Institut de Ciéncies del Cosmos EXCELENCIA = o SSEP AGENCIA
MARIA il DF CIENCIA, INNOVACION ESTATAL De
UNIVERSITAT pe BARCELONA DE MAEZTU B S ke DADES INVESTIGACION

<>

CosmoZLattice school:

Lecture 1: Welcome to the Lattice!

Francisco Torrenti
ICCUB & U. Barcelona

CosmoZLattice school 2025 - IBS, Daejeon, Korea






WHAT IS

Lattice

Lecture 1



WHAT IS

(Zoomeo

?

Lecture 2




Lectures 3,4, 5...



gl Tableofcontents

1. The Lattice

2. Boundary conditions
3. Reciprocal lattice

4. Lattice derivatives

5. Discrete power spectrum

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 6



gl Tableofcontents

1. The Lattice

2. Boundary conditions
3. Reciprocal lattice
4. Lattice derivatives

5. Discrete power spectrum

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 7



Lattice: set of regular
discrete coordinates

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 8



Lattice: set of regular
discrete coordinates

1D Lattice

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 8



Lattice: set of regular
discrete coordinates

1D Lattice

N=38
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g 1.TheLattice

Lattice: set of regular
discrete coordinates

1D Lattice

N=38

(lattice spacing)

dx
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Lattice: set of regular

. . 1D Lattice
discrete coordinates
N =28

Y (lattice spacing)

A

' dx

—>
' ® o ® ® o ® ® ®&— X
.
X Xy X3 Xy Xs X X7 Xg
Z
Coordinates: x,}; X, = X+ + ndx; n=1,2, . N

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 8



Continuous F(X)

/\/
ﬂ

o —0—0—0 00 00—

Coordinates: {x }; X, = X« + ndx; n=12,....,N
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Continuous F(X)

function

 ——
o o o o @ ® o o —
xl x2 .X3 X4 x5 x6 .x7 x8
Coordinates: x,}; X, = X« + ndx; n=12,....,N
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B (1)) S PO © @

(1) ) ¢ * f) Lattice
* £(6) representation
*
7
L s
dx T

Coordinates: {xn}; X, = X« + ndx; n=1,2,....,N
Lattice function: {f(n)}; [ =Fx,=x.+ndx); n=12,....,N
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F(x) @ 1O @
t A

#(5) “"Good"” lattice
Representation

t—>
o ® ® o @ ® o ®— X
.xl x2 .X3 .X4 x5 x6 .x7 XS
Coordinates: {xn}; X, = X« + ndx; n=1,2,....,N
Lattice function: {f(n)}; [ =Fx,=x.+ndx); n=12,....,N
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J(4)

BAD lattice
Representation

>
® ® o ® ® ® ® ®— X
X Xy X; Xy Xs X X7 Xg
Coordinates: {xn}; X, = X« + ndx; n=1,2,....,N
Lattice function: {f(n)}; [ =Fx,=x.+ndx); n=12,....,N
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F(x) O RAS (O
t A

£(5) OK-ish lattice
Representation

J(8)
dx
® ® o ® ® o ® — X
X Xy X3 Xy Xs X X7 Xg
Coordinates: {xn}; X, = X« + ndx; n=1,2,....,N
Lattice function: {f(n)}; [ =Fx,=x.+ndx); n=12,....,N
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F(x) O RAS (O
t A

f(5) OK-ish lattice
Representation

£(8)
dx
«—> R
® ® ® o ® ® ® ®— X
X X, X3 X, Xs X¢ X7 Xg

dx must be chosen such that:
f(n+1)—f(n)| ~ | F'(x,110) | dx

to represent well your derivatives!

(more on this
later on)
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F EX) 3 1O ) “Good" lattice

Representation

& sy 1O
| o-0-0-0-0-0-0-0-0-¢
X

Xl Xy X3 Xy X5 Xg X7 Xg Xg Xig X711 X2 X13 X14 X15 X6
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F EX) 3 1O ) “Good" lattice

Representation

ax g /19
| 0-0-0-90-90-0-0-0-0-¢

Xl Xy X3 Xy X5 Xg X7 Xg Xg Xig X711 X2 X13 X14 X15 X6

Better lattice representation
Price to pay: must store twice as many numbers
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ax

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 16



1. The Lattice

2D Lattice
dx
m=6 @ @ | . | @
Idx
m=5 @ . . . | @
n,=4 @ o o o ® ®
m=3 @ | | . | @
m=2 @ @ @ ® | @
m=1 @ @ @ ® @ @
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g 1 Thelattice

2D Lattice Coordinates:
Jx {Xpn,}  (N? entries)
n=12,.....N (=12
n=6 @ ® o o o o
Idx
n=5 @ o o o o ®
n, =4 @ o @ @ o o
n=3 @ ® o @ ® o
n=2 @ o o ® o o
n=1 @ o o o o o

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 17



g 1.Thelattice

2D Lattice Coordinates:
Jx {Xpn,}  (N? entries)
n=12,.....N (i=1,2)
=6 @ ® ® ® ® o
Idx Lattice function:
n, =25
% ¢ & o ¢ Fx) — f(n,ny) = F(x,,)

n=4+ @&—0@—0—0—0—0@ [fn)}; n=@n,n)
n=3 @ @ ® ® ® o
n=2 @ ® ® ® ® ®
m=1 @ @ ® ® ® o
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g 1.Thelattice

