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1. The Lattice

1D Lattice
Lattice: set of regular 
discrete coordinates 

N = 8
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1. The Lattice

1D Lattice

(lattice spacing)

dx

Lattice: set of regular 
discrete coordinates 

N = 8
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1. The Lattice

1D Lattice

(lattice spacing)

dx

x1 x3x2 x4 x6x5 x7 x8

X 
Z

Y

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N

Lattice: set of regular 
discrete coordinates 

N = 8
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1. The Lattice
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F(x)Continuous 
function

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N
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x1 x3x2 x4 x6x5 x7 x8

F(x)Continuous 
function

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N
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1. The Lattice

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)
f(8)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

{f(n)}Lattice 
function

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N

f(n) ≡ F(xn ≡ x* + ndx);Lattice function: {f(n)}; n = 1, 2, . . . . , N

Lattice 
representation
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1. The Lattice

x 
x1 x3x2 x4 x6x5 x7 x8

F(x)
f(1)

f(2) f(3) f(4)
f(5)

f(6)

f(7)
f(8)

“Good” lattice 
Representation

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N

f(n) ≡ F(xn ≡ x* + ndx);Lattice function: {f(n)}; n = 1, 2, . . . . , N
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1. The Lattice

x 
x1 x3x2 x4 x6x5 x7 x8

f(1)
f(2)

f(3)

f(4)
f(5)

f(6)

f(7)
f(8)

BAD lattice 
Representation

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N

f(n) ≡ F(xn ≡ x* + ndx);Lattice function: {f(n)}; n = 1, 2, . . . . , N

F(x)
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1. The Lattice

x1 x3x2 x4 x6x5 x7 x8

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)
f(8)

OK-ish lattice 
Representation

dx

{xn};Coordinates: xn ≡ x* + ndx; n = 1, 2, . . . . , N

f(n) ≡ F(xn ≡ x* + ndx);Lattice function: {f(n)}; n = 1, 2, . . . . , N

x 

F(x)
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1. The Lattice

x1 x3x2 x4 x6x5 x7 x8

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)
f(8)

OK-ish lattice 
Representation

dx
x 

F(x)

| f(n + 1) − f(n) | ∼ |F′￼(xn+1/2) |dx

to represent well your derivatives!

dx must be chosen such that:
(more on this 

later on)
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1. The Lattice

x 
x1 x5x3 x7 x11x9 x13 x15

f(1)
f(2)

f(3)

f(4)

f(5)

f(6)

f(7)

f(8)

x4x2 x6 x10x8 x12 x14 x16

f(15)

f(14)

f(13)
f(12)

f(11)
f(10)

f(9)

f(16)

“Good” lattice 
Representation

dx

F(x)
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1. The Lattice

x 
x1 x5x3 x7 x11x9 x13 x15

f(1)
f(2)

f(3)

f(4)

f(5)

f(6)

f(7)

f(8)

x4x2 x6 x10x8 x12 x14 x16

f(15)

f(14)

f(13)
f(12)

f(11)
f(10)

f(9)

f(16)

Better lattice representation
Price to pay: must store twice as many numbers

“Good” lattice 
Representation

dx

F(x)
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1. The Lattice

x1

x2

dx

dx
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1. The Lattice

dx

dx

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

2D Lattice
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1. The Lattice

dx

dx

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

Coordinates:
{xn1n2

}

ni = 1, 2, . . . . , N (i = 1,2)
(N2 entries)

2D Lattice
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1. The Lattice

dx

dx

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

Coordinates:
{xn1n2

}

ni = 1, 2, . . . . , N (i = 1,2)
(N2 entries)

2D Lattice

Lattice function:

F(x) ⟶ f(n1, n2) ≡ F(xn1n2
)

{f(n)}; n ≡ (n1, n2)



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 17

1. The Lattice

dx

dx

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n2 = 6

n2 = 5

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

Coordinates:
{xn1n2

}

ni = 1, 2, . . . . , N (i = 1,2)
(N2 entries)

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

̂i ≡ unit vector in i-direction
(i = 1,2)

2D Lattice

Lattice function:

F(x) ⟶ f(n1, n2) ≡ F(xn1n2
)

{f(n)}; n ≡ (n1, n2)
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1. The Lattice

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

dx

n3 = 3
n3 = 4

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
dx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{dx

3D Lattice
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1. The Lattice

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

dx

n3 = 3
n3 = 4

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
dx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{dx

3D Lattice Coordinates:
{xn1n2n3

}
ni = 1, 2, . . . . , N (i = 1,2,3)

(N3 entries)
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1. The Lattice

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

dx

n3 = 3
n3 = 4

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{
dx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{dx

3D Lattice Coordinates:
{xn1n2n3

}
ni = 1, 2, . . . . , N (i = 1,2,3)

(N3 entries)

Lattice function:

