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i) ACTION Approach: Discretize the continuum action
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Lattice Formulation

i) ACTION Approach: Discretize the continuum action

if) EOM Approach: Discretize the continuum EOM
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Expansion of the Universe
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Expansion of the Universe

a/ 2 a2a f;k 2 y .y .y a// a2a f:k 2 . . "y
Cont: <_> = [EK+ E.+ Ev]; — = [(a—Z)EK+aEG+(a+1)EV]

Where does the scale factor live?



Expansion of the Universe

a’ 2 a2a f;k 2 .y ey "y a’ a2a ﬁk 2 .y . s
Cont: <_> — [EK+ E .+ EV]; — = [(a—Z)EK+aEG+(a+1)EV]
a

i) IF a(ny+ 1/2)



Expansion of the Universe
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Expansion of the Universe
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Expansion of the Universe
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Expansion of the Universe
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Expansion of the Universe
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Putting all together ...
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Scalar Fld. { | O\ TR Y ” [ (Hybrid)] ,
Dynamics W
| EOM
| i Approach
i J

)

() IF a(ng+ 1/2 . ?
I) Cl(l’lo ) |:> Aa‘bz 1 * > 1+2a[(a 2)EK+aEG+(a+ I)EV]

(FG + FG,%—(A)) (E \%4 + E V,+f))

. 0
\u) IF a(ng) :{> 1 1 { £ 2 s — — —
bon=— (=) a “[(a—2)EK+aEG+(a+1)EV]

—_—~

(Ex_on+ Exion)
2




Puttlng all together ...

Ao[a A+¢b] = a1+“A A+q§b—a3+“V
f O 0z movel ot ol o ith ‘ } ACTION
Approach

Scalar Fid. J
Dynamics

! (| Afa_p=b, ,
i) IF a(ny+ 1/2) :{) U 1
— o 1+2a
| Sp=5 (o) «itd (@-2)Ex+aEg+@+DE,
(FG+FG,+()) (E +E +0)
4 2 :




Puttlng all together ...

e =~ (Full)|
A [a A+q§]—a1+0‘A A+¢ —a3+“V ]
1 0 +0/2 b N b‘ 4) }ACTION
Approach
Scalar Fld. oo er ) J
Dynamics
\

)

() IF a(ng + 1/2) |::><~ e\
’ Ath = f> 1+2“[(a NE+aEs+(a+DE,

(Eg+ E 45 (Ey+ Eyp)




Putting all together

, S '+ S 1+ -+ 3,”, .'l.
i A0[61+0/2A ¢b]—a “A7A; cbb—a "V,

} ACTION
Approach

Scalar Fld. J
Dynamics

am O ’
\u) IF a(ng) :{> 1 1 { £ 2 o — — —
bon=— (=) a “[(a—2)EK+aEG+(a+1)EV]

(Ex_on+ Exion)
2




Puttlng all together ...

[ o | ~ (Full)|
, A [a A"'gb]—al_l_aA A+¢ _a3+av ]
- Soldon B0 | b= | ACTION
Approach
_|_
Scalar Fid. - 2a+°) ’
Dynamics
\
f

am O ’
i) IF a(n) :{> . 1 £ 2 " - .
bon=— (=) a “[(a—Z)EK+aEG+(a+1)EV]

(Ex_on+ Exion)
2




Putting all together ...

} ACTION
Approach

5 ( 3—aj > 1+aA A+ _a3+av
Scalar Fid. { | 0¢b ¢b T

Dynamics

(Hybrld) )

2
—*) a1+2“[(a — Z)F_K + FG + (o + 1)FV]

(Ex_on+ Exion)
2




Putting all together ...

Scalar Fld. {
Dynamics

EOM

> Approach

2
—*) a1+2“[(a — Z)E_K + FG + (o + 1)FV]

(Ex_on+ Exion)
2




How do we

solve these
EOM ??



... We apply previous
evolution algorithms !

* LeapFrog

* Verlet methods

* Runge-Kutta methods

* Higher Order integrators

Notation
¢+O = ¢(n, no + 1)

Toon =nm,ng+ 1/2) |




(Staggered) LeapFrog







(Staggered) LeapFrog

(a) 3—a

Iterative scheme for m_ /2 = 0o/

EBL ¢o and scale factor a(ng)



(Staggered) LeapFrog

Iterative scheme for —(Hg /2 = : +0 /2a and | sale

( |teger tlmes)

(@ semi- mteger times)



(Staggered) LeapFrog

Iterative scheme for 7r_(|_3 2. =R +0 /2A+qba and scale factor a(no)

(@ mteger tlmes)

(@ semi- mteger times)




(Staggered) LeapFrog

~(a) _ 33—«

Iterative scheme for 7. 9 = 0, /252; ¢o and scale factor a(ng)

EOM: 'Zg[aiggKgg/’}b] = al+az X;’Zj(ﬁb — a3+“7’d;b; b=1.2,..,N,
i




(Staggered) LeapFrog

Iterative scheme for 7TEI_3 o = = g3 o /2A+¢a and scale factor a(ng)

EOM: Ao[a+0,2A+¢b] = aH“Z AT AP, —a***V 5 b=12,..N

S
~(b)
=T on

(canonical
variables)




(Staggered) LeapFrog

Iterative scheme for "'ig o = = g3 o /2A+¢a and scale factor a(ng)

EOM: A [a+0/2A+ql)b] = a1+a2 AT AP, —a***V 5 b=12,..N

S
~(b)
=T 0n — o -
(canonical %éa[{¢( '}, al
variables) Kernel

Conservative !