2D Lattice Coordinates:
Jx {Xpn,}  (N? entries)
n=12,.....N (i=1,2)
n=6 @ o o o o o
Idx Lattice function:
=5 @ @ o o o o
’ F(X) E— f(n19 n2) = F(annz)
n=4+ @&—0@—0—0—0—0@ [fn)}; n=@n,n)
n=3 @ o o o ® o
"Good" lattice spacing IF:
n=? @— @@ @ @@ €€ spacing
fn+i)—fm) oF
n, =1 . ‘ . . ’ . dx a.xl' (n+f/2)dx
m=l m=2 m=3 m=4 m=5 m=0 i = unit vector in i-direction
i=1,2)
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1. The Lattice

3D Lattice
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1. The Lattice

3D Lattice Coordinates:

{Xn1n2n3 } (N3 entries)

n=12,.....N (i=1.2,3)
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1. The Lattice

3D Lattice Coordinates:

{Xn1n2n3 } (N3 entries)

n=12,.....N (i=1.2,3)

Lattice function:

Fx) — f(n,n,,ny) = F(x

n1n2n3)

{f(n)}; mn=(y,m.n)
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1. The Lattice

3D Lattice Coordinates:

{Xn1n2n3 } (N3 entries)

n=12,.....N (i=1.2,3)

Lattice function:

Fx) — f(n,n,,ny) = F(x

n1n2n3)

{f(n)}; n=@y,nn)

"Good" lattice spacing IF:

fn+i)—fm) oF

dx ox; (n+1/2)dx

I = unit vector in i-direction
i=1,2,3)
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1. The Lattice

dD Lattice Coordinates:

{Xpn,.n,} (N entries)

nl=1, 2,....,N i=1,2,...,d
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a‘ﬂ 1. The Lattice

dD Lattice Coordinates:

{Xpn,.n,} (N entries)

nl=1, 2,....,N i=1,2,...,d

Lattice function:
F(X) —_— f(nl,nz, .« .,nd) — F(X

n1n2...nd)

{f(n) } n=n,n,,...,ny)
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1. The Lattice

dD Lattice

Coordinates:

{Xpn,.n,} (N entries)

nl=1, 2,....,N i=1,2,...,d

Lattice function:
F(x) — f(n,n,,...,ny) = F(x

n1n2...nd)

{f(n) } n=n,n,,...,ny)

"Good" lattice spacing IF:

f@+1)—fm) oF

dx ox; (n+3/2)dx

A

| = unit vector in i-direction
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22nd September 2025 19
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

()] ) O @)
4 x X X  f5
J() *
J(7)
* *
® @ ® ® ® ® ® ® >
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N X
(N =28)
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

U} £2) fG3) A4
I T SO S
* ];('6)
*
O % 9 % (O % % >
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N X
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

U} £2) fG3) A4
I T SO S
* ];('6)
*
O % 9 % (O % % >
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N X

Conditions

Fixed Boundary { J() = F(xy) ;
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

U} £2) fG3) A4
I T SO S
* ];('6)
*
O % 9 % (O % % >
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N X

Fixed Boundary J() = F(xy) ;
Conditions f(n,t) = F(x,t), n=23.,N—1
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

U} £2) fG3) A4
4 x X K f5
JAQY, *
* ];('6)
*
O % 9 % (O % % >
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N X
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

U} £2) fG3) A4
4 x X k[0
(1) *
* ];('6)
*
? ?
o—©O % 9 % & () O ® >
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a‘ﬂ 2. Boundary conditions

What about the boundaries?

(example, N = 8)

i (An)} £2) i fi) f(4) .
fay x * f,(k) f(1)
* ];('6) *
f) PENL)
*
O () ® % S 9 () O >
N=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N n=N+1 X
(N = 8)

Periodic Boundary JWN+ 1,0 = f(1,0) ;
Conditions fn,t) = Fx,,t) ,n=1.23,..N
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 1D

() n=N

A
‘

: SN+ 1) = f(1)
fN-1)@n=N-1  JO=/W)

Torus (T1)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

m=N @ [ @ | [ _ |
m=N-1 @ | ® | | |
[ _ @ @ | | @

m=3 @ [ _ @ | | |
m=2 @ @ | _ ® ® [
m=1 @ [ ® @ [ _ @
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

m=N @ [ @ | [ _ | @
m=N-1 @ | | | | L O
[ _ @ @ | | | O

m=3 @ [ _ | | | | O
m=2 @ @ | _ ® ® | O
m=1 @ [ ® @ [ _ @ O
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

m=N @ [ | | [ | O
m=N-1 @ | | | | L O
O @ | | | | |

m=3 @ [ _ | | | | O
m=2 @ ® | | | | O
m=1 @ [ ® @ [ _ ® O

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 26



2. Boundary conditions

Periodic Boundary Conditions: 2D
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Periodic Boundary Conditions: 2D

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 26



a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

Bulk
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

Boundary

Bulk
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

Ghost
cells
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

n=(y,n)}, fm},
=12 ....,N;i=12

o~

(N? entries)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

(=0}, MY, | periodic

=12 ....,N;i=12 <}

[> f(n+ Ni) = f(n)

Lattice i = unit vector in i-direction
(i=1,2)

N

(N? entries)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 2D

(=0}, MY, | periodic

=12 ....,N;i=12 <}

[> f(n+ Ni) = f(n)

® = unit vector in i-direction
(i=1,2)

N

Lattice
(N? entries)

H

Torus (T2)

R
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 3D

{n = (n19n29 n3)} ’ {f(n)} 9\
n=12,....,N; i=1,23 }

(N3 entries)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 3D

{n = (n19n29 n3)} ’ {f(n)} 9\

| Periodic
n=12,....,N; i=1,23 } < > f(n+ Ni) = f(n)

(N 3 entr 1€S) Lattice { = unit vector in i-direction
] (=123
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| Periodic
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: 3D

{n = (n19n29 n3)} ’ {f(n)} 9\

| Periodic
n=12,....,N; i=1,23 } < > f(n+ Ni) = f(n)

