEs.

[E. V. Gorbar, K. Schmitz, O. O. Sobol, S. I. Vilchinskii (2109.01651)]
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= Basics of the model

/R
\ =

Expansion equation:;

1 = = —a
—a’m°¢ aA <E B> ) Mg = 6m12)1 (3]) /0) —
a
P 2k€> A (]{7 7_) — 0 31772 (<_2K¢ T V> _ <KA T GA>)
| —— - T 9 pl
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= Basics of the model

/R
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Expansion equation:;
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= Basics of the model

ap-
~.—

Expansion equation:;

=
Q

|
)
)
=
=

|

dA . (k, )| T
dt 7/
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<> Basics of the model

/R

Expansion equation:;

=
Q

|
)
)
=
=

|

dA . (k, )| T

T k2|A+(E7 T)‘Q

dr /
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<> Basics of the model

¢
~

Expansion equation:;

=
Q

|
)
)
=
=

|

T k2|A+(E7 T)

dr /

dA . (k, )| T
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<> Basics of the model

¢
~

Expansion equation:;

=
Q

|
)
)
=
=

|

dA . (k, )| T
dt /
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<> Why in the lattice?

¢\ L
~J1
Dynamical equations: . |Expansion equation:
L 3. 2, , | 0. p 5 , —a
: 1 1 i - (—2Ky+V — Kp —Gy)
RIS w > ~ D , S 0 — I A — U A
= CLVXB a3A7T¢B i Bmpl
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ﬁ Why in the lattice?
~J1
Dynamical equations: : Expansion equation:
%¢ — a?’ngb i 7:‘-a — — ¢ (Sp ,0) —
: 6m21
p
a
< 2K¢—|-V—KA—GA>
?)mf)1

Inhomogeneous source:
Induce gradients not
tractable analytically
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<> Why in the lattice?

/R
\ =

Dynamical equations: . |Expansion equation:

—a

Mg = (3p /0) —
GmI%1

< 2K¢—|-V—KA—GA>

a

2
?)mp1

Inhomogeneous source:
Induce gradients not
tractable analytically
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<> Why in the lattice?

/R
\ =

Dynamical equations: . |Expansion equation:

—a

Mg = (3p /0) —
GmI%1

2< 2K¢—|-V—KA—GA>

Inhomogeneous source:
Induce gradients not
tractable analytically
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/R

Dynamical equations:

Why In the lattice?

Only lattice techniques can
handle everything .

Xpansion equation:

Inhomogeneous source:
Induce gradients not
tractable analytically

Cosmolattice School, Sept. 22-26, Daejeon

Tq

—a

— 5 (3p

6mp1

p)
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<> Why in the lattice?

Only lattice techniques can
handle everything .

\ =

/R

Dynamical equations: Xpansion equation:

Tq = > (3]? /0) —

Y/ D.o.F will be simultaneously
Inhomogeneous source: evolved

Induce gradients not
tl"aCtable analytically e Full backreaction effects included

¢ Track of all inhomogeneities
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< Discretisation procedure

/R
\ =

[D. G. Figueroa & M. Shaposhnikov (1705.09629)]
Preserve in the lattice:

1- Gauge transformations

A, — A, +0,a(x)

2- Bianchi identities

;) —

V xE =B V-B=0

3- Topological nature of the coupling

FWFW = 0, K" Exact lattice shift symmetry

4- Continuum limit to  O(dz?)

® @ sites
Au @ links
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

The only one
that satlsﬁes

O = =
KE - b aII Condltlons
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

The only one
that satlsﬁes

O = =
KE - b aII Condltlons

E®

0
2

(Bi + Bi,—j + Bi,—x + Bi—j—x) @ n

B

=~ = N =
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

The only one
that satlsﬁes
aII Condltlons

> | Q-
Ryl
vy

| Want to preserve .- T T T T “ 1 0
Want to preserve Ei(Z) _ _(Ez LR, _Z) @ nio
1- Gauge transformations 2 ’ 2
e A e BW = 1(B B i+ B; p+B ) @ n
2- Bianchi identities (2 o 4 t t,=J 1, —k 1,—J—k