(Staggered) LeapFrog

Tterative scheme for #% . = aiﬁ%

o2 = A ¢, and scale factor a(ng)

EOM:  Aglalst Aty =a'** ) A7Afg,—a™V;: b=12,.N

1 S
_ ~(b) !
=% on — o o

(canonical %éa[{¢( '}, al

variables) Kernel

Conservative !



(Staggered) LeapFrog

Iterative scheme for ﬁf:g = aif)%zg ¢o and scale factor a(ng)
A 1=a'** Y ATAYf,—a***V 5 b=12..N
04072 A o ° St SR AR



(Staggered) LeapFrog

(a) 3—a

Iterative scheme for m_ /2 = 010/2

&6’ ¢o and scale factor a(ng)

IC {&(a), CL,} at no, {ﬁ-(_ag/m b—0/2} at 1o — 055ﬁ



(Staggered) LeapFrog

(a) 3—a

Iterative scheme for m_ /2 = 010/2

&5’ ¢o and scale factor a(ng)
IC {&(a), CL,} at no, {7~T(_08/27 b—0/2} at 1o — 055ﬁ

[ (a ~(a o A— A+ J(a oY/ ~
R ( S A-AFH ot m(a)>5n
k




(Staggered) LeapFrog

Iterative scheme for 7T_(|_3 o = = g3 o /2A+<ba and scale factor a(ng)

IC {é(a), CL,} at no, {7?93/27 b—0/2} at 1o — 055ﬁ
f~ a ~\a (0} a 84 ”
13/2 _ (_3/2 n ( 1+ ZA A+¢( ) _ g3+ V¢(a)> 57

J

mp

5 = = -
\b_|_0/2 = b_0/2—|— ;7( ) a1+20‘[(a—2)EK—|—aEG+(a+1)EV],




(Staggered) LeapFrog

(a) 3—a

= Q102

to/2 = 35’ ¢o and scale factor a(ng)

Iterative scheme for w

IC {é(a), a’?} at no, {7?(_03/27 b—0/2} at 1o — 055ﬁ

[ (a ~(a o A— A+ J(a oY/ ~

R ( S A-AFH ot m(@)) -
k

01] (f*

2 -
(biojs = b_gp+ 3 ) al T2 [(a —2)Ex +aFEg + (a + 1)EV] ,

Myp
r ato = a,—|—b+0/257'7 — a+0/25(a+0—|—a0)/2,
| 3@ — g0 4 srz0 4B
- P40 M7 0/2%0/2




(Staggered) LeapFrog
Iterative scheme for '”ig o = = g3 o /2A+<ba and scale factor a(ng)

IC = {¢,a,}atin, {7, b o/} at i —0.50] w

~§
~
~§
~

r ~~§
~(CL) L ~(a) 14+« a 3+ ~ AN
{ Tio/2 = T2 ™ ( " ZA Af ¢ —a®* V¢<a)> o1]
b — b O (fx )" g+2a[ (o — 9 Ep + aF 1)E :
01072 = —0/2‘|r3 ] @ (@ —2)Ex + aFg + (a+1)Ey |, A
D R
{f a+o = a + b_|_0/2 577 — a_|_0/2 — (CL_|_() -+ CL())/Z, ‘‘‘‘‘‘ :
S = 6 ana g, e
o ---
= _ 1 +7\2 §al =L +7\2 ™ —
Ex = 5 2 (Bsd?) . Eo=5 > ((Bid?) . Eyv=(VUdh)




(Staggered) LeapFrog

~ (a)

Tio/2 = =q’ o /2A+<ba and scale factor a(ng)

Iterative scheme for @

IC = {¢,a,}atin, {7, b o/} at i —0.50] w

~§
~
~§
~

( ~“~

~(CL) L ~(a) 1+« a 3+ ~ AN
{ Tio/2 = T2 ™ ( " ZA Af ¢ —a®* V¢<a)> o1]

b — b N (o) g1+2al(o — 2)Ex + E ‘2
| 010/2 = —0/2+3 m a (@ —2)Ex + aFg + (a+1)Ey |, E
{r a0 = a+biopdl —  ayp=(arota)/2, L. g

(@) _ Fa ~ ~(a) —( —a) =T
\ PLy = (/5( )+ 0] T10/2¢ +0/2 AL L
o---

£, Nadl) (= = =
HC bim_g( a3 (Ex + B+ Ev ),




‘Synchronized' LeapFrog

/\/\/\/\




‘Synchronized' LeapFrog

/\/\/\/\




‘Synchronized' LeapFrog
Verlet Algorithms

Loup Verlet







Verlet Algorithms

| Fld dynamics:
@) —a'" " V2 + a7V =0, i=12,...N,

Continuum: |




Continuum: |

Verlet Algorithms

| Fld dynamics:
@) — a2+ at V=0, i=12,.
( ~
[di=a0m,
ﬁ.l/ — a1+av 24'§i a3+avd~)l
\



Verlet Algorithms

| Fld dynamics:

@) — a2+ at V=0, i=12,.