(N 3 entr 1€S) Lattice { = unit vector in i-direction
] (=123

Torus (T3)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: d-D

{nE (n19n29°°-9nd)} ’ {f(n)}a\
m=1,2 . Nii=12..d |

(N? entries)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: d-D

{n = (n19n29° . °9nd)} ’ {f(n)}a\

Periodic
m=12 Ny i= 120 <} [> f(n + N?) = f(n)

(N d entr ies) Lattice { = unit vector in j-direction
/ (i=1,2,...,d)
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a‘ﬂ 2. Boundary conditions

Periodic Boundary Conditions: d-D

{n = (n19n29 s 9nd)} ’ {f(n)} 9\

Periodic
=12 N i=120d | <} :> f(n + N?) = f(n)

(N d entr ies) Lattice i = unit vector in j-direction
/ (i=1,2,...,d)

Torus (Td) \y\\\ e <

AN A
55 IR\ S
b )
i )
s \ X\
™
7 &
" .
a2
-
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g 3.Fourier lattice

Real Lattice

{n=(n,ny,ny)i, {f(n)}
n=12,....,N; i=123

(N? sites) [j=1,2,..., #]

<

Periodic -
> J(m+ Ni) = f(n)

Lattice [ = unit vector in i-direction
(i=1,2,3)
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g 3.Fourier lattice

Real Lattice
{n=(n,ny,ny)i, {f(n)}
n,=0,1,.....,N—1; i=123
(N? sites) [j=1,2,..., #]

<

Periodic -
> J(m+ Ni) = f(n)

Lattice [ = unit vector in i-direction
(i=1,2,3)
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E‘ﬂ 3. Fourier lattice

Real Lattice

{n=(n,ny,ny)i, {f(n)}
n=01,....,N—-1;i=1273

(N? sites) [j=1,2,..., #]

OX

<

Periodic -
> J(m+ Ni) = f(n)

Lattice [ = unit vector in i-direction
(i=1,2,3)

(
N : number of points/dimension

{ L =N-5bx :lengthside

L
N

| OX = : lattice spacing
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g 3.Fourier lattice

Definition of discrete Fourier Transform:

1 2 o
fm) = — D e FIfH)

~
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g 3.Fourierlattice

Definition of discrete Fourier Transform:

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n
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g 3.Fourierlattice

Definition of discrete Fourier Transform: ( D eiFni = N3, )

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n
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g 3.Fourier lattice

Definition of discrete Fourier Transform: ( D eiFni = N3, )

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n

Real Lattice

y (/if

Periodicity condition: f(n + Ni) = f(n)
{ = unit vector in 1;-direction

n= (nla n, n3)

Discrete Position:
| ™ {m:QLmN—l
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g 3.Fourierlattice

Definition of discrete Fourier Transform: ( D eiFni = N3, )

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n

Real Lattice Fourier Lattice

Periodicity condition: f(n+ Ni) =f(n) : :
{ = unit vector in 1;-direction :

n= (nla n29 n3)

Discrete Position:
™ {m:QLmN—l
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g 3.Fourierlattice

Definition of discrete Fourier Transform: ( D eiFni = N3, )

n

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n

Real Lattice Fourier Lattice

Periodicity condition: f(m+Ni) =f(n) : | piccrete Momentum:{ n = (71, 7y, 113)
{ = unit vector in 1;-direction Lo

n= (nla n, n3)

Discrete Position:
| ™ {m:QLmN—l
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g 3.Fourierlattice

Definition of discrete Fourier Transform: ( D eiFni = N3, )

n

1 27 P
f)=—= Y e F@) | & | fl)= ) e T n)

~

n

Real Lattice Fourier Lattice

Periodicity condition: f(n + Nf) =f(n) i Discrete Momentum:{ n= (Zpﬁza 73)
i = unit vector in 7;-direction fi=—o+ L., =10 L. =
n=(n,n,.n;) | Periodic FT modes: f(ii +Ni) = f(ii)

Discrete Position: {

n,=0,1,...N—1 { = unit vector in 7i;-direction

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 34



g 3.Fourier lattice

Physical momenta captured 27
: : k=—n
by the Fourier lattice: L
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g 3.Fourier lattice

Physical momenta captured
by the Fourier lattice:

k="
L

—

2r
(kla k27 k3) — T(nla n27 n3)

l

i N N
ii=——+1,. —1,0,1,., —
2 2

CosmoLattice school 2025 - LECTURE 1

22nd September 2025 35



g 3.Fourier lattice

2r .
Physical momenta captured " 21 :> (ks kg, k3) = ==, 713, 73)
. . = —1
by the Fourier lattice: L

N N
nl = —E + 1,..., - 1, O, 17"'9 E
[Slice 7i; = 0]
ﬁ2=g ° ¢ °
i,=0 ® ® *
ih=——+1 @ ® N
- N fl1=0 ny=—
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g 3.Fourier lattice

2r .
Physical momenta captured " 21 :> (ks kg, k3) = ==, 713, 73)
. . = —1
by the Fourier lattice: L

[Slice ﬁ3 — O]

i N N
ii=——+1,. —1,0,1,., —
2 2

l
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g 3.Fourier lattice

2r .
Physical momenta captured " 21 :> (ks kg, k3) = ==, 713, 73)
. . = —1
by the Fourier lattice: L

[Slice ﬁ3 — O]

i N N
ii=——+1,. —1,0,1,., —
2 2

l
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g 3.Fourier lattice

ﬂ ~ ~ ~
(kla k27 k3) — T(nla n27 n3)

Physical momenta captured K 27 :>
. . = —1
by the Fourier lattice: L i, = — g 1o —1.0, Lo.... g
k [Slice ﬁ3 — O]
N IR Infrared momentum:
iy == ¢ ¢ ¢ Minimum momentum
captured by the lattice.
= 21
R="7
i,=0 ® o o
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g 3.Fourier lattice

2r .
Physical momenta captured " 21 :> (ks kg, k3) = ==, 713, 73)
. . = —1
by the Fourier lattice: L

i N N
fi=——+1,., —=1,0, 1,.., =
2 2
k [Slice ﬁ3 — O]
N IR Infrared momentum:
iy == & ¢ i Minimum momentum

captured by the lattice.