F(x) ⟶ f(n1, n2, n3) ≡ F(xn1n2n3
)

{f(n)}; n ≡ (n1, n2, n3)



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 18

1. The Lattice

n1 = 1 n1 = 2 n1 = 3 n1 = 4

n2 = 1

n2 = 3

n2 = 2

n2 = 4

n3 = 2
n3 = 1

dx

n3 = 3
n3 = 4
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{
dx

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit>

{dx

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

̂i ≡ unit vector in i-direction
(i = 1,2,3)

3D Lattice Coordinates:
{xn1n2n3

}
ni = 1, 2, . . . . , N (i = 1,2,3)

(N3 entries)

Lattice function:

F(x) ⟶ f(n1, n2, n3) ≡ F(xn1n2n3
)

{f(n)}; n ≡ (n1, n2, n3)
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1. The Lattice

{xn1n2...nd
} (Nd entries)

ni = 1, 2, . . . . , N i = 1,2,...,d

Coordinates:dD Lattice
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{xn1n2...nd
} (Nd entries)
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Coordinates:

{f(n)} n ≡ (n1, n2, . . . , nd)

F(x) ⟶ f(n1, n2, . . . , nd) ≡ F(xn1n2...nd
)

Lattice function:

dD Lattice

"Good" lattice spacing IF: 

f(n + ̂i ) − f(n)
dx

≈
∂F
∂xi (n+ ̂i/2)dx

̂i ≡ unit vector in i-direction
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2. Boundary conditions

What about the boundaries?

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7) f(N )

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = N

(example, N = 8)
{f(n)}

(N = 8)
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

f(N )

n = N
(N = 8)

(example, N = 8)

What about the boundaries?
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

f(N )

n = N
(N = 8)

(example, N = 8)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}f(1) ≡ F(x1) ; f(N) ≡ F(xN)Fixed Boundary 
Conditions

What about the boundaries?
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

f(n, t) ≡ F(xn, t), n = 2,3,..,N − 1

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

f(N )

n = N
(N = 8)

(example, N = 8)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}f(1) ≡ F(x1) ; f(N) ≡ F(xN)Fixed Boundary 
Conditions

What about the boundaries?
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

f(N )

n = N
(N = 8)

(example, N = 8)

What about the boundaries?
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}

f(N )

n = N
(N = 8)

(example, N = 8)

n = 0 n = N+1

? ? 

What about the boundaries?
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2. Boundary conditions

x 

f(1)
f(2) f(3) f(4)

f(5)
f(6)

f(7)

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

{f(n)}
f(1)

f(N )

n = 0

f(N )

n = N
(N = 8)

n = N+1

f(n, t) ≡ F(xn, t) , n = 1,2,3,..,N

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}f(N + 1,t) ≡ f(1,t) ; f(0,t) ≡ f(N, t)Periodic Boundary 
Conditions

(example, N = 8)

What about the boundaries?



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 25

2. Boundary conditions

Periodic Boundary Conditions: 1D

n = 2

n = 3

n = 4

n = N

n = 1

n = N -1

boundary

f(1)
f(2)

f(3)

f(4)

f(N )

f(N − 1)

f(N + 1) ≡ f(1)
f(0) ≡ f(N )

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

Torus (T1)
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n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n2 = 1

26

2. Boundary conditions

n1 = 2 n1 = 3 n1 = N − 1 n1 = Nn1 = 1

Periodic Boundary Conditions: 2D
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n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n2 = 1

26

2. Boundary conditions

n1 = 2 n1 = 3 n1 = N − 1 n1 = Nn1 = 1 n1 = N + 1

Periodic Boundary Conditions: 2D
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n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = 1

n2 = 1
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2. Boundary conditions
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Periodic Boundary Conditions: 2D
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n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = 1

n2 = 1

26

2. Boundary conditions

n1 = 2 n1 = 3 n1 = N − 1 n1 = Nn1 = 1

n2 = N + 1

n1 = N + 1

Periodic Boundary Conditions: 2D
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n2 = 3

n2 = 2

n2 = N

n2 = N − 1

n1 = 1

n2 = 1

26

2. Boundary conditions

n1 = 2 n1 = 3 n1 = N − 1 n1 = Nn1 = 1

n2 = N + 1

n1 = N + 1

Periodic Boundary Conditions: 2D

n2 = 1
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2. Boundary conditions

Periodic Boundary Conditions: 2D
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2. Boundary conditions

Bulk

Periodic Boundary Conditions: 2D
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2. Boundary conditions

Boundary

Bulk

Periodic Boundary Conditions: 2D
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2. Boundary conditions

Ghost 
cells

Periodic Boundary Conditions: 2D
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2. Boundary conditions

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Periodic Boundary Conditions: 2D
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2. Boundary conditions

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2)

Periodic Boundary Conditions: 2D
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2. Boundary conditions