—

—

9] (/;l_(ﬁ'l-, a) (Drift)

— a1+av2¢._a3+avd~)‘ |

Continuum: | (Kernel) %i({¢j}a a)




Verlet Algorithms

| Fld dynamics:
@) —a'"** V2 +a V=0, i=12,..N

\)

—

—

9] (/;l_(ﬁ'l-, a) (Drift)

\
¢l, = a_(3_a)f'[l_ ; -

4 e T - > Conservative
fij=a "V g —aTVy

/

Continuum: | (Kernel) T%fj,;l.({%}, a)




Verlet Algorithms

| Fid dynamics (7, = a®~%¢)) :

4 N ~ 1= 1,2,...,N

Continuum: |




Continuum:

Verlet Algorithms

| Fid dynamics (7, = a®~%¢)) :

Exp. Background:
(ad = b,
a1—|—2a (f*

3 my,

EK = TQGZ< 7Tz ) E'G = %Z<(€k§gz)2> ) E

\ ik

{ by — )2 [(a— Z)EK—FQ’EG—I— (o + 1)EV] :

4 N ~ 1= 1,2,...,N



Continuum: |

Verlet Algorithms

TN

position-Verlet

Exp. Background:

(a' =D,
by — a't2e (f*
{ 3 My
Ep =
\ K= 20,6 <

velocity-Verlet

| Fid dynamics (7, = a®~%¢)) :

i=12,...N,

)2 [(a —2)Ex + aEg + (o + 1)EV] ,

7TZ , EG = %Z<(€k§gz)2> ) E



Verlet Algorithms

TN

position-Verlet velocity-Verlet

| Fid dynamics (7, = a®~%¢)) :

Continuum: ( Exp. \ La‘t“'_\ N e

[ o ‘L,,,//, e
(87 2 - . )
( b a1;2 (Tflp) [(a— )Ex +aFEg+ (a+1)E ] |
. | ~ ) | o ~ -
| T 2 (®)*), Ec= 242 ) <(Vk¢z')2> , Ey= <V({¢j})> :




Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {qg(i),ﬁ(i),a,b} at 7o,



Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {qg(i),ﬁ(i),a,b} at 7o,



Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

¢ {9, 79 q b} at 7,
* o 07
6%/2 = b+ - 3 (TJ; ) 142 [( 2)EK—|—aEG+(Oz—|—1)EV] 277
p
{

~ (¢ ~ (% e A— A+ 70 afs 577]
k




Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC {q;(i) 7 q, b} at 7o,
b = b SN g 20 (0 — NEx + o 1By ] 97
+o/2 = ‘|‘3 — (@ —2)Eg + aEg + (e + 1)Ey o
\
~ (2 ~ (1 o AN— A+ 1(2 o 577]
Srz)/z — @) 4 <a1+ ZAkA;qs() a3+ V¢(z)> 5
k

([ ayo = a+bige07,
CL_|_0-|—&
[a+0/2 — 9 7]
g~ (3—2)

76 _ 30 = ~ (1)
| %0 = 6 + 67 7 Tro/2%0/2

P,




Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC : {69, 79 q b} at 7,
« on
6%/2 = b4 — 3 (?j; ) 1+2a [(oz — 2)EK —I—ozEG + (a + 1)EV} 277
p
1

~ (2 ~ (% oY AN— AN+ (1 oY 577}
5_2)/2 = 7-‘-( ) -+ (al-l- Z Ak‘ A—ki_qﬁ( ) _ 3-|— V¢(7’)> 2
k

([ at0 = a+bygnon,
. CL_|_()+G/
<[a’+0/2 -T2 ]
(3 _ 0 5=01)  —(3-a)
| P30 = O + b7 Tio0/2%0/2
~ (2 ~ 17 o (/ 577
(A = A (ol DA - T ,) T
{

¥ 0]
bro = byoptg (73; ) alp™® [( —2)Ek 40+ aEg 0+ (a+ 1)Ev+o] 2?7 ;
p

=]
X
1l
[
-
>
=
<~
>
5
~_
&l
Q
1l
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-
>
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>
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=
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Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

IC : {69, 79 q b} at 7,
« on
6%/2 = b4 — 3 (?j; ) 1+2a [(oz — 2)EK —I—ozEG + (a + 1)EV} 277
p
1

~ (2 ~ (% oY AN— AN+ (1 oY 577}
5_2)/2 = 7-‘-( ) -+ (al-l- Z Ak‘ A—ki_qﬁ( ) _ 3-|— V¢(7’)> 2
k

([ at0 = a+bygnon,
. CL_|_()+G/
<[a’+0/2 R ]
(2 i ~ ~ (2 —(3—«
\ ¢E|—2) = Y+ 67 (+2)/2 +(()/2 ),
~ (2 ~ 17 o (/ 577
(A = A (ol DA - T ,) T
<

¥ 0]
bro = byoptg (73; ) alp™® [( —2)Ek 40+ aEg 0+ (a+ 1)Ev+o] 2?7 ;
p

=]
X
1l
[
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>
=
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>
5
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Q
1l
‘ —
-
>
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Velocity-Verlet Integration

I) Velocity- Verlet scheme for interacting scalar fields in an expanding background

c : {3979 abatip, €7 TTTTTeal ..
(bio2 = b+ ( I+ ) 1+2a [(oz —2)Ex +aEg + (o + 1)EV} o7 \\‘
< 3 mp 2 \‘
~ (2 ~ (% o AN— A+ 7( v/ 577} 3
k .
([ ayo = a-+byg/07, :
440 + a :
< [a’+0/ 2 T T ] :
30 _ 56 o 5ra) B0 '
. %0 = o) + 67 T10/2%0/2 '
~(2 ~ (2 o 7 577 l:
r '”iz) = (+2)/2 (a}fé Z Ay A+¢( y ai% +o> o K
< f* 1+2c 5?7 ""
bro = bio/2 -|— 5 (- a+0 [( —2)Ek 10+ aEg 1o+ (o + l)Ev+o] 5 R
\ 2 I3
1 f 2 e, .’
HC b2 == (—*) g2+ (EK + Eq+ EV-> -------------
____________________________________________________________________ AL Y A
—_— 1 —~ —~ 1 ~
E . = A + 2 , F . .=—— A + 2 , E V
ST (Bsd) . Eo=5 > ((Bed?) . Ev=(Wd))