3- Topological nature of the coupling

F, F*" =§,K* Exact lattice shift symmetry

|
| |
| |
| |
|
— — = — — I
| YV« FE=pB V-B=0
|
| |
| |
| |
|
|

4- Continuum limit to O (dz?)
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< Discretisation procedure

/R
\ =

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]

Continuum Lattice

The only one
that satlsﬁes
aII Condltlons

= |-
eafl
ue

| Want to preserve .- T T T T “ 1 0
Want to preserve Ei(Z) _ _(Ez LR, _Z) @ nio
1- Gauge transformations 2 ’ 2
e A e BW = 1(B B i+ B; p+B ) @ n
2- Bianchi identities (2 o 4 t t,=J 1, —k 1,—J—k

F, F*" =§,K* Exact lattice shift symmetry

|
|
|
|
| VxE=B
|
|
|
|

4- Continuum limit to O (dz?)
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa , D. G. Figueroa (1812.03132)]

B 1 /- N2 1 1 (., B2 I
S:/d4$ —agwi——a (qu) — —a°m?o° 2@ (EQ ) ng-B

/R
\ =

2 a? A
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

B 1 /- N2 1 1 (., B2 I
S:/d4x §a37rq25——& (qu> — —a°m?o° 2@ (EQ a2> iE-B

/R
\ =

Full discretised action:

1 1 2 1
o 3 ~ \2 ) + ) 3 2 )
S = AtAx tgq 503 (7) 5040 (A,L- ¢+%> 50, oM ¢+%
7n B
1 2 1 2
+5a,0 E@ (Ag A — Al Ag) P ; j: (A7 A; — ATA))

K 1 ~2) (@) | @)
| aAz;iE’i (B‘i +Bi,+6>
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

1 1 /- \2 1 1 [ .., B2
S:/d4$ §a37rq25——a (ng) — —a°m?o° 50 <E2 )

/R
\ =

Full discretised action:

1 1 2]
o 3 ~ \2 + ) o 2
S = AtAx §t | 5a7 () = 504 (AF6, ) —5a%,m?,
’1 2 1 2
+5a, 2 (AgA; - AfA)" — - §. (AT A; = AT A)
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

1 1 /- \2 1 1 /4 ..\ B2
S:/d4x —a?’wi——a (ng) — —a°m?o° 2an(E2 -— )

/R
\ =

Full discretised action:

1 1 2]
o 3 ~ \2 + ) o 2
S = AtAx §t | 5a7 () = 504 (AF6, ) —5a%,m?,
71 o, 1 2
+5a, 2 (g4 —AfA)” > - §. (AT A; = AT A)
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

/R
\ =

1 1 /- \2 1 1 4 -\ B2)
S:/d4x §a37rq25——a (ng) — —a’m*¢” 2an(E2 q)

Full discretised action:

1 1 2]
o 3 ~ \2 + ) o 2
S = AtAx §t | 5a7 () = 504 (AF6, ) —5a%,m?,
71 o, 1 2
+5a, 2 (g4 —AfA)” > - §. (AT A — AT A)
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< Discretisation procedure

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]

/R
\ =

1
S = /d4a: §a37rq25 —

Full discretised action:

S = AtA2S Z

t.7 -
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Discretisation procedure

Evolution Kernels fyo=Tg+ Atk E - —=F

dt . dt ~
bpo=0_o+ 37, A g=dAit_—FE

2

\ =

/R
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Discretisation procedure

Evolution Kernels fyo=Tg+ Atk E - —=F

dat dt ~
L b

| | O .o =0¢ o - T A = A A
Dynamical equations: +3 -4 T 3nes i,40 ’

\ =

/R

1 ~
L ) — AT 3 2 . (2) (4) (4)
Kg=a,g ) DiAG g —alym*d o+ 50 ) B <B@' +Bzy+6)

1 |

1

I _ ~ 4 ~ 4

Kz',A — —a Z ez’jkAj Bk 2a3 \ (7T¢B,L-( ) -+ 7T¢7_|_7;B,L-(7_|)_,L-)
7,k

1 N n ~ N N
2+ deA) Y Y el (AFOED ] o +(AFOE] )
T 9.k

(0]
2
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< Discretisation procedure

Common kick-drift scheme

Evolution Kernels

Dynamical equations:

L _ — AT
/c¢_a+%ZAi Afo o —

Z EZ]kAJ_Bk

1’L

,CZA:__

a

7,k

Sal\

(Gauss’s constraint:

ZA

l\DIO

(2

- ] k

2a° A

da:A+ LL{GW‘C A‘:@E,?)

