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• The current state-of-the-art of the RF techniques for particle acceleration is limited to gradients on the order 
of 100 MV/m

• To obtain higher energies, we can increase the length of the accelerators... or use new techniques of 
acceleration with higher gradients

Conventional RF 

cavities

Dielectric laser – driven 

acceleration (DLA)

Plasma / Laser wakefield 

acceleration (PWFA / LWFA)

Solid-state plasma wakefield 

acceleration

Based on

Normal / 

superconducting 

cavities

Quartz / silicon structure Gaseous plasma Crystals, nano-channels, CNTs

Max. longitudinal 

electric field
~100 MV/m ~10 GV/m ~100 GV/m ~1 − 100 TV/m (prediction)

Limitation Surface breakdown Damage threshold Wave breaking Wave breaking
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• Plasma-based accelerators → GeV/cm accelerating gradients (wakefield
amplitude increases with plasma density):

• Density of charge carriers in solids → 4−5 orders of magnitude higher 
than those in a gaseous plasma

• Solid-based acceleration media, such as crystals or nanostructures, 
could enable ultra-high gradients, on the order of 𝐸0~ 1–10 TV/m

• If compared to natural crystals, 2D carbon-based structures could help 
achieving more realistic regimes: 
• larger dimensional flexibility / thermomechanical strength

• transverse acceptances of up to ~100 nm (3 orders of magnitude higher 
than a typical silicon channel)

• lower dechanneling rate

• 2D carbon-based materials (graphene, CNT) are good candidates to be 
used as ultra-compact accelerating structures

𝐸0 ΤV m =
𝑚𝑒𝑐𝜔𝑝

𝑒
≈ 96 𝑛0[cm−3]
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• Plasmonic acceleration
• Excitation of surface plasmonic modes by laser (laser-driven) or charged particle beam

(beam-driven)

• Collective motion of wall electrons acting like a structured plasma

• To properly excite wakefields laser or beam driving parameters need to be in the time and
space scale of the plasmon wave

Plasmonic acceleration RF cavities
Aperture size ~nm − 𝜇m ~cm

Length ~mm ~10cm − m

Longitudinal electric field ~100 GV/m ~100 MV/m

Operation Travelling wave (TW) Standing Wave (SW) or TW

𝜋 − mode

2D plasmon
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• Main objectives
• Analysis of the excited surface plasmonic modes by a charged particle

• Optimization of the parameters of the system to obtain the highest longitudinal wakefield

• Comparison with PIC codes (in progress)

• I do not study
• Acceleration of the witness beam

My study

It has to be studied with PIC simulations
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• Electronic excitation on the j-th wall (linear perturbations):
(i) the continuity equation

(ii) the momentum-balance (MB) equation

𝜕𝑛𝑗(𝐫𝒋, 𝑡)

𝜕𝑡
+ ∇𝑗 · 𝑛0𝑗 + 𝑛𝑗 𝐮𝒋 𝐫𝒋, 𝑡 ≈

𝜕𝑛𝑗 𝐫𝒋, 𝑡

𝜕𝑡
+ 𝑛0𝑗∇𝑗 · 𝐮𝒋 𝐫𝒋, 𝑡 = 0

𝜕𝐮𝒋 𝐫𝒋,𝑡

𝜕𝑡
+ 𝐮𝒋 · [∇𝑗 · 𝐮𝒋 𝐫𝒋, 𝑡 ] = ∇𝑗 · Φ 𝐫𝒋, 𝑡 −

𝛼𝑗

𝑛0𝑗
∇𝑗 · 𝑛𝑗 𝐫𝒋, 𝑡 +

𝛽

𝑛0𝑗
∇𝑗 ∇𝑗

2𝑛𝑗 𝐫𝒋, 𝑡 − 𝛾𝑗𝐮𝒋 𝐫𝒋, 𝑡

Acoustic modes Quantum correction Frictional force

𝑛𝑗 𝐫𝒋, 𝑡 : perturbed surface density

𝐮𝒋 𝐫𝒋, 𝑡 : velocity of the plasma

≈ 0

≈ 0

𝛽 =
1

4
𝛼𝑗 = 𝑣𝐹𝑗

2 /2, with 𝑣𝐹𝑗 = 2𝜋𝑛0𝑗
Τ1 2

Φ0(𝐫, 𝑡) =
𝑄

𝐫 − 𝐫𝟎
Φind(𝐫, 𝑡) = − ෍

𝑗

න d2𝐫𝐣

𝑛𝑗(𝐫𝐣, 𝑡)