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC {qzz(i),ﬁ(i),a,b} at 7o,



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
5
< ~

7(1 7 (4 0 ~ (1) ,— (83—«
39, = 30+ Pig-@-a)

\



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
57
C‘w/z = a+b 577 )
< i

? (1 0 ~ (1) ,— (83—«
3y = 0+ TG

[ () _ @ 1+« (¢) aSte
Tvo = 7+ ( +T)/22A A+¢+0/2 +T)/2V,¢(Z>

+0/2) on,

[ 1420 = = R
(mp) alt2 [(a _Ex +aFg+ (a+ 1)EV] 577,

\ b_|_0 — b+

W =



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
57
C‘w/z = a+b 577 )
< i

[ 7 (4 0 ~ (1) ,— (83—«
3y = 0+ TG

[ () (i 1+« (¢) aSte
Tvo = 7+ ( +T)/2ZA A+¢+0/2 +T)/2V,¢(Z>

+0/2) o1

1/ f\° = = .
by = b+—<f_) argig‘[(a—Q)EK—kaEG—l—(a—l—l)EV]dn,

\ 3 \my
r 07]
a+0 = Gi0/2 +byo - 5
s Y7
@) _  70) o1 ~(8) ,~B-a)
L Py = ¢+0/2 9 T+09+0



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

IC : {9 7 g b} at 7,
57
C‘w/z = a+b 577 )
< i

1 (1 0 ~ (%) ,—(3—a
ngr%)/z = ¢()+?n7T()a B
[ ~() _ G 14+o () 3 a ~
Tio = 7l + ( +j(L)/2z:A A+¢+O/2 +j(L)/2V,¢(Z) +0/2) o7
{ 1 f 2 - ~ ~
b0 = bty (m—p) a};jg [(a — D Ek +aEg+ (a+ l)EV] o7,
0n
[ ay0 = ato/2+bio 277
{ ~ 1]
@ _  70) oN ~(i) —(B-a)
L ¢+0 — ¢+0/2 2 T4+0%4+0 )

HC : b2 = 5 (%) a2(a—|—1) (EK + EG + EV) )
p



Position-Verlet Integration

II) Position-Verlet scheme for interacting scalar fields in an expanding background

c : {3979 apyavi,, €7 Tl ..
57 e
CLHW = a+b ?77 : .
< 5P "
7(%) _ ) N~ —(3—a '
¢+0/2 — 40 4 77T( )g— B~ \
[ =) _ o~ 1+« + 7(%) 3+a ~ .
iy = T+ ( iy ZA AL Do — a50%Y g0 o /2) 67, :
{ '
— f* 142 = o ~ ~ N
\ bio = b+ = 3 <mp a0 [(a —2)Ex + aFEg + (a+ l)EV] on, .
o K
 at0 = ayo/2 +bio 277 o
{ 57 0%
&) _  70) o ~ (@) ,—(3-a) .
k ¢+O — ¢+0/2 2 7T_|_0 _I_O . “¢¢¢
O e
HC : bv¥ == (£> aetl) (EK + Eg + EV) :
3 \my



Runge-Kutta

Yo+ hks

Yo+ hkz,"'2
Yo+ hk1 ,'I'2

Yo ¢

Y

to to+h/2 to+h



Y



Runge-Kutta
(Can solve non-symplectic systems)



Runge-Kutta
(Can solve non-symplectic systems)

non-conservative

Continuum Problem:

fa = b,

|9 = M ) i =1,2,...N
T = Kia,b,{¢;},7], (fldKernels)

b = Kgla, EK,Eg,EV], (expansion Kernels)




Runge-Kutta
(Can solve non-symplectic systems)

Continuum Problem:

d = b, /non-symplectic!
o
|9 = T s i=12,..,N,

7. = Kila,b, {qgj}g_';"%”'i'}'], (fld Kernels)
\V = K,la, Ex,Eq, Ey], (expansion Kernels)




Runge-Kutta
(Can solve non-symplectic systems)

Continuum Problem:

d = b non-symplectic !
T Y
o
{ i = T / i=12,...N,

7. = Kila,b, {qgj}g_';"%;r';'], (fld Kernels)
\V = K,la, Ex,Eq, Ey], (expansion Kernels)

------
-------------
.* ey
* G
. .
. .

IC; [a, b, {¢j}, ’ﬁ'z] = a_z(l_“)ﬁ%i — (3 — Oé)gﬁ'z"' a2a‘7’q§i )

~ o~ o~ 2 B T ~ ~
where /Ca[a, EK7 EG7 EV] = % (f_*) al—l—ZO&[(a — 2)EK + OéEG + (Ol + ]-)EV:| )
Bi = 5= Xu (72, Bo= T (Vkdi?) By = (VD)




Runge-Kutta
(Can solve non-symplectic systems)

Many flavours: 6(dr”) + explicit OR implicit”

Continuum Problem:

d = b non-symplectic !
T Y
o
{ i = T / i=12,...N,

7. = Kila,b, {qu} m] (fld Kernels)
b = Kgla, EK,E(;,EV] (expansion Kernels)

......
""""""""""""
“““
- Vo
* .
. .