2 . .

ki = — k() = 0k
Linear

Momentum
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g 3.Fourier lattice

ﬂ ~ ~ ~
Physical momenta captured " 21 :> (ks kg, k3) = ==, 713, 73)
. . = —1
by the Fourier lattice: L

n;

N N
—_— —_+ 1,..., - 1, 07 17”'9 T
) 2

k [Slice 7i; = 0]
IR Infrared momentum:

. N =]
fly == ¢ ¢ Minimum momentum
captured by the lattice.

Linear
Momentum

Nyquist momentum:

N T

Nyquist > IR dx
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a‘ﬂ 3. Fourier lattice

2r
(kla k27 k3) — T(nla n27 n3)

Physical momenta captured 27
: : k=—n __;>
by the Fourier lattice: L

N N
ii=——+1,., —1,0, 1,.., —
2 2

min
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E‘ﬂ 3. Fourier lattice

Physical momenta captured
by the Fourier lattice:

k="
L

2r
(kla k23 k3) — T(nla nz, n3)

—

l

i N N
ii=——+1,. —1,0,1,., —
2 2

min

kUV

Ultraviolet momentum: Maximum
momentum captured by the lattice.
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E‘ﬂ 3. Fourier lattice

2r
(kla k23 k3) — T(nla nz, n3)

Physical momenta captured 27
: : k=—n _: >
by the Fourier lattice: L

N N
ii=——+1,., —1,0, 1,.., —
2 2

min
Ultraviolet momentum: Maximum
momentum captured by the lattice.

N
kyy = \/;ZEkIR = \/‘_id_];

kUV
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E‘ﬂ 3. Fourier lattice

2r
(kla k23 k3) — T(nla nz, n3)

Physical momenta captured 27
: : k=—n _: >
by the Fourier lattice: L

N N
ii=——+1,., —1,0, 1,.., —
2 2

min
Ultraviolet momentum: Maximum
momentum captured by the lattice.

N
kyy = \/;ZEkIR = \/‘_id_];

kUV

IR (min) and UV (max)
momenta for d=3:
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g 3.Fourier lattice

Fourier Lattice

CosmoLattice school 2025 - LECTURE 1

-

l

N
=——+1,.., —1,0, 1,..., —
2 2

N

@+ N =f@) (=124

N
kyy = \/;Z_kIR = \/;Zd_];

‘:N

o o o
o o o o 0
4
o o p o o
Y 4

o, o o .}k 2
o o o o o RT
e o o o o

o o o o o

e o o o o
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g 3.Fourier lattice

, Real Lattice ‘ f Fourier Lattice \
: N N
n=12,...,N (i=1,2,..,d) } { 7, =- > +1,...., —1,0,1,.., —
| f(m+Ni) = f(n) | . f@+ND=fm) (=1.2,..d)
)

N
kyy = \/;Z_kIR = \/;Zd_];

dx 2
¢ 6 © 0o 0o o o o © © o 0o o o o

fo © ©¢ o 0o o o o ®© o o o o o ofo

1 © © © o © o o (reciprocal) ® o o o o »p ‘e o
I = Ndx I. © © o 0 o o o © o o o','o ) .}kIREﬁ
© © ¢ 0o o o o o © © o 0 0 o o o L

: © ©¢ ¢ o 0o o o o © ©¢ ¢ 0o 0o o o o

© ©¢ ¢ 0o 0o o o o ®© © ¢ o 0 o o o

© ©¢ ¢ 0o 0o o o o ® © ¢ o 0o o o o
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4. Lattice derivatives

. o o dx e . o Spatial Coordinates
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4. Lattice derivatives

. o o dx e . o Spatial Coordinates

t:tz

(t, =t +dp)
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4. Lattice derivatives

. o o dx e . o Spatial Coordinates

¥

t, =t +dt | L
2= 4 : ® ° o dx e ® ® . Spatial Coordinates
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4. Lattice derivatives

C 0 o dx 0 0 o Spatial Coordinates
dl' Gmesen)
: f(D) ) f(6)
Y e g X R
=6 ] kRN
(2 = fi+dD) . ‘ ' dx 0 ® 0 Spatial Coordinates

New notation: | 7 = (ny, n) = (ny, ny, 1y, 13)

ng=1,2,3,...,# (time steps)
n=0,1,.., N—-1;i=1273

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 40



4. Lattice derivatives

Neutral derivative: [VO£1(n) =

Jn+ @) —fn—p)

2dxH
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4. Lattice derivatives

Jn+ @) —fn—p)

Neutral derivative: [VO f(n) = —
@ IO @
* %k 4) - 2
* | (0) _ @ -f2)
: [V, f13) = T
0 o dx¥ o

+—>
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4. Lattice derivatives

Neutral derivative: [ng fln) = fint ) —jn =) —> 0 £(x) + @(dx,f)

2d xH x =ndx+nydt

@ 1O f@
! *

% _
* 0 1an _ SO = f2)
: VOFI3) ==
0 ® dx” o
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4. Lattice derivatives

Neutral derivative: [VO £1(n) = fatp—ju-p || 0.1 (x) + O(dx?)
# 2d xH x =ndx+nydt l #
f@ S 1@ ax,dt
* - 0) _ Jé4) - f(2)
: [V, f13) = g
0 o dx¥ o
+—>