{n ≡ (n1, n2)} , {f(n)} ,

(N2 entries)

ni = 1, 2, . . . . , N ; i = 1,2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2)

Torus (T2)

Periodic Boundary Conditions: 2D
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2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Periodic Boundary Conditions: 3D
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2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Periodic Boundary Conditions: 3D
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Torus (T3)

30

2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Periodic Boundary Conditions: 3D
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Torus (T3)

30

2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Periodic Boundary Conditions: 3D
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Torus (T3)

30

2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Periodic Boundary Conditions: 3D
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2. Boundary conditions

{n ≡ (n1, n2, n3)} , {f(n)} ,

(N3 entries)
ni = 1, 2, . . . . , N ; i = 1,2,3

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

Periodic Boundary Conditions: 3D
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2. Boundary conditions

{n ≡ (n1, n2, . . . , nd)} , {f(n)} ,

(Nd entries)
ni = 1, 2, . . . . , N ; i = 1,2,...,d

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Periodic Boundary Conditions: d-D
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2. Boundary conditions

{n ≡ (n1, n2, . . . , nd)} , {f(n)} ,

(Nd entries)
ni = 1, 2, . . . . , N ; i = 1,2,...,d

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,…,d)

Periodic Boundary Conditions: d-D
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2. Boundary conditions

{n ≡ (n1, n2, . . . , nd)} , {f(n)} ,

(Nd entries)
ni = 1, 2, . . . . , N ; i = 1,2,...,d

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,…,d)

Torus (Td)

Periodic Boundary Conditions: d-D
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3. Fourier lattice

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} fj(n + N ̂i ) ≡ fj(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

[ j = 1, 2 ,…, # ]

ni = 1, 2, . . . . , N ; i = 1,2,3

Real Lattice
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3. Fourier lattice

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} fj(n + N ̂i ) ≡ fj(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

[ j = 1, 2 ,…, # ]

ni = 1, 2, . . . . , N ; i = 1,2,3ni = 0, 1, . . . . , N − 1 ; i = 1,2,3

Real Lattice
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3. Fourier lattice

{n ≡ (n1, n2, n3)} , {fj(n)}

(N3 sites)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} fj(n + N ̂i ) ≡ fj(n)
Periodic 

Lattice ̂i ≡ unit vector in i-direction
(i = 1,2,3)

N : number of points/dimension

L = N ⋅ δx : length side

δx

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

δx ≡
L
N

: lattice spacing

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{

[ j = 1, 2 ,…, # ]

ni = 1, 2, . . . . , N ; i = 1,2,3ni = 0, 1, . . . . , N − 1 ; i = 1,2,3

Real Lattice
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 34

3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ) ⇔ f(ñ) ≡ ∑

n

e−i 2π
N nñf(n)
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )

⇔ f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )

⇔ f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)

f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ni = 0,1,...,N − 1
Discrete Position:

n = (n1, n2, n3)

Real Lattice

Periodicity condition:
̂i ≡ unit vector in    -directionni

δ x

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

f (n)
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )

⇔ f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)

f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ni = 0,1,...,N − 1
Discrete Position:

n = (n1, n2, n3)

Real Lattice

Periodicity condition:
̂i ≡ unit vector in    -directionni

δ x

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

f (n)

Fourier Lattice
kmin
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{2k (i)
max
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )

⇔ f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)

Discrete Momentum: ñ = (ñ1, ñ2, ñ3)
ñi = −

N
2

+ 1,..., − 1, 0, 1,...,
N
2
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}f(n + N ̂i ) ≡ f(n)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ni = 0,1,...,N − 1
Discrete Position:

n = (n1, n2, n3)

Real Lattice

Periodicity condition:
̂i ≡ unit vector in    -directionni

δ x

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

f (n)

Fourier Lattice
kmin

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{2k (i)
max
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f (ñ)
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3. Fourier lattice
Definition of discrete Fourier Transform:

f(n) ≡
1

N3 ∑̃
n

e+i 2π
N ñnf(ñ)

( ∑
n

ei 2π
N nñ = N3δ0,ñ )

⇔ f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)

f(ñ + N ̂i ) ≡ f(ñ)
̂i ≡ unit vector in    -directionñi

Periodic FT modes:

Discrete Momentum: ñ = (ñ1, ñ2, ñ3)
ñi = −

N
2

+ 1,..., − 1, 0, 1,...,
N
2
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}f(n + N ̂i ) ≡ f(n)
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}ni = 0,1,...,N − 1
Discrete Position:

n = (n1, n2, n3)

Real Lattice

Periodicity condition:
̂i ≡ unit vector in    -directionni

δ x

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

f (n)

Fourier Lattice
kmin

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{2k (i)
max
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f (ñ)
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3. Fourier lattice

k =
2π
L

ñ
Physical momenta captured  

by the Fourier lattice: 
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3. Fourier lattice

k =
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(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