where Kala, Ex, Eg, EV] = % (f—*) a,1+20‘[( 2)EK + aEqg + (o + l)EV]
Bi = 5= X0 (7). Bo=3 i (Vidi)?) . By =(V({d:)

*Gauss-Legendre



(Can solve non-symplectic systems)

Lattice Problem:

~(P)
b?p)
& 7gzo)
a(P)
1.(P)
kZ(Lp)

#i(n, o) + biicp p_1 kP

Runge-Kutta

Explicit RK2 [ 6(dn?) ]

b(no) + d7cp p— N >

¢Z(n ng) + 07cpp—17

~(p— )

a(no) + 07jcpp— 15~ 1)
[a(p) {¢(P)} ~(P)]
a@)E&>Eg%Eg”7

(CloEOa

62151)

\

p=1,2

N DN N DN



Runge-Kutta
(Can solve non-symplectic systems)

Explicit RK4 [0 ]

Lattice Problem:

~(p) — =~ ~ (p—1)

; = T;\n,n ‘|’57’]C,_k§i y ( ~ .~ - ~(2 ~(3 - (4
KA Ribimmo) = 3D+ 272 427 4709,

= p,p—1

50 = o)+, L] el = 002004200 4400)
0 o e g Afmmm) = S0+ 242+ 240 1K)
ko = Kila'?, { | g ~ 1) 2 3) (4)
KD = K[a® B <’p> E(p) E®) | Afbno) = g(ka +2ke” +2keY + ko)
a = K ) J p=1,2,3,4

1 1
(CIOEO, CZIEE’ C32§§, C43El>



Higher Order Symplectic
Integrators (Yoshida Method)

A

iz Orbit Planc
ey

h

r
<

z -~
¢ (%
- f
(2% 0
B ‘ L
Haruo Yoshida Refervnce Plane
National Astronomical Observatory of Japan (Equatorial Ecliptic)

NAOJ - Division of Theoretical Astronomy



https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan
https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan

Higher Order Symplectic

Integrators Woshlda Method) —

Haruo Yohida

National Astronomical Observatory of Japan
NAOJ - Division of Theoretical Astronomy

Reference Plane
(Equatorial Ecliptic)



https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan
https://www.researchgate.net/institution/National-Astronomical-Observatory-of-Japan

Higher Order Symplectic Integrators

Continuum Problem:
symplectic !
(a = b)
&,L — a_(?’_o‘)fr,,;,j
| 7 = Kila, {&}]3

\b/ — KG[Q,EK,EG,EV],




Higher Order Symplectic Integrators

Continuum Problem:

. symplectic !
fa = b,

P = o=z, ; /
{ ﬁ; — IC’& [CL, {QBJ}] 9

\b, — KG[Q,EK,EG,EV],

where
( 71 — l+ao2 7 34+aYr _
Kz[a’7 {¢J}] =a Vg, —a V,¢z. ;

o~ - 1/ f.\? - _ _
Kela, Ex, Eg, Ey] = 3 (77‘];—) alt?e [(a —2)Ex + aFEg + (a+ l)EV] :
p

P

~ 1 . ~ 1
\EKE— | <7T,&'2>, EGE2_a2_
) 1.k

~

<(§k¢~5¢)2> , by = <‘7({fl~5j})> :




Higher Order Symplectic Integrators

[based on position- or velocity-Verlet 6(d;?)]

Continuum Problem:

, symplectic !
fa = b,

&,L — a_(3_a)7~7i 7 j
| 7 = Kila, {6;});

\b, — Ka[a7EK7EG7EV]7

where
( 71 — l+ao2 7 34+ayr_
,Cz[a’7 {¢]}] =a \Y Cbz —a V,¢i 9

o~ - 1/ f.\? - _ _
Kela, Ex, Eg, Ey] = 3 (i—) alt?e [(a —2)Ex + aFEg + (a+ l)EV} :
p

—

~ 1 _ ~ 1
\EKE— .<7Ti2>, EGE2_a2_
) 1.k

~

(Ved)?) . Bv=(V({&}) -




Higher Order Symplectlc Integrators
city-Verlet at O(dn”) ]

symplectic !
a” 5, j
— @'[CL, {¢j }] 9

& b, — ,Ca[az, EK,EG,EV] ,

(ad = b,

where

[ Kila, {6;}] = a'*2V2g, — a*+oV g

{ Kala, Ex,Eg, Ev] = (f—> b2 (o — 2) B + afig + (a+ 1) By |,
3 \my
Br=55 (i), Bo=553 (Wid?), Br=(V({dD).

¢ 1.k



Higher Order Symplectic Integrators
ity-Verlet 6(dn”)]

Lattice Problem:

~(0) — #,;(n, 1)
¢§0) = (,/57;(n, ng)
al? = a(no)

\ b©) = b(ng)

1/2
~(p)
z ,1/2

)

q}P)
a(p)

,ﬁ.fp)
bH(P)

b1 1 4, 91, [PV, Y EE~D pe=D) )

~(p—1) 4 wp@,c.[a(p—l)7 {qggp—l)}]
(P 1) + b(l;)

PV 4 w677 7~r(pl) (0 g%)
§1;)2 + bgz;)2wp 92

~ (P)/ 4+ wp ] K; [a(p) {¢(P) }]

b7, + wp 3 KCala®), E}?, E0), o)

/ p=1,..,s
(s-copies)



Higher Order Symplectic Integrators
ity-Verlet 6(dn”)]

