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Runge-Kutta methods

We want to solve x(t) = F [x(t) , x(t)] NON-CONSERVATIVE SYSTEM
Suppose we know x(ty), x(tp)

First order Runge-Kutta (Euler method)

x(ty +At) = x(ty) + At x(ty)

x(ty + At) = x(ty) + At Flx(ty), x(ty)]

— Equivalent to Taylor-expansion up to order (At)?!
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Runge-Kutta methods

Wewanttosolve X¥(t) = F[x(t), x(t)]

Intermediate step

Suppose we know x(ty), X(to)

x(t;) = x(to) + At x(tp)

Second order Runge-Kutta (Modified Euler) x(t) = x(tp) + At Flx(to), x(to)]




Runge-Kutta methods

Wewanttosolve X¥(t) = F[x(t), x(t)]

Intermediate step

Suppose we know  x(to), %(to) ) — (e + At 2(e

Second order Runge-Kutta (Modified Euler) x(t) = x(tp) + At Flx(to), x(to)]

x(tg) + x(tq)
2
Flx(to), x(to)] + Flx(ty), x(ty)]
2

x(ty + At) = x(ty) + At

x(ty) + At

x(ty + At)



Runge-Kutta methods

Wewanttosolve X¥(t) = F[x(t), x(t)]

Intermediate step

Suppose we know x(ty), x(tp) £(61) = 2(62) + At %(t0)

Second order Runge-Kutta (Modified Euler) x(ty) = x(to) + At Flx(to), x(to)]
x(ty) + x(t

x(ty + At) = x(ty) + At (o) > (&)

x(ty + At) = x(ty) + At

2

— Equivalent to Taylor-expansion up to order (At)?
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Runge-Kutta methods

We wanttosolve x(t) = Flx(t), x(t)]

Intermediate step

Suppose we know x(tg), X(tp) x(ty) = x(to) + At £(t,)

Second order Runge-Kutta (Modified Euler) x(ty) = x(tp) + At Fx(to), x(to)]

x(tg) + x(tq)
2

x(ty + At) = x(ty) + At
=LHS = RHS

LHS = x(to) + At #(to) + 2 At? #(to) + O(AL?) = x(ty) + At %(to) + 7 ALLF[x(t), %(to)] + O(AL?)



Runge-Kutta methods

We wanttosolve x(t) = Flx(t), x(t)]

Intermediate step

Suppose we know x(ty), X(to)

x(t;) = x(to) + At x(t)

Second order Runge-Kutta (Modified Euler) x(ty) = x(to) + At Fx(to), x(to)]
x(ty) + x(tq)
x(ty + At) = x(ty) + At — > -
=LHS = RHS

LHS = x(to) + At #(to) + 2 At? #(to) + O(AL?) = x(ty) + At %(to) + 7 ALLF[x(t), %(to)] + O(AL?)

RHS — x(to) n Atx(to)+x(to)+A;fF[x(to),x(to)] _ X(to) 1At X(to) +%At2 T[x(to),fc(to)]
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Runge-Kutta methods

We want to solve i(t) = F[x(t),x(t)]

Intermediate steps

. c(t
Suppose we know x(t,),x(t,) (tr) = x(t) + At 22

Flx(to), x(to)]
3

x(ty) = x(ty) + At

Third order Runge-Kutta (Williamson)




Runge-Kutta methods

We want to solve i(t) = F[x(t),x(t)]

Intermediate steps

: (o)
Suppose we know x(t,),x(ty) x(ty) = x(tg) + At =2
Flx(t), 1(to)]
3
—3 x(ty) + 15 x(ty)
16

. . —3 Flx(to), x(to)] + 15 F[x(t1), x(t1)]
Third order Runge-Kutta (Williamson) — |#(t2) = #(to) + At — ——

x(ty) = x(ty) + At

x(ty) = x(ty) + At




Runge-Kutta methods

We want to solve i(t) = F[x(t),x(t)]

Suppose we know x(t,),x(ty)

Third order Runge-Kutta (Williamson)

Intermediate steps

x(to)
3
Flx(to), x(to)]
3
—3 x(tg) + 15 x(tq)
16
—3 Flx(to), x(£9)] + 15 F[x(¢1), x(¢t1) ]
16

x(ty) = x(ty) + At

x(ty) = x(ty) + At

x(ty) = x(ty) + At

x(ty) = x(ty) + At

5x(ty) +9x(ty) + 16 x(t,)

x(ty + At) = x(t,) + At 20

5 Flx(to), x(to)] + 9 Flx(ty), x(t)] + 16 Flx(t,), x(¢,)]

x(tg + At) = x(t,) + At

30



Runge-Kutta methods

We wantto SO'.VG X(t) — T[X(t), X(t)] Intermediate steps

x(ty) = x(to) + At x(;(’)