Physical momenta captured  
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

Physical momenta captured  
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

k1 > 0k1 < 0

Physical momenta captured  
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

k1 > 0k1 < 0

k2 > 0

k2 < 0

Physical momenta captured  
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
Physical momenta captured 

by the Fourier lattice: 

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

kIR

kIR ≡
2π
L

Infrared momentum: 
Minimum momentum 
captured by the lattice.
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3. Fourier lattice

k =
2π
L

ñ
Physical momenta captured 

by the Fourier lattice: 

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

kIR

kIR ≡
2π
L

Infrared momentum: 
Minimum momentum 
captured by the lattice.

k(ñ) = ñ kIR

Linear  
Momentum

k(ñ)
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3. Fourier lattice

k =
2π
L

ñ
Physical momenta captured 

by the Fourier lattice: 

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ3 = 0[Slice           ]              

ñ1 = −
N
2

+ 1
ñ1 = 0 ñ1 =

N
2

kIR

kIR ≡
2π
L

Infrared momentum: 
Minimum momentum 
captured by the lattice.

Nyquist momentum:

kNyquist ≡
N
2

kIR =
π

dx

kNyquist

k(ñ) = ñ kIR

Linear  
Momentum

k(ñ)
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

kmin

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }
Physical momenta captured 

by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

kmin

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }kUV Ultraviolet momentum: Maximum 
momentum captured by the lattice.

Physical momenta captured 
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

kmin

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

kUV ≡ d
N
2

kIR = d
π

dx

kUV Ultraviolet momentum: Maximum 
momentum captured by the lattice.

Physical momenta captured 
by the Fourier lattice: 
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3. Fourier lattice

k =
2π
L

ñ
(k1, k2, k3) =

2π
L

(ñ1, ñ2, ñ3)

ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

kmin

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }

IR (min) and UV (max)  
momenta for d=3:

kIR =
2π
L kUV =

3
2

NkIR

kUV ≡ d
N
2

kIR = d
π

dx

kUV Ultraviolet momentum: Maximum 
momentum captured by the lattice.

Physical momenta captured 
by the Fourier lattice: 
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3. Fourier lattice

Fourier Lattice
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,...,d)f(ñ + N ̂i ) ≡ f(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kIR ≡
2π
L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kUV ≡ d
N
2

kIR = d
π

dx

38
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3. Fourier lattice

Fourier Lattice
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}ñi = −
N
2

+ 1,..., − 1, 0, 1,...,
N
2

(i = 1,2,...,d)f(ñ + N ̂i ) ≡ f(ñ)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kIR ≡
2π
L

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kUV ≡ d
N
2

kIR = d
π

dx

L ≡ Ndx

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit> }dx

Real Lattice
<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}(i = 1,2,...,d)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} f(n + N ̂i ) ≡ f(n)

ni = 1,2,...,N

(reciprocal)

38
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4. Lattice derivatives

dx Spatial Coordinates

f(1)
f(2) f(4)
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f(3)

t = t1
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4. Lattice derivatives

dx Spatial Coordinates
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f(5)
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f(3)

t = t1

t = t2

 dt

(t2 = t1 + dt)

(time step)
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4. Lattice derivatives

dx Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t1

t = t2

 dt

(t2 = t1 + dt)

(time step)

dx

f(1)
f(2) f(4)

f(5) f(6)
f(3)

Spatial Coordinates
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4. Lattice derivatives

dx Spatial Coordinates

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

t = t1

n0 = 1, 2, 3, . . . , # (time steps)

New notation: n ≡ (n0, n) = (n0, n1, n2, n3)

ni = 0, 1,..., N − 1 ; i = 1,2,3

t = t2

 dt

(t2 = t1 + dt)

(time step)

dx

f(1)
f(2) f(4)

f(5) f(6)
f(3)

Spatial Coordinates
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4. Lattice derivatives

Neutral derivative: [∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ
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4. Lattice derivatives

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

[∇(0)
μ f ](n) =

f(n + ̂μ) − f(n − ̂μ)
2dxμ
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4. Lattice derivatives

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)[∇(0)

μ f ](n) =
f(n + ̂μ) − f(n − ̂μ)

2dxμ
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4. Lattice derivatives

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

dx , dt

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)[∇(0)

μ f ](n) =
f(n + ̂μ) − f(n − ̂μ)

2dxμ
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4. Lattice derivatives

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

dx , dt

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)[∇(0)

μ f ](n) =
f(n + ̂μ) − f(n − ̂μ)

2dxμ

(+): Forward ;  (-): Backward

Charged derivative: [∇±
μ f ] =

±f(n ± ̂μ) ∓ f(n)
dxμ
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4. Lattice derivatives