|𝐫 − 𝐫𝒋|

Driving charge Perturbed densities

Φ = Φ0 + Φind

We have to obtain 𝐮𝒋 and 𝑛𝑗 from (i) and (ii):

2N coupled partial differential eqs 

Atomic units ared used thorought
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• Approximations:
- Linear approximation: we retain first order terms in 𝐮𝒋 and 𝑛𝑗

- Non-relativistic

- B-fields are neglected

- Electrons are constrained to the walls and quasi-free (possible
improvement: restoring frequency) BACKUP SLIDES

- Ion motion is neglected

- The driver moves at constant velocity
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• Using the linearized continuity eq., the MB eq. can be expressed in terms of 𝑛𝑗:

• To solve it: Fourier transform: 𝑡 → 𝜔, 𝐫𝒋 → 𝐤∥

−
𝜕2

𝜕𝑡2
+ 𝛾𝑗

𝜕

𝜕𝑡
𝑛𝑗 𝐫𝒋, 𝑡 = 𝑛0𝑗∇𝑗

2Φ 𝐫𝒋, 𝑡 − 𝛼𝑗∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡 + 𝛽∇𝑗

2 ∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡

𝑆𝑗 𝐤∥, 𝜔 ෤𝑛𝑗 𝐤∥, 𝜔 − ෍

𝑙

𝐺𝑗𝑙 𝐤∥ ෤𝑛𝑙 𝐤∥, 𝜔 = 𝐵𝑗 𝐤∥, 𝜔 ∝ 𝑄

Φ(𝐫𝒋, 𝑡) =
𝑄

𝐫𝒋 − 𝐫𝟎

− ෍

𝑙

න d2𝐫𝒍

𝑛𝑙(𝐫𝒍, 𝑡)

|𝐫𝒋 − 𝐫𝒍|

𝑆1 − 𝐺11 −𝐺12

−𝐺21 𝑆2 − 𝐺22

⋯
⋯

−𝐺1𝑁

−𝐺2𝑁

⋮  ⋮ ⋱ ⋮
−𝐺𝑁1  −𝐺𝑁2 ⋯ 𝑆𝑁 − 𝐺𝑁𝑁

෤𝑛1 𝐤∥, 𝜔
⋮

෤𝑛𝑁 𝐤∥, 𝜔
=

𝐵1 𝐤∥, 𝜔
⋮

𝐵𝑁 𝐤∥, 𝜔

Obtain ෤𝑛𝑗 𝐤∥, 𝜔  𝑛𝑗 𝐫𝒋, 𝑡 , or better ෩Φ 𝐤∥, 𝜔 Φ 𝐫𝒋, 𝑡  and wakefields

𝐴 𝐫𝒋, 𝑡 ~
1

2𝜋 3
න ሚ𝐴 𝐤∥, 𝜔 𝑒−𝑖(𝜔𝑡−𝐤∥·𝐑) d2𝐤∥d𝜔

𝑀 ෤𝑛 = 𝐵

det 𝑀 = 0 if 𝛾𝑗 = 0 gives 

the dispersion relations 𝜔(𝐤∥)



3. Carbon nanotubes

10

• Fourier definition:

• Using the relation:

𝑎1

𝑎2

𝑎3

𝑄

𝐫𝟎 = (r0, 𝜑0, 𝑣𝑡)

𝑧

𝐫𝒋 = (𝑎𝑗, 𝜑, 𝑧)