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 41



4. Lattice derivatives

Jn+ @) —fn—p)

Neutral derivative: [VO f(n) = - — orw| o+ o)
X X =ndx+nyat l
V() IAS (O dx , di
* X x VO 13) = {D =S
? ? K 2dxH
0 o dxV o
«—
Charged derivative: | [V} f]= A idﬁl“_“f ()
(+): Forward ; (-): Backward .
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4. Lattice derivatives

Neutral derivative: (VO fimy = LOFA SO . o)
' 2dx* X =ndx+nydt l #
(O NRASN(CY dx , di
* X VO 13) = {D =S
K  2dxH
0 o dxV o
4 —>

Charged derivative: | [V} f]= AL idﬁl“_“f ()
(+): Forward ; (-): Backward X
f@ 13 @ @ )
* (+) _
* * VP F13.0) = =
_J@=f0)
. o dx' o [V{P£13.5) = —
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4. Lattice derivatives

Neutral derivative: (VO £l(n) = f(n + /gd— fo—p) | y£ © ot
il x =ndx+nydt l
f@ JO fé) i d
* —
¥ ¥ (v £13) = /O
| | DdxH
—>
,

if(l”l - ﬂ) if(n) aif (X) X =ndx+ndt T @(dxﬂ)

Charged derivative: | [V} f]= -~

(+): Forward ; (-): Backward 0if(x) + @(dxi)
x = (n4/2)dxH

@ 1O @ 1 _
/ * * * [V £1(3.0) =1t )dxf ©) 0,£(3) + O(dx")
. e dv Va9 =TT k) + o)
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4. Lattice derivatives

Arbitrary derivative:

(V.
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4. Lattice derivatives

Arbitrary derivative:

[Vif|(D =) Dl m)f(m)

/

Linear combination
of weights: Di(l,m)

(real-valued function of
two lattice coordinates)
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4. Lattice derivatives

Arbitrary derivative:

[V = Z DL, m)f(m) = ' DI - m)f(m)

[ " I

. . . Invariant under
Linear combination translations

of weights: Di(l,m)

(real-valued function of
two lattice coordinates)

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 42



4. Lattice derivatives

Arbitrary derivative:

[Vi/] (1)/— D DL m)f(m) } >’ DI - m)f(m) : 2. Dmf = m)

. . . Invariant under shift
Linear combination translations

of weights: Di(l,m)

(real-valued function of
two lattice coordinates)
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4. Lattice derivatives

Arbitrary derivative:

[ Vi) —ZD(Z m)f(m) = Y D(l—m)f(m) = Y Dm"fl - m’)

[

Linear combination
of weights: Di(l,m)

(real-valued function of
two lattice coordinates)

Neutral: D} (m’

CosmoLattice school 2025 - LECTURE 1

tom

Invariant under
translations

tom

shift

dx ’

22nd September 2025 42

A

+0 Fi/2 T Om’ +17/2 ?
— ’ ’ 'f 1 — .
dx o nTy
:t(sm’ ) 5m’ .
= Fo T 0 ifl=n,




4. Lattice derivatives

"Goodness" of Lattice )
representation of . controlled by |
continuum fields

<
* f(6)
® o o o o ®
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4. Lattice derivatives

"Goodness" of Lattice ) ( Smallness of dx*
representation of » controlled by {
continuum fields

OO S S
* £(6)
® ® ® o o ®
dx*
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4. Lattice derivatives

"Goodness" of Lattice ) ( Smallness of dx*

representation of » controlled by { Lattice Derivative operator Vﬂ
continuum fields

OO S S
* £(6)
® ® ® o o ®
dx*
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4. Lattice derivatives

"Goodness" of Lattice ) ( Smallness of dx*

representation of » controlled by { Lattice Derivative operator Vﬂ
continuum fields

Location where operator 'lives' n, * a

t = Y

OO S S
* £(6)
® ® ® o o ®
dx*
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4. Lattice derivatives

Lattice Derivative
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum

Lattice derivative: [V.f1m) = ) D(m")f(n — m)

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 44



4. Lattice derivatives

Lattice Derivative — Lattice Momentum

Lattice derivative: [V.f]I(n) = Z D.(m’)f(n — m’) <f () = ), e~y (n)>

n

Fourier transform i «

of a Lattice Derivative: L Vi 1) = Z T Z D;(n — m)f(m)

n
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum

Lattice derivative: [V.f]I(n) = Z D.(m’)f(n — m’) <f () = ), e~y (n)>

n

Fourier transform i «

of a Lattice Derivative: L Vi 1) = Z T Z D;(n — m)f(m)

—27l

= Ze‘?v’”n“D(n Ze VM)
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum

n

Lattice derivative: [V.f]I(n) = Z D.(m’)f(n — m’) <f () = ), e~y (n)>

Fourier transform i «

of a Lattice Derivative: L Vi 1) = Z T Z D;(n — m)f(m)

= Ze‘?v’”n“D(n Ze VM)

—

- i@ f®
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum

Lattice derivative: [V.f]I(n) = Z D.(m’)f(n — m’) <f () = ), e~y (n)>

n

Fourier transform i «

of a Lattice Derivative: L Vi 1) = Z T Z D;(n — m)f(m)

—27l

= Ze‘?v’”n“D(n Ze VM)

—

- i@ f®

~ . 2m ~_ >
Lattice Momentum: kLat(n) — 2 "M D(m’)
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4. Lattice derivatives

Lattice Derivative — Lattice Momentum

n

Lattice derivative: [V.f]I(n) = Z D.(m’)f(n — m’) <f () = ), e~y (n)>

Fourier transform i «

of a Lattice Derivative: | ¥i/ 1() = Z T Z D;(n — m)f(m)
= Z VAN, (n) 2 ML)