[∇(+)
μ f ](3.0) ≡

f(4) − f(3)
dxμ

f(2) f(4)f(3)

dxμ [∇(+)
μ f ](3.5) ≡

f(4) − f(3)
dxμ

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

dx , dt

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)[∇(0)

μ f ](n) =
f(n + ̂μ) − f(n − ̂μ)

2dxμ

(+): Forward ;  (-): Backward

Charged derivative: [∇±
μ f ] =

±f(n ± ̂μ) ∓ f(n)
dxμ
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4. Lattice derivatives

[∇(+)
μ f ](3.0) ≡

f(4) − f(3)
dxμ

f(2) f(4)f(3)

dxμ [∇(+)
μ f ](3.5) ≡

f(4) − f(3)
dxμ

Neutral derivative:

[∇(0)
μ f ](3) ≡

f(4) − f(2)
2dxμ

f(2) f(4)f(3)

dxμ

dx , dt

⟶ ∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dx2
μ)[∇(0)

μ f ](n) =
f(n + ̂μ) − f(n − ̂μ)

2dxμ

(+): Forward ;  (-): Backward

Charged derivative: [∇±
μ f ] =

±f(n ± ̂μ) ∓ f(n)
dxμ

∂i𝚏(x)
x ≡ ndx+n0dt

+ 𝒪(dxμ)

∂i𝚏(x)
x ≡ (n± ̂μ/2)dxμ

+ 𝒪(dx2
μ)

⟶

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

⟶ ∂μ𝚏(3) + 𝒪(dxμ)

⟶ ∂μ𝚏(3.5) + 𝒪(dx2
μ)
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4. Lattice derivatives

Arbitrary derivative:

[∇i f](l)
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4. Lattice derivatives

Arbitrary derivative:

Linear combination 
of weights: Di(l,m)

(real-valued function of  
two lattice coordinates)

= ∑
m

Di(l, m)f(m)[∇i f](l)
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4. Lattice derivatives

Arbitrary derivative:

Invariant under 
translations

= ∑
m

Di(l − m)f(m)

Linear combination 
of weights: Di(l,m)

(real-valued function of  
two lattice coordinates)

= ∑
m

Di(l, m)f(m)[∇i f](l)
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4. Lattice derivatives

Arbitrary derivative:

= ∑
m′￼

Di(m′￼)f(l − m′￼)

shiftInvariant under 
translations

= ∑
m

Di(l − m)f(m)

Linear combination 
of weights: Di(l,m)

(real-valued function of  
two lattice coordinates)

= ∑
m

Di(l, m)f(m)[∇i f](l)
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4. Lattice derivatives

Arbitrary derivative:

<latexit sha1_base64="xUq8BMde2tyMedpmkVXHuuBT07E="></latexit>

D0
i (m

0) =
�m0,�ı̂ � �m0 ,̂ı

2dx
,

<latexit sha1_base64="Oib+jyI8aYx4UxIQlTc1jR7hapU="></latexit>

D±
i (m

0) =
±�m0,⌥ı̂/2 ⌥ �m0,±ı̂/2

dx
, if l = n+

ı̂

2
,

<latexit sha1_base64="rjHeMDkfwnJEvo/B9NDXSz7+DY4="></latexit>

D±
i (m

0) =
±�m0,⌥ı̂ ⌥ �m0,0

dx
, if l = n ,

Neutral: Charged:

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[
<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit>

[

= ∑
m′￼

Di(m′￼)f(l − m′￼)

shiftInvariant under 
translations

= ∑
m

Di(l − m)f(m)

Linear combination 
of weights: Di(l,m)

(real-valued function of  
two lattice coordinates)

= ∑
m

Di(l, m)f(m)[∇i f](l)
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4. Lattice derivatives

"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
f(1)

f(2) f(4)
f(5)

f(6)

f(3)
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4. Lattice derivatives

"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
f(1)

f(2) f(4)
f(5)

f(6)

f(3)

 Smallness of dxμ

dxμ
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4. Lattice derivatives

"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}Lattice Derivative operator ∇μ

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

 Smallness of dxμ

dxμ
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4. Lattice derivatives

"Goodness" of Lattice  
representation of  
continuum fields

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} controlled by

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}Lattice Derivative operator ∇μ

f(1)
f(2) f(4)

f(5)
f(6)

f(3)

 Smallness of dxμ

dxμ

Location where operator 'lives' nμ ± aμ
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4. Lattice derivatives

Lattice Derivative
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4. Lattice derivatives

Lattice Derivative Lattice Momentum
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)

Fourier transform 
of a Lattice Derivative: 

f (ñ) ≡ ∑
n

e−i 2π
N nñf (n)

[∇i f ](ñ) = ∑
n

e− 2πi
N ñ⋅n ∑

m

Di(n − m)f(m)

( ) 
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)

= ∑
n′￼

e
−2πi

N ñ⋅n′￼Di(n′￼)∑
m

e
−2πi

N ñ⋅mf(m)