( b%’;)z = b(p‘l)+wpﬁlCa[a(p_l),E}?_D»Eg_l)aﬁg_l)] \
A A = A 4w fKla® ) (g
= 7r,-(n, no) 1 (p) 1 (p)
:(E(O)zqg-(nn): Ay = a®— )—|—b/wp2
Ly EO) — @11, 700 : — £ q;ZP) — ¢(P_ )_i_wpcgﬁﬁ.(Pl)m( gf;)2) (3— 04) > =—
¢ =alno) o = o) 4 o) 0
(0O =b(no) s ) _ ~(z/9) 2 ()
T ¢ ﬂ-i = / _I_wp ICZ[a(p) {¢ }]
\ blP) = b§1;)2 _l_wp%nlca[a( )7E§§)7Eg)’E‘(f)] 7 p=1,..,s
- - s-copies
i i ( pies)
. e o

dii



Higher Order Symplectic Integrators
ity-Verlet O(dy ]

1

T8
-
== 2

dij = dif'V + dif® + ... + dif®

(), = 0Dy, a0 ), B, B, B
ST il = 7 +w PR, {6y
= m(n, n()) 1 (p) 1 (p)
50 = §i(n, o) ! ayj, = a? 4 bw,
L = ¢ o), 7(p) (p—1) 5~®) () el
<| a(0) = a(ng) ' — < ¢z’p — ¢P ‘|‘wp577 pl/2( 11;2) . ) =
: 0 ! a® = @ 4@
WO =b(ng) _ (p) ~1(z/9)2 s : ) ()
S e mmmmm== ’ T, = 1/2+wp~ ICZ[CLP {¢ }] N
) = b§f;>2+wp%"lca[a< >,E§?)7E8’)7E3°)] )
(s-copies)



Higher Order Symplectic Integrators
ity-Verlet O(dy ]

(= Dy o, B Y,
~ ~(p—1 N _ ~(p—
DA, A = B 4w Kila D, )
Ty =7in,mno) 4P (p—1) , (@)
N N - — o b,
:(bgo)zqﬁi(n,no)' ~1§ a(—)+ /wp(Z) (p)
1" =y 6P = 8 +wp5ﬁ~1’ (a:P))~ (=) =
1 a(()) — a(n()) : ) ,1/2 1/2
1 . a(p) — (p) _l_b(p)w
(0O =b(no) s _ (p) ~1(z/9)2 V2 > ) 1)
Smmmm===- ’ T, — 1/2+wp IC[ p,{qu }]
o = b% +wp§/ca[a<p>,E§§),Eg’>,Eg°>] ) .
p=1,...,s
i i (s-copies)
- —
'd~(1> e " e | | 47 |

( d;,,(p) — a)pdﬁ

dij = dif'V + dif'® + ... + dii® ;
o " ! { Z w,=1 (w,<0 allowed)

\ p=1




Higher Order Symplectlc Integrators

( bgz;)z — b(p—l)_|_wp%,ca[a[(p—l)’E}g—l)’ﬁg—l)7ﬁ‘(f—l)] )
~ ~(p—1 7 — 7(p—1
(15 0) _ - (-n-,r: ), 51)1)/2 = & 4w FKila® D, {377
p g = AL 70 N
1 ~(0) _ % : a,gp)Z — a(p 1)_|_b(1;)wp2
< : ¢; = ¢i(n,ng) . 7(p) 7(p—1) ~ ~(p) (p) (3— a)
' ) = a(ng) ?; ?; ‘|‘Wp577 i1/2(01/2)"
L at = a(ng : 4 (®) a\?) 4 pP) wp 7,
(O = b(no) s _ (p) ~1(1/0)2 e @) ()
-------- 4 7'(-,1: 1/2 —|_ wp IC’L [a’ P {¢ }]
o) = b% + wp WKy [al), E}é’), E® E®)
,ZO | dii = di'V + dii'® + ... + dii® » ,zl

ity-Verlet O(dy ]

| M
@8
I

/ p=1,...,s

(s-copies)




Higher Order Symplectic Integrators
ity-Verlet O(dy ]

( bg;)z = pl-1) -|-wp%ICa[a(p_l),Eg_l),ﬁg’_l),ﬁ‘(}?_l)] \
WG T iy = w0+ wp KD, {6
= m(n, n()) 1 (p) 1 (p)
:q’g(o):q;_(nn): A1/9 = a,(P )—I—b/wp2
L i = Pi\1L 10 — ) (p) _ 7(p-1) 5~~(P) (p) (3— a) > =
' g = : I A A i1/2(0172)"
'al = a(ng) ! P — 4@ 4 pP)
'O =b(ng) s o 1</>2+ 1/2?”’ £ (p)
N N e e = m . - ¢ ﬁip = T ]31/2 + wp nlcz[a’(p) {¢ P }]
00 = b 4w, P K[ >,E§§),E§§’),E8’>] )
5 ~(1) | g=(2) ~(s) . -copi
i dii = dil™ + dil® + ..+ d g7 (s-copies)
= = >
(Il no + 1) ~(S)
1~ . (s) Coo T T
1 P\ 1L, 1) = ¢, n = %
. ¢i(n,ng +1) = ¢; [ dif'P) = w,dij

|
1a(ng+1) = a(s)

i M
E@
I




Higher Order Symplectlc Integrators

4 b§1;)2 _ b(p—l) i wp%lca [a(p—l)’ Eg—l), Eg-ﬂ) E‘(/P—l)] )
- ~(p—1 2 _ 7(p—1
000) _ . s 51)1)/2 = i(p 't wp P Kia®=), {¢§p ]
s T =Ti(n,no) : @) (p—1) | 1(P)
' 30 = gi(n,mo) " apjy = @ +b/“’i"2
Ly i — P\ 10, ¢p) ¢(p— )+w 5~~(P) ( (P)) (3— a)
' 0® = g(ng) | i p77 i,1/2\91 /2
'a'®) = a(ng : (p) a?) 1 p®)
10O = p(ny) ' a( ) 1(/)2 1/2;% 2> 7(p)
N A . 7P 71y + w5 Kila®), {$7)]
o) = b% +wpllK,[a®, E®) EP E®)
” ~(1) ~(2) ~ () ~
;ZO’ din=din’ +dip” +...+dp ’21

ity-Verlet 6(dn”)]