:¢_|_

~ ~ L
Ty 10 = Ty +dtky ,  E.

$ro =@

3
dpg™ "y A 2aA ZE
1

(W¢B§4> + T+

N O

1

BYW 1 B!

Z,—F% :EZ, %+dtlc
dt _ dt ~
_g | a37T¢7 Ai,—|—() = A; . i,-I—g
(2) (4) (4)
i+3 (B" + 5, +0)
(4)
B’L —I—’L)
g +(AFOETL] o}
T —|—% J k,tJ _%

(4)
1,40

1

Ander Urio
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< Discretisation procedure

Evolution Kernel -~ L S F
olution Kernels Ty o= Tg + Ay, Ei7+%—E. %—l—dt/C

dt dt ~

N ~ A — - R
¢+% —¢—g | a37T</5’ Ai,+0 = Ai A Ei,+g

/R
\ =

Dynamical equations:

L_ . “AtH g (2) @ 4 pW
Ko =a,o Z A AP, g~ Sy ¢+2 2aA ZE@ +3 <BZ .w )

1 _ 1 (4) (4)
,Cz A _a z}; eijkAj By, 203 A\ (WGbB + 7T¢ B'L—I—i)

1 -
S (2 dﬂ?Af)LL{%k[(

(Gauss’s constraint:

L el al e (4) | )
ZA 49 4AL , (Ai ¢+8> (Bi +B)—m
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< Discretisation procedure

Evolution Kernel -~ L S F
olution Kernels Ty o= Tg + Ay, Ei7+%—E. %—l—dt/C

dt dt ~

N ~ A — - R
¢+% —¢—g | a37T</5’ Ai,+0 = Ai A Ei,+g

/R
\ =

Dynamical equations:

L_ . “AtH g (2) @ 4 pW
Ko =a,o Z A AP, g~ Sy ¢+2 2aA ZE@ +3 <BZ .w )

1 1 "
IC,L AT T ZQ]I@AQ_Bk 5 (7T¢B(4) -+ 7T¢ B,L(4_|)_Z)

a =

(Gauss’s constraint:
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< Discretisation procedure

Evolution Kernels bo = b+ dtkE

+ dtb

/R
\ =

a — a

_0
2

0
T3

Expansion equations:

ai6,/2
]Cg — 6mé1 (P + 3pL)+6/2
p

Hubble’s constraint:

2 a’
I pL
a 2
Smpl
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< Discretisation procedure

Evolution Kernels b,o = b+ dtk:

+ dtb

/R
\ =

a, o — a

+9

_0
2

Expansion equations:

ay6/2
]ch% — Gm% (PL T 3pL)+6/2
p

(,OL + 3pL)—|—O/2 — Q(qu + K¢ _|_()) o 2VL_|_()/2 + 2](A + (GA + GA _|_())

| 1

L L L L I ~ T
Hubble’s constraint: pr =K + 5 (G 027" Gy vor2) F3WVolope T Virro2) + §(KA o2 T KU 4op0) T GA
0,2 ~2 AL _ i 2. yk 1 I 5 5
7-‘-2 — 2 [OL ¢ N3 Z 2a67T¢7 ¢ N3 S‘ Y A ¢_|_()/2 ) V¢ — mggm gb-HA)/Q
Sm, o |
Ki=qs ZZ 2a% Bl o Gh= 3 222 1a(AT A — AT A’
z +0/2 T
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< Discretisation procedure

Evolution Kernels

Dynamical equations:

/R
\ =

1 ~

L _ ) — A+ 3 2 0 (2) (4) (4)

Ki=a gD ATAFoy —aSym’o o+ 5+ EX, (B +BY,)
1 1

L _ — ~ n4) | -~ (4)

Kia= T E :EijkAj by, 203 \ (%Bi +7T<b,+iB7;,+7;)
3k

1 ~ ~ 1 ~ (D 1 ~ (9

2+ deA)) 3> {enl(AFOEEL] s + [(AFOEEL] 4 )
T 9.k
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Discretisation procedure

Evolution Kernels

Dynamical equations:

L A At (2) (4) (4)
/C¢ _a—l-%z/\i /\i ¢+% m ¢+2 ZG/AZEZ+2 ( +BZ+O)

1 - 1 (4) (4)
/C,L A= — ZeijkAj B 53 A (7T¢BZ- + Ty + B —I—’L)

Conjugate momenta in kernels!