Fourier transform 
of a Lattice Derivative: 

f (ñ) ≡ ∑
n

e−i 2π
N nñf (n)

[∇i f ](ñ) = ∑
n

e− 2πi
N ñ⋅n ∑

m

Di(n − m)f(m)

( ) 
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)

= ∑
n′￼

e
−2πi

N ñ⋅n′￼Di(n′￼)∑
m

e
−2πi

N ñ⋅mf(m)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} <latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
f(ñ)≡ −ikLat,i(ñ)

Fourier transform 
of a Lattice Derivative: 

f (ñ) ≡ ∑
n

e−i 2π
N nñf (n)

[∇i f ](ñ) = ∑
n

e− 2πi
N ñ⋅n ∑

m

Di(n − m)f(m)

( ) 
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)

= ∑
n′￼

e
−2πi

N ñ⋅n′￼Di(n′￼)∑
m

e
−2πi

N ñ⋅mf(m)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

} <latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
f(ñ)≡ −ikLat,i(ñ)

Fourier transform 
of a Lattice Derivative: 

f (ñ) ≡ ∑
n

e−i 2π
N nñf (n)

[∇i f ](ñ) = ∑
n

e− 2πi
N ñ⋅n ∑

m

Di(n − m)f(m)

( ) 

Lattice Momentum: kLat(ñ) = i∑
n′￼

e
−2πi

N ñn′￼ ⃗D(n′￼)
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4. Lattice derivatives

Lattice Derivative Lattice Momentum

weights define 
Lattice 

momentum

Lattice derivative: [∇i f ](n) = ∑
m′￼

Di(m′￼)f(n − m′￼)

= ∑
n′￼

e
−2πi

N ñ⋅n′￼Di(n′￼)∑
m

e
−2πi

N ñ⋅mf(m)
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}
f(ñ)≡ −ikLat,i(ñ)

Fourier transform 
of a Lattice Derivative: 

f (ñ) ≡ ∑
n

e−i 2π
N nñf (n)

[∇i f ](ñ) = ∑
n

e− 2πi
N ñ⋅n ∑

m

Di(n − m)f(m)

( ) 

Lattice Momentum: kLat(ñ) = i∑
n′￼

e
−2πi

N ñn′￼ ⃗D(n′￼)
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4. Lattice derivatives

Lattice Momentum:
weights define 

Lattice 
momentum

kLat(ñ) = i∑
n′￼

e
−2πi

N ñn′￼ ⃗D(n′￼)
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4. Lattice derivatives

Lattice Momentum:
weights define 

Lattice 
momentum

kLat(ñ) = i∑
n′￼

e
−2πi

N ñn′￼ ⃗D(n′￼)

Neutral derivative: k 0
Lat,i =

sin(2πñi /N )
dx

[∇(0)
μ f ](n) =

f (n + ̂μ) − f (n − ̂μ)
2d xμ
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} k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
 if l = n ±

̂i
2

k±
Lat,i =

sin(2πñi /N )
dx

∓ i
1 − cos(2πñi /N )

dx
 if l = n

Charged derivative:
[∇±

μ f ] =
±f (n ± ̂μ) ∓ f (n)

d xμ
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4. Lattice derivatives

k (Lin)
Lat,i = ñi

2π
Ndx

, k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
,Lineal: Charged:

(if l = n ± ̂ı
2

)
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4. Lattice derivatives

k (Lin)
Lat,i = ñi

2π
Ndx

, k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
,Lineal: Charged:

(if l = n ± ̂ı
2

)

(N =128)
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4. Lattice derivatives

k (Lin)
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2π
Ndx
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Lat,i = 2
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4

~3%

(Half 
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sin(πñi /N )

dx
,Lineal: Charged:

(if l = n ± ̂ı
2

)

(N =128)

~13%

N
2

(Nyquist)

N
4

~3%

(Half 
Nyquist)



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 46

4. Lattice derivatives

k (Lin)
Lat,i = ñi

2π
Ndx

, k +
Lat,i = k−

Lat,i = 2
sin(πñi /N )

dx
,Lineal: Charged:

(if l = n ± ̂ı
2

)

(N =128)

~13%

N
2

(Nyquist)

N
4

~3%

(Half 
Nyquist) 3

N
2

2
N
2

~25%

(Second 
Nyquist)

(Max. 
UV)
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5. Discrete power spectrum

Fourier transform of a continuous function:

𝚏k(t) = ∫ d3x e−ik⋅x 𝚏(x, t)𝚏(x, t) =
1

(2π)3 ∫ d3k 𝚏k(t) eik⋅x



Cosmo𝓛attice school 2025 - LECTURE 1 22nd September 2025 48

5. Discrete power spectrum

Fourier transform of a continuous function:

𝚏k(t) = ∫ d3x e−ik⋅x 𝚏(x, t)𝚏(x, t) =
1

(2π)3 ∫ d3k 𝚏k(t) eik⋅x

⟨𝚏2(x, t)⟩ = ∫ d log k Δ𝚏(k, t) ,
Ensemble 
Average

Δ𝚏(k, t) ≡
k3

2π2
𝒫𝚏(k, t) Power 

Spectrum 

⟨𝚏k(t)𝚏k′￼(t)⟩ = (2π)3𝒫𝚏(k, t)δ(k − k′￼)* 2-point 
Funct. 