= - ikLat,i(n) f(n)
~ . 27u AN =g weights define
Lattice Momentum: kLat(n) — 2 D (Il ) > Lattice
n/ momentum
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4. Lattice derivatives

~ . — 27l s T weights define
_ fin ,
Lattice Momentum: kLat(n) =1 E e D),  atice
n/ momentum

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 45



4. Lattice derivatives

~ . — 27l s T weights define
_ fin /
Lattice Momentum: kLat(n) = 1 Z e n DM L latice

/ momentum

n

o 0 sin(2z7i;/N)
Neutral derivative: kLat,i = -

fm+p)—f(n—qa)
2d xH

[VY f1n) =
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4. Lattice derivatives

weights define

27l = >
~ _ ° nn ,
Lattice Momentum: kLat(n) =1 E e D),  atice

momentum
n/ omentu
o 0 sin(2rz7i;/N)
Neutral derivative: £, .= y
VO £y < LA =S =) X
: 2d xH
sin(zri;/N) | 7
k= k= 20— if 1=nx—
Lat,i Lat,1 dx 5
Charged derivative: | . Sin(2ziiIN) 1 — cos(2riiIN)
(Vi = SR Lati — +1 if 1=n
dxH & ) dx d_x
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4. Lattice derivatives

, sin(zn./N
Lineal: k&f:) — ﬁi% Charged: k' =kl =2 (dxl ) :
’ X

9

3
ifl=n£—
( 2)
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4. Lattice derivatives

: e (Lin) _ ~ _ “ . + =
Lineal: kivr =1, T C;hargefl ki'y i = Kiai =2 - ,
Gfl=nx—-)
2
(N =128)
5| (L) | | s
[ sm=as Lati : Vs
| +/- : : *":
4 Kiati | Al
_E" 31 I . I
- | I | :
2! | | |
) s e
Of : : :

0 %00 0 0 i
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4. Lattice derivatives

: 27 sin(zii./N)
Lineal: (v =75 " Charged: k' =k .=2 l
Lat,i ! ’ X Lat,i Lat,i )
Ndx Gf 1=n+—) dx
2
(N =128)
5} (Lin) | ; 1
| " Lat/ | I"¢
4 I k+/— : : ‘4":
- Lat,j 1 I .° .
= 3| | r :
< | : :
2| E E
1}
0L -
100
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4. Lattice derivatives

: e 1 (Lin) _ ~ _ —" . + =
Lineal: kivr =1, T C;hargefl ki'y i = Kiai =2 - ,
Gfl=nx—-)
2
(N =128)
5| (L) | | s
[ sm=as Lati : Vs
| +/- : : *":
4 Kiati ! Al
_E’ 3| | S |
= | I I
2 | :
1} 5
Ot .
100
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4. Lattice derivatives

Lineal: k®&im = ﬁiﬁ, Charged: k', ;= ki, =2 i
Lat Ndx | i ’ ’ dx
Gfl=nx—-)
2
(N =128)
l (Lin) | ' -
Of wnn-- Kiatj | | ,e°
: +/- : : *":
4 Kiati ! Al
5 3 I s I
= | I I
2 e e
1} i
0
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1. The Lattice
2. Boundary conditions
3. Reciprocal lattice

4. Lattice derivatives

5. Discrete power spectrum
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5. Discrete power spectrum

Fourier transform of a continuous function:

f(x,1) =

o) [d3k f(0)e** «—— £ ()= [d3x e KX f(x, 1)
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5. Discrete power spectrum

Fourier transform of a continuous function:

f(x,1) =

o) [d3k f(0)e** «—— £ ()= [d3x e KX f(x, 1)

Power spectrum (continuum):
k3
Power

Spectrum

(£2(x, 1)) = Jdlogk Ak, D), Aik,t) =

Ensemble 4
Average

27

2-point

<fk(t)fl*<’(t)> — (277)39%(]{» oK —K')  runct.
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5. Discrete power spectrum

Bin 1: k(ﬁ) = [kla kl + kIR]
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5. Discrete power spectrum

Bin 1: k(ﬁ) = [kla kl + kIR]

l

Average momenta: k; =~ nkg
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5. Discrete power spectrum

Bin 1: k(ﬁ) = [kla kl + kIR]

l

Average momenta: k; =~ nkg

Modes within the shell:  {f;} ;
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5. Discrete power spectrum

Bin 1: k(ﬁ) = [kla kl + kIR]

l

Average momenta: k; =~ nkg

Modes within the shell:  {f;} ;

MULTIPLICITY: #, ~ Qn¢!

\

(d-dimensional solid
angle in d spatial dims)
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5. Discrete power spectrum

Bin 1: k(ﬁ) = [kla kl + kIR]

l

Average momenta: k; =~ nkg

Modes within the shell:  {f;} ;

MULTIPLICITY: #, ~ Qn¢!