[Remember 3th and 5th lectures]

Cosmolattice School, Sept. 22-26, Daejeon
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Discretisation procedure

Evolution Kernels

Dynamical equations:

L A At (2) (4) (4)
/C¢ _a—l-%z/\i /\i ¢+% m ¢+2 ZG/AZEZ+2 ( +BZ+O)

1 - 1 (4) (4)
/C,L A= — ZeijkAj B 53 A (ﬂ-ﬁbBi + Ty + B —I—’L)

Conjugate momenta in kernels!

[Remember 3th and 5th lectures]
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Discretisation procedure

Evolution Kernels fyo=Tg+ Atk E - —=F

dt . dt ~
bpo=0_o+ 37, A g=dAit_—FE

2

\ =

/R
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Discretisation procedure

Evolution Kernels fyo=Tg+ Atk E - —=F

dat dt ~
L b

| | O .o =0¢ o - T A = A A
Dynamical equations: +3 -4 T 3nes i,40 ’

\ =

/R

1 ~
L ) — AT 3 2 . (2) (4) (4)
Kg=a,g ) DiAG g —alym*d o+ 50 ) B <B@' +Bzy+6)

1 |

1

I _ ~ 4 ~ 4

Kz',A — —a Z ez’jkAj Bk 2a3 \ (7T¢B,L-( ) -+ 7T¢7_|_7;B,L-(7_|)_,L-)
7,k

1 N n ~ N N
2+ deA) Y Y el (AFOED ] o +(AFOE] )
T 9.k

(0]
2
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< Discretisation procedure

Evolution Kernels Fyio = 7o+ diKk E. o +dtK; ,

Dynamical equations:

/R
\ =

L __ ) — AT -
1

1 _
]C,{:A — —a ZeijkAj Bk
7,k

1 N\ N\
S (2 dﬂ?Af)LL{%k[(
Implicit scheme required

We need the value of the gauge’s
canonical momentum @ 0/2 for
obtaining its value @ 0/2!
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Discretisation procedure

Evolution Kernels Ry =T+ dtK} L.

\ =

/R

L
Z)_g —|_ dt]CZ,A

- at . - dt -
. . ¢_|_Q :¢_Q | 37T ’ z—l—(A):AZ | i+ 9
Dynamical equations: 2 2 q ’ a Y72

1 ~r
L __ ) — AT 3 2 o (2)
Ks =a,s E ATA gb+% a’ oM ¢+% F o E EV

i+ i,40

1 1

L= AT ~ p(4) | ~ (4)
Kiia = a z/; EmkAj S 2a3 A <7T¢Bi T T, B’in“i)
75
1 A\ A\ e n — 2
Sak 2T deA) ) {eiﬂ'k[(ﬁ;}‘ [(A;cb)E;i,:):g]_g}

T j,]{:

Implicit scheme required

We need the value of the gauge’s

. [D. G. Figueroa, M. Shaposhnikov (1705.09629)]
canonical momentum @ O/2Tor — ;"2 ¢ Clissa , D. G. Figueroa (1812.03132)]
obtaining its value @ 0/2!
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< Discretisation procedure

Evolution Kernels

~ ~ L
Tp1o =T+ Atk
Dynamical equations:

/R
\ =

L
1
Kig=—=
1, A a
|
SeANeS

Implicit scheme required

We need the value of the gauge’s
canonical momentum @ 0/2 for —
obtaining its value @ 0/2!

[D. G. Figueroa, M. Shaposhnikov (1705.09629)]
[J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
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Our Work up to now
with Cosmolattice

[1] D. G. Figueroa, J. Lizarraga, A. Urio, and J. Urrestilla, “Strong Backreaction
Part of Regime in Axion Inflation,” Phys. Rev. Lett. 131 (2023) 15, 151003.

this [2] D. G. Figueroa, J. Lizarraga, N. Loayza, A. Urio, and J. Urrestilla, “Nonlinear
lecture dynamics of axion inflation: A detailed lattice study,” Phys. Rev. D 111 (2025)
6, 063545.