Power spectrum (continuum):
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5. Discrete power spectrum

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2
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}

kNyquist

kUV

kIR ≡
2π
L

= d
π

dx
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5. Discrete power spectrum
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kNyquist

kUV

kIR ≡
2π
L

= d
π

dx

k1 + kIR

k1
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5. Discrete power spectrum

k1

k1 + kIR

Bin 1: k(ñ) ∈ [k1, k1 + kIR]

≡ R1
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k1

k1 ≃ n1kIRAverage momenta:
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k1

k1 ≃ n1kIRAverage momenta:

{𝚏k} ;Modes within the shell:
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k1

k1 ≃ n1kIRAverage momenta:

{𝚏k} ;Modes within the shell:

#1 ≃ Ωdnd−1
1

(d-dimensional solid  
angle in d spatial dims)

Ω3 = 4π

MULTIPLICITY:
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5. Discrete power spectrum

k1

k1 + kIR

|𝚏k1
|2 ≡ ⟨ |𝚏k |2 ⟩R1

Bin 1: k(ñ) ∈ [k1, k1 + kIR]

≡ R1
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5. Discrete power spectrum

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′￼⟩ = (2π)3𝒫𝚏(k)δ(k − k′￼)
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5. Discrete power spectrum

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
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⟨ f 2⟩V =
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N3 ∑
n

f 2(n)
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5. Discrete power spectrum
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2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′￼⟩ = (2π)3𝒫𝚏(k)δ(k − k′￼)

Lattice:

⟨ f 2⟩V =
1

N3 ∑
n

f 2(n)

Lattice FT

=
1

N6 ∑̃
n

𝚏(ñ)
2
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5. Discrete power spectrum

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
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Radial-Angular 
Decomposition

≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

#|ñ| ≃ 4π | ñ |2
MULTIPLICITY:
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5. Discrete power spectrum
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𝚏(ñ)
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Radial-Angular 
Decomposition
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Δ log k(ñ)
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Δ log k(ñ) ≡
kIR

k(ñ)

k(ñ) ≡ kIR | ñ |( )

≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

#|ñ| ≃ 4π | ñ |2
MULTIPLICITY:

Lattice FT

=
1

N6 ∑̃
n

𝚏(ñ)
2
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5. Discrete power spectrum

Continuum: ⟨𝚏2⟩ = ∫ d log k Δ𝚏(k) , Δ𝚏(k) ≡
k3

2π2
𝒫𝚏(k) , ⟨𝚏k𝚏k′￼⟩ = (2π)3𝒫𝚏(k)δ(k − k′￼)

Lattice:

⟨ f 2⟩V =
1

N3 ∑
n

f 2(n) =
1

N6 ∑
|ñ|

∑
ñ′￼∈R(ñ)

𝚏(ñ)
2

Radial-Angular 
Decomposition

= ∑
|ñ|

Δ log k(ñ)
k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Δ log k(ñ) ≡
kIR

k(ñ)

k(ñ) ≡ kIR | ñ |( )
= ∑

|ñ|

Δ log k(ñ) Δ(L)
f ( | ñ | ) (Summation 

over bins)

Lattice Power Spectrum: 

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

≃
4π
N6 ∑

|ñ|

| ñ |2 ⟨ 𝚏(ñ)
2⟩R(ñ)

#|ñ| ≃ 4π | ñ |2
MULTIPLICITY:

Lattice FT

=
1

N6 ∑̃
n

𝚏(ñ)
2
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

k1

k1 + kIR k1
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

k1

k1 + kIR k1
Based on: ⟨(⋯)⟩R(ñ) ≡

1
4π | ñ |2 ∑

ñ′￼∈R(ñ)

(⋯)

Multiplicity 
≃ 4π | ñ |2
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≡

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

k1

k1 + kIR k1
Based on: ⟨(⋯)⟩R(ñ) ≡

1
4π | ñ |2 ∑

ñ′￼∈R(ñ)

(⋯)

Multiplicity 
≃ 4π | ñ |2

#|ñ|

Is multiplicity 

≃ 4π | ñ |2 ?
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5. Discrete power spectrum

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}

kNyquist

kIR ≡
2π
L

= d
π

dx
kUV
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5. Discrete power spectrum

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ works 
Ok-ish 

#|ñ|

Is multiplicity 

≃ 4π | ñ |2?
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5. Discrete power spectrum

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

~ Very  
good 

#|ñ|

Is multiplicity 

≃ 4π | ñ |2?
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5. Discrete power spectrum

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

kNyquist

#|ñ|

Is multiplicity 

≃ 4π | ñ |2?