\

(d-dimensional solid
angle in d spatial dims)

2 _ 2
[T, 17 = (1 Tk [P)g,
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) , (f.50) = Q) P.(k)d(k — K)
T
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) , (f.50) = Q) P.(k)d(k — K)
T

Lattice:
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) , (f.50) = Q) P.(k)d(k — K)
T

Lattice:

(v =— 2f2<n>
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) , (f.50) = Q) P.(k)d(k — K)
T

Lattice:
Lattlce FT

<f2>v——2f2< ) _—62 | £(#)|°
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) (£ fr) = Q)P P(k)S(k — K)
T

Lattice: Radial-Angular
Lattlce FT Decomposmon
<f2>v—_2f2( ) ——62 @) =—2 IREGIE
fi [i| n'eR(n)

CosmoZLattice school 2025 - LECTURE 1 22nd September 2025 51



5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) (£ fr) = Q)P P(k)S(k — K)
T

Lattice: Radial-Angular MULTIPLICITY:
Lattlce FT Decomposmon #|n| 471_' it |2
(P = Zﬂ() Z\ﬂm\ AP \<n>\ X al(|r@|)
il fER() il R(m)
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) (£ fr) = Q)P P(k)S(k — K)
T

Lattice: Radial-Angular MULTIPLICITY:
Lattlce FT Decomposmon #|n| ~ 477:| n|
(v =—5 Zﬁ() Z\ﬂn)\ Z Y <n>\ 2|n| (Jz@®])
il WER() i K

K@) L gy
_T%Alogk(n) 27> N° <‘f(n)‘2>R(ﬁ)

k(D) = kg |1
k
Alogk(n) = I~R

k(n)
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5. Discrete power spectrum

3
Continuum: (f2)=Jdlogk Ak Af(k)s%@f(k) (£ fr) = Q)P P(k)S(k — K)
T

Lattice: Radial-Angular MULTIPLICITY:
Lattlce FT Decomposmon #|n| ~ 4jz'| n|
(P = Zﬂ() Z\ﬂm\ AP \<n>\ X al(|r@|)
Al RER() o K

(Summation

(i N 3
_ ZAlogk(n) k>(h) L <‘f(ﬁ)‘2>R(ﬁ) _ ZAlogk(n) A}L)(Inl) over bins)

2 N6 -
T'nl 2n° N )
k(n) = kg | D |
k
Alogk(n) = . (1;) Lattice Power Spectrum:
k3(f) L’ >
AD(@)]) = <fﬁ >
R = — = [£®] o
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5. Discrete power spectrum

K@) L3 2
AD(R]) = < f(n >
) = ——— | £(i) | o
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5. Discrete power spectrum

k@) L’ 2
AL = (s

l 272 N°©
1
Basedon: (). =—— (++)
KW 4z )? ﬂ,ez,:;ﬁ)
Multiplicity
~ 4| n |2
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5. Discrete power spectrum

K@) L3 2
AD(R]) = <fﬁ >
(] |>l IR | £(i) | o

1
Based on: (g = s D)

fi'€R(f)

Multiplicity
~ 4x|n |2

Is multiplicity

Hlaj~ A | |* 2
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51
Il
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N
Is multiplicity
#|ﬁ|z 47 |n |2?
~ works
Ok-ish
3 N
nNy=— E +1 o o o

51
Il
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N
Is multiplicity
#|ﬁ|z 47 |n |2?
~ Very
good
i N
ny, = —E‘F 1 o o o

51
Il
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S. Discrete power spectrum

Is multiplicity

# 5~ 47| |*?

Excellent!
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5. Discrete power spectrum

Is multiplicity

# 5~ 47| |*?

~ works
Badly

. N
I’l1=—

2
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5. Discrete power spectrum

Assuming multiplicity 4|1 |* we found:

k>(n) L’ 2 Multiplicit
ADf]) ~ < f(n > p~ 4
po(mn 27 NO ‘ ( )‘ r@ \ ~4x|dl’
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5. Discrete power spectrum

Assuming multiplicity 4|1 |* we found:

k>(n) L’ 2 Multiplicit
ADf]) ~ < f(n > p~ 4
po(mn 27 NO ‘ ( )‘ r@ \ ~4x|dl’

Using real multiplicity we find (similar computation as before):

) k(i) | dx > #,. Real
(L) _ | =/ L
Af (|n|) = 2N #|ﬁ| <‘f(n)‘ >R(ﬁ) (Multlpllmty

S
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5. Discrete power spectrum

Assuming multiplicity 4|1 |* we found:

k(n) L —
A](CL)( M) =~ () <‘f(ﬁ)‘2> Multiplicity
R(ii)

2722 N6 ~ 4r|n|?

1 < |n| < N/2
(sub-Nyquist freq.'s)

Using real multiplicity we find (similar computation as before):

) k(i) | dx > #,. Real
(L) _ | =/ L
Af (|n|) = 2N #|ﬁ| <‘f(n)‘ >R(ﬁ) (Multlpllmty

S
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5. Discrete power spectrum

Assuming multiplicity 4|1 |* we found:

k>(n) L’ 2 Multiplicit
ADf]) ~ < f(n > p~ 4
po(mn 272 NO ‘ ( )‘ r@ \ ~4x|dl’

1 < |n| < N/2
(sub-Nyquist freq.'s)

Using real multiplicity we find (similar computation as before):

. | k(n) | dx 2 # . Real
AF(IA) = #ay { [ /)] Multiplicity
R(ii)

27N>

See Technical Note |, on the
' definition of Power Spectrum
https://cosmolattice.net/technicalnotes/
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

2> ( #a Real )
Multiplicit
R ultiplicity

: : ) k(n) |d )
Type-| Lattice PS: AP(d]) = | 2(:;])\)5 * #a <‘f(n’)

(Correct for all lattice sites)
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

. . N k(n)|d . 8
Type-l Lattice PS: A}L)(|n|) — | k(n) [dx #|ﬁ| <‘f(n’) 2> ( #lnl Real )
R(#H)

5 . ge e
(Correct for all lattice sites) 27N MUItIpIICIty
: k(@) L 2 Multiplicity:
Type-ll Lattice PS:  A®(|i|) ~ (z@|) plictty:
YP / (1) 2% NO ‘ ( )‘ R(ii) #a) ~ 4z |ii|?