[3] J. Lizarraga, C. Lépez-Mediavilla, and A. Urio, “Comparative study of the
strong backreaction regime in axion inflation: the effect of the potential,” JCAP
accepted, arXiv:2505.19950.

[4] D. G. Figueroa, J. Lizarraga, N. Loayza and A. Urio, “Gravitational waves in
axion inflation,” in preparation
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<> Explicit-in-time integrator

/R
\ =
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<> Explicit-in-time integrator

/R
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If momenta appear in kernels
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

\

Not solvable by explicit

symplectic integrators
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ﬁ Explicit-in-time integrator
~l1l
If momenta appear in kernels
Not solvable by explicit
symplectic integrators
ie. LF or VV
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

\

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

\

Not solvable by explicit

symplectic integrators

i.e. LF or VV @
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ﬁ Explicit-in-time integrator
~l1l
If momenta appear in kernels
Not solvable by explicit _
symplectic integrators
—
i.e. LF or VV @
T oo =T o +IC|m, 5|dt
+§ =g TRIm, )
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<> Explicit-in-time integrator

\/
If momenta appear in kernels
* Non-sympletic integrators Q
Not solvable by explicit _
- Solution
symplectic integrators

_—
i.e. LF or VV @
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

* Non-sympletic integrators Q

Not solvable by explicit -
Solution \ 4

symplectic integrators

-

L @ Runge-Kutta

Cosmolattice School, Sept. 22-26, Daejeon Ander Urio




<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

* Non-sympletic integrators Q

Not solvable by explicit
y P Solution * (explicit version)

symplectic integrators

—

L @ Runge-Kutta
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

* Non-sympletic integrators Q

Not solvable by explicit
y P Solution * (explicit version)

symplectic integrators

—

L @ Runge-Kutta

No longer!
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<> Explicit-in-time integrator

/R
\ =

If momenta appear in kernels

* Non-sympletic integrators Q

Not solvable by explicit
y P Solution * (explicit version)

symplectic integrators

L @ - Runge-Kutta

Moo =T o +/C[7T+%]dt
No longer!
- RKZ2 & 2 stages
xample .

we are going to use Modified Euler! Lecture 3
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<> Explicit-in-time integrator

Axion-Inflation using RK2

/R
\ =

Hybrid method

Lecture 4
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<> Explicit-in-time integrator

Axion-Inflation using RK2

/R
\ =

a .7 a?)A ) 1.1
1,k
| 1 T\ T (2 - ~ (2 T2 = a22 oL
 4daA L Cijk { ( J ¢)Eli Z)—J_ 1 T = ¢)Eli _)_] S,
= 45k 0~ T ] )
a
Kc% — - (pr + 3pr) .
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<> Explicit-in-time integrator
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<> Explicit-in-time integrator

/R
\ =

Axion-Inflation using RK2

More intermediate

kernels
[D. G. Figueroa, A. Florio, T. Opferkuch, B. Stefanek (2112.08388)]

k—» —* Time disadvantages

Lecture 3
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ﬁ Explicit-in-time integrator
T~ Axion-Inflation using RK2: validation of the scheme
1013 [J. R. C. Cuissa, D. G. Figueroa (1812.03132)]
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ﬁ Explicit-in-time integrator
~L Axion-Inflation using RK2: validation of the scheme
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Explicit-in-time integrator

Axion-Inflation using RKZ2: validation of the scheme

[J. R. C. Cuissa, D. .G. Figueroa (1812.03132)]
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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<= Initial Conditions in the Linear Regime
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ﬁ Simulations in the Linear Regime
— -6.0 eFolds
1050 Dotted: Mathematica | - —  .5.5 eFolds
107 | -4.5 eFolds
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<= Strong backreaction during inflation
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> Strong backreaction during inflation
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ﬁ Strong backreaction during inflation
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<> Strong backreaction during inflation
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> Strong backreaction during inflation
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> Strong backreaction during inflation
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> Strong backreaction during inflation
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