Appropriate {a)p } p=1

s;=1;

.....

s, =2s,_+1=1,3,,15,...

n=1,2,...)

; : Errors intermediate steps cancel to O(61")

=

O(6n*")
(r=24.68..)

/ p=1,...,s

(s-copies)




Higher Order Symplectlc Integrators

4 b§1;)2 _ b(p—l) i wp%lca [a(p—l)’ Eg—l), Eg-ﬂ) E‘(/P—l)] )
- ~(p—1 2 _ 7(p—1
000) _ . s 51)1)/2 = i(p 't wp P Kia®=), {¢§p ]
T = T(n,ng) : () (p—1) | »(P)
' 3 = gi(n,mp)! 4z >+b/wp<2> 4@
|} a© = a(no) A G T
'a'®) = a(ng : (p) a?) 1 p®)
10O = p(ny) ' a( ) 1(/)2 1/2;% 2> 7(p)
N A . 7P 71y + w5 Kila®), {$7)]
o) = b% +wpllK,[a®, E®) EP E®)
- ~(1) ~(2) ~(S) -
;ZO’ din=din’ +dip” +...+dp ’21

ity-Verlet 6(dn”)]

Appropriate {a)p } p=1

e.d.

.....

wi = w3 = 1.351207191959657771818
wo = —1.702414403875838200264

; : Errors intermediate steps cancel to O(61")

O(dn*)

| M
@8
I

/ p=1,...,s

(s-copies)




Higher Order Symplectlc Integrators
ity-Verlet 6(di) ]

et EEEER® ~ PR N ~
(: 7?7?0) = 7;(n, nO)‘: 1 Ti(n,ng + 1) = 7?%(8) |
. ~ ~ oo
[0 =ammi Lozt
1
. a® =a(ng) (s-copies |’ a(ng + 1) = al® :
\I‘ b0 = b(ny) r W2 \l‘b(no +1)=b.

3 - _ (1 (2 - 5
iio | dii = di'V + di'® + ... + dii® e

A}

di? = w,dij ; Z“’p=
p=1



Higher Order Symplectlc Integrators

Lattice Problem:

--------~

----------.

di” = o dii 5 Y, w,=1

e
: w0 = mi(m, no)‘: (:ﬁi(nano +1) = ~(S) '
. 7 ~ B i
I (/52(0) = ¢;(n,no) ! . L i, mp + 1) = ¢§S) :

1
: al0) = a(nO) : (s-copies : a(ng+1) = a(s) :
1
L+ ' p(0) = b(ng) ¢ VV2) \I‘b(no +1) = p(s) :
Y o,
oy di=di”+di? +.. . +di¥

— no

@(dnz)]

Order

Wi = 5

O(dt%)

wy = w3 = 1.351207191959657771818
wy = —1.702414403875838200264

VVeé

O(6t%)

wy = wy = 0.78451361047755726382

wg = we = 0.23557321335935813368

w3 = ws = —1.1776799841788710069
wy = 1.3151863206839112189

VVvse

O(6t8)

wy = wis = 0.74167036435061295345
wy = w14 = —0.40910082580003159400
w3 = w13z = 0.19075471029623837995
wy = w1z = —0.57386247111608226666
ws = w1 = 0.29906418130365592384
we = wig = 0.33462491824529818378
wy = wg = 0.31529309239676659663

= —0.79688793935291635402

15

VV10

O(6t19)

wy = w31 = —0.48159895600253002870
wo = wzg = 0.0036303931544595926879
w3 = wog = 0.50180317558723140279
wy = wog = 0.28298402624506254868
ws = way = 0.80702967895372223806
we = woe = —0.026090580538592205447
wy = wos = —0.87286590146318071547
wg = woq4 = —0.52373568062510581643
wg = waz = 0.44521844299952789252
w10 = W22 = 0.18612289547097907887
wy1 = wo = 0.23137327866438360633
wi2 = wyg = —0.52191036590418628905
wi3 = wig = 0.74866113714499296793
wig = wig = 0.066736511890604057532
wis = wyy = —0.80360324375670830316
wie = 0.91249037635867994571

31




Higher Order Symplectlc Integrators

Lattice Problem:

--------~

----------.

di” = o dii 5 Y, w,=1

e
: w0 = mi(m, no)‘: (:ﬁi(nano +1) = ~(S) '
. 7 ~ B i
I (/52(0) = ¢;(n,no) ! . L i, mp + 1) = ¢§S) :

1
: al0) = a(nO) : (s-copies : a(ng+1) = a(s) :
1
L+ ' p(0) = b(ng) ¢ VV2) \I‘b(no +1) = p(s) :
Y o,
oy di=di”+di? +.. . +di¥

— no

@(dnz)]