Correct for Sub-Nyquist
modes only: | < |n| < N/2
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

2> ( #a Real )
Multiplicit
R ultiplicity

3=\ 13 e e
Type-ll Lattice PS:  A™(Jd]) ~ L <‘f(ﬁ)‘2>R(~) ( e Anh )

~ 12

272 NO #iq = 4|0 |

Correct for Sub-Nyquist
modes only: | < |n| < N/2

: : ) k(n) |d )
Type-| Lattice PS: AP(d]) = | 2(:;])\)5 * #a <‘f(n’)

(Correct for all lattice sites)

Version (for e.g. Type |)
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

. . N k(n)|d . 8
Type-l Lattice PS: A}L)(|n|) — | k(n) [dx #|ﬁ| <‘f(n’) 2> ( #lnl Real )
R(#H)

5 . ge e
(Correct for all lattice sites) 27N MUItIpIICIty
: k(@) L 2 Multiplicity:
Type-ll Lattice PS:  A®(|i|) ~ (z@|) plictty:
YP / (1) 2% NO ‘ ( )‘ R(ii) #a) ~ 4z |ii|?

Correct for Sub-Nyquist
modes only: | < |n| < N/2

Version (for e.g. Type |)

1
— (kD ()
1: AD() = k<”5x#l< \f(ﬁ’)\2> D) = 5 (i + Ky (1)
R(])

27N> (Mean bin momentum)
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5. Discrete power spectrum

eaama‘éme — Choose: Type + Version + Verbosity

_ : . _ . _ k@) |dx ~ |2 # ., Real
Type | Lattice PS A](CL)(|11|) = 2 N3 #Iﬁl <‘f(n) >R(ﬁ) (Mlullupllaty)

(Correct for all lattice sites)
k() L 2 Multiplicity:
Type-ll Lattice PS:  A®)(Ji|) = ( 2@ ) ultiplicity:
Correct for Sub-Nyquist
(modes only: 1 < || < N/2)

Version (for e.g. Type |)

k(1)6x 2 (l)——(k(” + kD (1))
° (I) —_ / max min
(ENSOE v #l< | £ | >R(l)

(Mean bln momentum)

2. A](CI)(Z) _ (k(ﬁ’)>15x #l< ‘f(ﬁ’) ‘ 2> (k(n)), = 2 |’
R()

27N> ii'€R() .
(Weighted bm momentum) |
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

: . 3 k(n)|d N
Type-| Lattice PS: A}L)(lnl) — | k() | dx . <‘f(n’) 2> ( #4 |Real )
R(i)

5
(Correct for all lattice sites) 27N MUItlphCIty
3
. N k>(n) L 2 Multiplicity:
Type-ll Lattice PS:  A®(Ji|) = < t@)|°) i
YP / (1) 2% NO ‘ ()‘ R(ii) #|ﬁ|247f|n|2

Correct for Sub-Nyquist
modes only: | < |n| < N/2

Version (for e.g. Type |)

k(1)6x 2 (l)——(k(” + kD (1))
° (I) —_ / max min
T: A = v #l< | £ | >R(l)

(Mean bln momentum)

2. A](CI)(Z) _ (k(ﬁ’)>15x #l< ‘f(ﬁ’) ‘ 2> (k(n)), = 2 |’
R()

27N> ii'€R() .
(Weighted bm momentum) |

Ox# 2
. (D — / =~ ~
3 AP =—— <k(n)|f(n)| >Rm
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5. Discrete power spectrum

eaama[me — Choose: Type + Version + Verbosity

2> ( #a Real )
Multiplicit
R ultiplicity

3=\ 13 e e
Type-ll Lattice PS:  A™(Jd]) ~ L <‘f(ﬁ)‘2>R(~) ( e Anh )

~ 12

272 NO #iq = 4|0 |

Correct for Sub-Nyquist
modes only: | < |n| < N/2

: : ) k(n) |d )
Type-| Lattice PS: AP(d]) = | 2(:;])\)5 * #a <‘f(n’)

(Correct for all lattice sites)

Version (for e.g. Type |) Verbosity (output)
1 :
k(1)8 k() ==k + kD ()
1: A0 =2 x#z< @] 2> D=0 ok, a0
! 27N> R() (Mean bin momentum) : f
;i k L 1. G0, A
2: AW = (k(nh )>z5x#l< \f(ﬁ’)\2> (k(i)), = f LI 1: (k@) AZ(D)
f 27N> RO) L weR(l)
(Weighted bin momentum) & 2. (k(l), (k(R)),;, rms(k(@i’)), kr(Iii)n’ kD
3: A(D(l) — 5X#l <k(ﬁ/) |f(ﬁ/) | 2> i A](CX)a <A}X)>a V'MS(AJ(CX)), Agflzl, ASQX}
f 27N> RO :
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g o.summary

Summary

* Lattice Definition

* Fourier Transform

* Fourier Lattice (Reciprocal)
* Lattice Derivatives

* Lattice Momenta

* Power Spectrum
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THANK YOU!



How to choose the time step?

dt 1
> For stability purposes we require: — < —

de\/c_Z
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How to choose the time step?

dt 1 adx
> For stability purposes we require: — $— =9 | df =——
dx +\/d \Vd

a<1
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How to choose the time step?

dt 1 adx
> For stability purposes we require: — $— =9 | df =——
dx +\/d \Vd

a<1

, 2T
» Using ki = Ndx we get:

2T o

dt =
NkIR \/E
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How to choose the time step?

dt 1 adx
> For stability purposes we require: — $— =9 | df =——
dx~ Nz
a<1
: 27
» Using ki = Ndx we get:
X
2« 1
Nkig \/;Z a~0.3 NkIR
d=3
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How to choose the time step?

dt 1 adx
> For stability purposes we require: — $— =9 | df =——
dx +\/d \Vd

a<1

, 2T
» Using ki = Ndx we get:

5 2T o 7 1
Nk \/;Z 3 : 30.3 T\ Set by

physics problem
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