Suppose we know x(t,),x(ty)
Flx(ty), £(t)]

x(ty) = x(ty) + At 2

x(ty) = x(ty) + At —3 X(to);; 15 %(t1)

£(t,) = #(t) + At -3 ?[x(to),x(to)];; 15 Fx(ty), x(t1)]

Third order Runge-Kutta (Williamson)

X(to + At) = x(ty) +a¢ 20l £ x3<;> + 16 1(t5)

(e + A = 1(ty) + At 5 Flx(to), x(ty)] +9F [x(téz), x(t)] + 16 Flx(ty), x(¢5)]

— Accurate at order (At)3



Runge-Kutta methods

We wantto SOlVG X(t) — T[X(t), X(t)] Intermediate steps

x(ty) = x(to) + At x(;(’)

Suppose we know x(t,),x(ty)
Flx(ty), £(t)]

Low-storage  |*® =) TAT
—3 x(ty) + 15 x(ty)

\ x(t,) = x(ty) + At =

£(t,) = #(t) + At -3 ?[x(to),x(to)];; 15 Fx(ty), x(t1)]

Third order Runge-Kutta (Williamson)

X(to + At) = x(ty) +a¢ 20l £ x3<;> + 16 1(t5)

(e + A = 1(ty) + At 5 Flx(to), x(ty)] +9F [x(téz), x(t)] + 16 Flx(ty), x(¢5)]

— Accurate at order (At)3
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Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)
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Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP O
x(0) = x(t)

— degrees of freedom
x(0) = x(to)

L extra variables to store

5x© = At F[x® x©@7] _



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP O STEP 1
1

x©® = x(t,) xD) = 5 (0) +§5x(°)
1

%0 = x(t,) xD = x0) 4 §555(0)

5x© = At Fx®, x(0)]



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)
Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 0 STEP 1

x(®) = x(t,) xD) = x(O 4 %&c(o)

%0 = %(t,) x® = %0 4 %5;&(0)
5x© = At £ (© Sx@D = —g&c(o) + At x®

Sx(0) = At T[x(o),ic(o)] SxD = —263&(0) + AtT[x(l),x(l)]



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)
Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 0 STEP 1 STEP 2
x(®) = x(t,) xD) = x(O 4 %&c(o)
%0 = %(t,) x® = %0 4 %5;&(0)

5x© = At £ (© Sx@D = —g&c(o) + At x®

Sx(0) = At T[x(o),y'c(o)] SxD = —353&(0) + AtT[x(l),)'c(l)]



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)
Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 1 STEP 2
x(D) = ,(0) +%5x(0) \
7D = £©0) 4 %SX(O) For this step we only need

2@ D 53Dz

50 = —2 55 4 A

§xH) = —gax@ + At Flx®), 2]



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 1 STEP 2
LD = 40 1 X500 L@ = x4 22 s @)
3 16
1
x = x0) 4 §55c<0> 7@ = @ 4 1_2 sz

53D = —g&c(o) +ALED

§x (1) = —%5»&(0) + At F[xW, x W]



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 1 STEP 2
LD = 40 1 X500 L@ = x4 22 s @)
3 16
1
x = x0) 4 §55c<0> 7@ = @) 4 15 s
16
5 153
(1) — _ = £..(0) - (1) Sx@) = —— 5xO L At x@)
Ox 96x + At x X 178 x\ 4+ At x
5D = —2 55O 4 Ar Flx®,xD] 623 = _ 223 550 4 a¢ Flx?, %]
9 ’ 128 ’



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 For STEP 3 we only need
15 x@) %2 552 552
x(z) — x(l) -|-—5x(1)
16
15
r(2) = ¥ (1) 4 —— 54(1)
X X +16 X
153
2) = —— 5D L At x@)
O0x 178 x\ 4+ At x
5@ = — 123 5200 4 p¢ F[x?, x?]

128




Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 STEP 3
16 15
15
v (2) = (1) 4 —— §4(1)
X=X 165x x3) = x(2) _|_£55C(2)
15
153
2) = — = 5x@® £ At ¥
Ox 78 ox' + At x
5@ = = 223 520 4 pp Flx@, %]

128



Runge-Kutta methods

We want to solve ¥(t) = F[x(t), x(t)] Suppose we know x(ty), x(to)

Third order Runge-Kutta (Williamson) «—— Low-storage

We only need to store one additional variable per degree of freedom (x and x)

STEP 2 STEP 3
2 1y 4 15 3 2.8 o

x2) = x4 — §x D) x®) =x@) 4+ —5x@ = x(t, + AL
16 15
15

@) = (1) 4 =2 520 8
* 16 £®) = 2@ £ 55 @ = (e + A0
153
@ = _ 220 £ ) 1 Ap 7@
Ox 78 ox' + At x
5@ = = 223 520 4 pp Flx@, %]