Order

Wi = 5

O(dt%)

wy = w3 = 1.351207191959657771818
wy = —1.702414403875838200264

VVeé

O(6t%)

wy = wy = 0.78451361047755726382

wg = we = 0.23557321335935813368

w3 = ws = —1.1776799841788710069
wy = 1.3151863206839112189

VVvse

O(6t8)

wy = wis = 0.74167036435061295345
wy = w14 = —0.40910082580003159400
w3 = w13z = 0.19075471029623837995
wy = w1z = —0.57386247111608226666
ws = w1 = 0.29906418130365592384
we = wig = 0.33462491824529818378
wy = wg = 0.31529309239676659663

= —0.79688793935291635402

15

VV10

O(6t19)

wy = w31 = —0.48159895600253002870
wo = wzg = 0.0036303931544595926879
w3 = wog = 0.50180317558723140279
wy = wog = 0.28298402624506254868
ws = way = 0.80702967895372223806
we = woe = —0.026090580538592205447
wy = wos = —0.87286590146318071547
wg = woq4 = —0.52373568062510581643
wg = waz = 0.44521844299952789252
w10 = W22 = 0.18612289547097907887
wy1 = wo = 0.23137327866438360633
wi2 = wyg = —0.52191036590418628905
wi3 = wig = 0.74866113714499296793
wig = wig = 0.066736511890604057532
wis = wyy = —0.80360324375670830316
wie = 0.91249037635867994571

31




Summary

LeapFrog (LF)
Verlet methods (VV2,PV2)
Runge-Kutta methods (RK2, RK4)
Higher Order integrators (VV4, VV6, VV8, VV10)



Summary

LeapFrog (LF)
Verlet methods (VV2,PV2)
Runge-Kutta methods (RK2, RK4)
Higher Order integrators (VV4, VV6, VV8, VV10)

Thanks for your attention!
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Inflationary Models tanh”(¢/M)

V(g)/A*
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Inflationary Models tanh”(¢/M)

( e.g. a — attractors, Kallosh, Linde 2013)

V(cb)=l/\4 tanh LAY l/1/44_"’ K2 d=p — Adng-p
1 I
\ !
|

\
Dscillations

111111111111111




Inflationary Models tanh”(¢/M)

( e.g. a — attractors, Kallosh, Linde 2013)

V() = A% |tanh 2 p~lz4—P P
¢(¢)—; tan IV = ;M [Pl P = A*MP
2
1 A
\ ' V,~—m2¢p?; mr=[—) A
\\ " ’ 2 ¢¢ ? <M>
Dscillations
. A
\ J V, ~—Ap* ﬂE(—)
) / M
\ I
| / 1
\ k / / 11 M
Voo ——¢p®; o*=(— | M?
¢ 60'2¢ ? <A>

111111111111111




Inflationary Models tanh”(¢/M)

V() = A%
¢ P

Homogeneous:

( e.g. a — attractors, Kallosh, Linde 2013)

[tanh <£>]p ~ l/1,1,t4_1”|gb|p Aud—P = A*M-P
M p o=

¢ +3Hp+Q(|p)p =0,

Q*(|pl) = w* PP,




Inflationary Models tanh”(¢/M)

( e.g. a — attractors, Kallosh, Linde 2013)

o\ L,
V,(p) = —A4 [tanh< ~ —u* PPl 4—p — AdAf-P

Homogeneous: d+3Hd+Q(|pDp =0, |QX|d|)=u*P|p|P72,

-3(p—2)

NG N = .-
Turner "83: Q(p) ~ w: <_) ~ <_> : =y ¢
e A T

Initial amplitude
(@ oscillations onset)

2




Inflationary Models tanh”(¢/M)

( e.g. a — attractors, Kallosh, Linde 2013)

Vi) = at fanh (LN = Laptrigp PR

Homogeneous: d+3Hd+Q(|pDp =0, |QX|d|)=u*P|p|P72,

4/p-2 =2
’ 4 P a (p+2) 4—p Pp=2
Turner '83: Q@) ~ w- <— ~ | — : W =\ AU P2
* s ) e
din = a “w.dt
. p—2 R A7 = w.dx
Choice Param.: a = m , 1= w: = NM72¢,2 .
s = ]7*




Inflationary Models tanh”(¢/M)

( e.g. a — attractors, Kallosh, Linde 2013)

Exercise time !

Runforp=2,p=4,p =6,
changing kg, kv, N,
choosing LF, VW2, VW4, VW6, VV8, VW10

checking energy conservation, field mean values, field variance, field spectra, ...



p
4 ¢ ’ L oy g7
V¢(¢) ;A tanh Y, = ;ﬂﬂ o1, P = A*MP

""""" di=aw.di |
p_2 h D p—2 dx' = w.dx'
Choice Param.: = — ), fi=¢s, w:=NM2p, ¢ X
p+2 ==X ;
L Jr

N N ( i = M

o 1§10\ | 2w . =

POtentlaI: V . Y — , _Mp tanhp — + —_— 232 , *

(@.7) Pl V(. 7) = . (M ZA)(cb | A

\ o b+

oV tan? (|G 2Mr\ . oV [ g\ -
Deriv. Potential: = MP~ sgn(¢p) + - o 5 —= - O* 7
dqb cosh2(| ¢ | /M) A

[ 0%V MP~2 L o 3 o207
— = — Dtanh”~*(| ¢ |/M) — (p + Dtanh?(| | /M — | 7
T = omec g ¢~ DA GIUD) = (p + Dranke (18D | send) + ( - >x

02\7_ g*MP =
7\ & )’

Deriv.*2 Potential: |