Excellent! 
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5. Discrete power spectrum

ñ1 = −
N
2

+ 1 ñ1 = 0

ñ2 = −
N
2

+ 1

ñ2 = 0

ñ2 =
N
2

ñ1 =
N
2

k > kNyquist

~ works 
Badly

#|ñ|

Is multiplicity 

≃ 4π | ñ |2?
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

k1

k1 + kIR k1

Assuming multiplicity                 we found: 4π | ñ |2
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

k1

k1 + kIR k1

Assuming multiplicity                 we found: 

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Using real multiplicity we find (similar computation as before):

4π | ñ |2
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

k1

k1 + kIR k1

Assuming multiplicity                 we found: 

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Using real multiplicity we find (similar computation as before):
1 ≲ | ñ | ≤ N/2

(sub-Nyquist freq.'s)

4π | ñ |2
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5. Discrete power spectrum

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity 
≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

k1

k1 + kIR k1

Assuming multiplicity                 we found: 

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Using real multiplicity we find (similar computation as before):
1 ≲ | ñ | ≤ N/2

(sub-Nyquist freq.'s)

4π | ñ |2

See Technical Note I, on the 
definition of Power Spectrum 

https://cosmolattice.net/technicalnotes/
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Version (for e.g. Type I)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Version (for e.g. Type I)

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)
1: k(l) =

1
2

(k (l)
max + k(l)

min(l))
(Mean bin momentum)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Version (for e.g. Type I)

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)
1: k(l) =

1
2

(k (l)
max + k(l)

min(l))
(Mean bin momentum)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2

Δ(I)
f (l) =

⟨k(ñ′￼)⟩lδx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)

2: ⟨k(ñ′￼)⟩l ≡
kIR

#l ∑
ñ′￼∈R(l)

| ñ′￼|

(Weighted bin momentum)
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Version (for e.g. Type I)

Δ(I)
f (l) =

δx#l

2πN5 ⟨k(ñ′￼) | f(ñ′￼)
2⟩

R(l)
3: 

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)
1: k(l) =

1
2

(k (l)
max + k(l)

min(l))
(Mean bin momentum)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2

Δ(I)
f (l) =

⟨k(ñ′￼)⟩lδx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)

2: ⟨k(ñ′￼)⟩l ≡
kIR

#l ∑
ñ′￼∈R(l)

| ñ′￼|

(Weighted bin momentum)
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5. Discrete power spectrum
CosmoLattice Choose: Type + Version + Verbosity

(Correct for all lattice sites)

     Real 
Multiplicity 

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(#|ñ|Type-I Lattice PS: Δ(L)
f ( | ñ | ) ≡

|k(ñ) |dx
2πN5

#|ñ| ⟨ f(ñ′￼)
2⟩

R(ñ)

Version (for e.g. Type I)

Δ(I)
f (l) =

δx#l

2πN5 ⟨k(ñ′￼) | f(ñ′￼)
2⟩

R(l)
3: 

Δ(I)
f (l) =

k(l)δx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)
1: k(l) =

1
2

(k (l)
max + k(l)

min(l))
(Mean bin momentum)

    Correct for Sub-Nyquist  
modes only:

Δ(L)
f ( | ñ | ) ≃

k3(ñ)
2π2

L3

N6 ⟨ 𝚏(ñ)
2⟩R(ñ)

Multiplicity: 
#|ñ| ≃ 4π | ñ |2

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
Type-II Lattice PS:

1 ≲ | ñ | ≤ N/2

Δ(I)
f (l) =

⟨k(ñ′￼)⟩lδx
2πN5

#l⟨ f(ñ′￼)
2⟩

R(l)

2: ⟨k(ñ′￼)⟩l ≡
kIR

#l ∑
ñ′￼∈R(l)

| ñ′￼|

(Weighted bin momentum) {k(l), ⟨k(ñ′￼)⟩l, rms(k(ñ′￼)), k(l)
min, k (l)

max

{k(l), Δ(X)
f (l)}

{⟨k(ñ′￼)⟩l, Δ(X)
f (l)}

Δ(X)
f , ⟨Δ(X)

f ⟩, rms(Δ(X)
f ), Δ(X)

min, Δ(X)
max}

Verbosity (output)

1: 

2: 

0: 
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6. Summary

Summary
* Lattice Definition 
* Fourier Transform 
* Fourier Lattice (Reciprocal) 
* Lattice Derivatives 
* Lattice Momenta 
* Power Spectrum 



THANK YOU!
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NkIR Set by  
physics problem