128
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- Symplectic algorithms work well at conserving energy during the evolution



Symplectic vs Runge-Kutta: Hamiltonian systems

- Symplectic algorithms work well at conserving energy during the evolution

- Among them, explicit algorithms (e. g. Leapfrog) can be used when we have a
separable Hamiltonian system

H(p, ) = T(p) + V() = 5— + V(¥)
. P
X =—
m
0
p=—2 = Flx(0)]

dx



Symplectic vs Runge-Kutta: Hamiltonian systems

- Symplectic algorithms work well at conserving energy during the evolution

- Among them, explicit algorithms (e. g. Leapfrog) can be used when we have a
separable Hamiltonian system

2
P

H(p,x) = T(p) + V(x) = S~ T V()

m
. D
X = E - Explicit Runge-Kutta methods are not symplectic

a[/ - How well do they work for Hamiltonian systems?

p = Flx(0)]

ax



Leapfrog vs Runge-Kutta: 1D harmonic oscillator

2

H(p,x) = T(p) + V(x) = Zp_m + %kx2 - X = —w?x = Flx(t)]

k
w>=—=1
m



Leapfrog vs Runge-Kutta: 1D harmonic oscillator

2

H(p,x) = T(p) + V(x) = Zp_m + %kx2 - X = —w?x = Flx(t)]

w>=—=1

Velocity-Verlet order (At)?

At

. . 1
X (to + 7) = x(ty) — EAt x(to)

At
x(ty + At) = x(ty) + At x(t, + 7)

, , At 1
x(ty + At) = x (to + 7) — EAt x(ty + At)



Leapfrog vs Runge-Kutta: 1D harmonic oscillator

2

H(p,x) = T(p) + V(x) = Zp_m + %kx2 - X = —w?x = Flx(t)]

w>=—=1

Velocity-Verlet order (At)? VS Runge-Kutta order (At)?

| At\ 1 1
X\ to+ 7 )= x(to) — EAt x(to) x(ty + At) = x(ty) + At x(t,) — EAtzx(to)

B | At 1
x(to + A1) = x(to) + At &(to + =) %(ty + At) = x(ty) — At x(t,) — EAtzfc(to)

, , At) 1
x(ty + At) = x (to + 7) — EAt x(ty + At)



Leapfrog vs Runge-Kutta: 1D harmonic oscillator

i RIC2
— Leapfrog

- Initial conditions

x(ty) =1, x(tp) =0

X(t)

- The trajectory should be
bounded |[x(t)| <1

101 100 101 102 103

- Runge-Kutta fails before
Leapfrog (same At)



Leapfrog vs Runge-Kutta: 1D harmonic oscillator

X(t)

—

E(t)
E(tp)

s RC2
— Leapfrog

- Initial conditions

x(ty) =1, x(ty) =0

- The trajectory should be
bounded |[x(t)| <1

107 4
1072 1
1074 1
1075 A
1078 1
1010

10712 4

101 100 101 102 103

2n - Runge-Kutta fails before
Leapfrog (same At)

=== RK2
Leapfrog

—
-
J—
e -
=

- Energy conservationis
iImportant in the evolution
of Hamiltonian systems

101 10° 10! 102 103



Symplectic vs Runge-Kutta: dissipative systems

- Symplectic algorithms work well at conserving energy during the evolution

- However, when the system is dissipative and energy is not conserved, they might become
unstable (trying to force the conservation of something which should not be conserved)

- Explicit Runge-Kutta methods are a natural alternative for those systems



Symplectic vs Runge-Kutta: dissipative systems

- Symplectic algorithms work well at conserving energy during the evolution

- However, when the system is dissipative and energy is not conserved, they might become
unstable (trying to force the conservation of something which should not be conserved)

- Explicit Runge-Kutta methods are a natural alternative for those systems

Example (PDE): 1D Burgers equation

0, u (x,t) = —u(x,t) 0, u(x, t) + v oz u(x,t)

|

Viscosity (dissipation of energy)



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

Runge-Kutta order (At)?
u® = u(ty)
u® = u(ty) + At Flu(ty)]

Flu®] + FluV]

u(ty + At) = ulty) + At



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 l

u(ty)

RK2

~

Flu(ty)l +T[u(t0)+At T[u(to)]]
2

u(ty + At)
= u(ty) + At




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 l

u(ty)

RK2

~

Flu(to)]+F[ulto)+At Flu(to)]]
2

u(ty, + At)




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 l

u(ty)

RK2

~

Flu(ty)l +T[u(t0)+At T[u(to)]]
2

u(ty + At)
= u(ty) + At




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 There is no explicit Leapfrog
giving u(t,) in terms of u(t, — At)

u(ty)

RK2

~

Flu(ty)l +T[u(t0)+At T[u(to)]]
2

u(ty, + At)
= u(ty) + At




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 But there is an explicit Leapfrog giving
u(ty + At) interms of u(ty) and u(t, — At)

u(ty, + At) u(ty, + At)

— u(to) 4+ AtT[u(tO)]'l':F[u(tZO)'l'At T[U(to)]] — U(to — At) + 2 At ?[U(to)]




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

u(t, — At)

RK2 But there is an explicit Leapfrog giving
u(ty + At) interms of u(ty) and u(t, — At)

u(ty, + At) u(ty, + At)

= u(ty) + A tT[u(to)]+T[u(’520)+At Flu(to)l] = ul(ty — At) + 2 At Flu(ty)]




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

N, = 256 L=2n

v=0.1 u(x, ty) = sinx

2Tt 2
E(t) :f dx > (;’t)
0

We expect energy to decay



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

107 1
Nx = 256 L=2m N RK?2
v=0.1 u(x, ty) = sinx 102_' — Leapfrog
2T 2 =
u“(x, t) S
E(t) — dX E 101—:
0 2 =
LLJ 4
We expect energy to decay 10° - J -----------------------------------
RK2 shows a smooth decay while ' TN

Leapfrog an explosionatt —t, =< 0.06 0 | T 100



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

1.00 1

0.75 1

N, = 256 L=2n

0.50 - ---- |nitial profile
v=0.1 u(x, ty) = sinx - — RK2,t—t,=0.0
L‘_ | —— RK2, t -ty =0.05
s B8 — RK2,t-t=0.1
Runge-Kutta .reproduc.es S s = RK2, t=ts=10
the progressive damping oo — RK2,t—t,=50

of the profile accompanied
by dissipation of energy ~0.75 1

-1.00 A1

0.0 0.2 0.4 0.6 0.8 1.0



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

1.00 1 -
0.75 1
N, = 256 L=2n
0.50 1
v=01 u(x, to) = sinx 027 \ ---- |nitial profile

0.00 1 —— Leapfrog, t=t,=0.0

~0.25 - Leapfrog, t—t, =0.045
=0.50 A1
-0.75 1
O.[4 0.I6 0?8 l.IO
X

u(x, t)

-1.00 A

0.0 0.2

21



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

1.0 1

N, = 256 L=2n

0.5 1

v=20.1 u(x, ty) =sinx _ ---- Initial profile
b — Leapfrog, t=t;=0.0
X 0.0
= Leapfrog, t—t; =0.045

Leapfrog generates spurious — Leapfrog, t-t;,=0.05

oscillations trying to force the -0.5 1
conservation of energy which
should instead be free to decay




Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

2.0 1

1.5 1
N, =256 L=2m |
Il ----|nitial profile
v =0.1 u(x, to) = sinx = 0.5 1 . — Leapfrog, t—ty=0.0
X 00 —— Leapfrog, t—t,=0.045
_ S Lk — Leapfrog, t—t; =0.05
Lea.pfro.g gener.ates spurious =B | At — Leapfrog, t - t, = 0.055
oscillations trying to force the i ik
conservation of energy which

should instead be free to decay -1.51

The spurious oscillations grow 0.0 0.2 0.4 0.6 0.8 10



Leapfrog vs Runge-Kutta: dissipative systems

Example (PDE): 1D Burgers equation
0, u (x,t) = —ulx, t)0, u(x, t) +v oz u(x,t) = Flu(x,t)]

30 1
Nx — 256 L=2n 20 -
---- |nitial profile
v =0.1 u(x, ty) = sinx 101 —— Leapfrog, t —ty=0.0
o L, LRRAAEL, o A SRR LAREAOE il —— Leapfrog, t—t,=0.045
Y ] IR TR LR (I (1 AL ll .Al i A
>< 0 AL i | ”l (T i ; AL | o
s il LM R —— Leapfrog, t—t; =0.05
Leapfrog generates spurious i —— Leapfrog, t - to =0.055
oscillations trying to force the —— Leapfrog, t—t,=0.06
conservation of energy which ~20 1
should instead be free to decay
-30

The spurious oscillations grow 0.0 0.2 0.4 06 08 1.0
and the system becomes unstable o



Conclusions

* Runge-Kutta explicit methods are a natural approach to solve
equations of the form ¥(t) = F|x(t), x(t)] or x(t) = G|x(t)]

* For separable Hamiltonian systems symplectic methods are more
stable since they conserve energy and keep the trajectories bounded

* For dissipative systems non symplectic methods like Runge-Kutta are
more stable since they do not try to force energy conservation unlike
symplectic algorithms
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