Φind(𝐫, 𝑡) = − ෍

𝑗

න d2𝐫𝐣

𝑛𝑗(𝐫𝐣, 𝑡)

|𝐫 − 𝐫𝒋|Φ0(𝐫, 𝑡) =
𝑄

𝐫 − 𝐫𝟎
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• Matrix equation:

𝑎1

𝑎2

𝑎3

𝑄

𝐫𝟎 = (r0, 𝜑0, 𝑣𝑡)

𝑧

𝐫𝒋 = (𝑎𝑗, 𝜑, 𝑧)

−
𝜕2

𝜕𝑡2
+ 𝛾𝑗

𝜕

𝜕𝑡
𝑛𝑗 𝐫𝒋, 𝑡 = 𝑛0𝑗∇𝑗

2Φ 𝐫𝒋, 𝑡 − 𝛼𝑗∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡 + 𝛽∇𝑗

2 ∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡

∇𝑗
2=

𝜕2

𝜕𝑧2 +
1

𝑎𝑗
2

𝜕2

𝜕𝜑2

𝑗 𝑗

𝑗

𝑗

෤𝑛𝑗 𝑚, 𝑘, 𝜔
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Longitudinal Transverse
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• Using that Re ෩Φ  is an even function in 𝑘 and Im ෩Φ  odd function, the wakefields 
are given by:

Comoving coordinate: 𝜁 = 𝑧 − 𝑣𝑡

Transverse

Longitudinal
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𝑊𝑧,𝑅𝑒 ≈ 𝑊𝑧,𝐼𝑚

𝑊𝑟,𝑅𝑒 ≈ 𝑊𝑟,𝐼𝑚

Longitudinal Transverse

Behind the driver:
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෤𝑛 = 𝑀−1𝐵

The determinant can be expressed in terms of the dispersion relations if 𝛾 ≡ 𝛾𝑗:

𝑀−1 =
Adj(𝑀) 𝑇

det(𝑀)
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If the driver travels on-axis, m=0 is the only 
mode that contributes

Compare with waveguides

If 𝛾 → 0+:
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TWCNT
Longitudinal Transverse
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Longitudinal Transverse
TWCNT

Two resonant frequencies
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Perturbed densities
TWCNTDWCNT
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Excited modes
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Stopping power: Sum of amplitudes of the modes if 𝛾 → 0

TWCNT 4WCNT
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Optimization of a SWCNT

𝑊
𝑧

,0
,1

 (
G

V
/m

)

𝑊
𝑧

,0
,1

 /
 𝑊

𝑧
,0

,1
𝑚

𝑎
𝑥

 
𝜆𝑝 =

2𝜋𝑐

Ω𝑝

Plasma frequency (2D): Ω𝑝 = 4𝜋𝑛0/𝑎
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Optimization of a SWCNT

𝛽𝑣 = 𝑣/𝑐

Conclusion: Higher wakefields can be excited from non-relativistic drivers, but they require CNT radius in the 
order of nm. For ultra-relativistic drivers, optimum CNT radius ∼ 100 nm: better for beam acceptance.

Increase with density

𝑊
𝑧

,0
,1

 (
V

/m
)
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How can you increase the density? Use MWCNTs with closer walls

Conclusion: A MWCNT with N walls with small inter-wall distance compared to the inner 
radius can be approximated as a SWCNT with 𝑛0 = 𝑁𝑛𝑔

𝑎1

𝑎2
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For this reason, carbon nanostructures with a central aperture are being studying

https://arxiv.org/pdf/2502.08498

https://arxiv.org/pdf/2502.08498
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• The longitudinal wakefield excited by a driver moving on-axis if 𝛾 →
0+ is given by:

𝑊𝑧 ≈ 𝑊𝑧
𝑚𝑎𝑥 cos 𝑘0𝜁

𝑊𝑧
𝑚𝑎𝑥 = −4𝑄𝑘0

3𝐼0 𝑘0 𝑟0 𝐼0 𝑘0 𝑟 Ω𝑝
2𝑎2𝐾0

2 𝑘0 𝑎
𝜕𝑍0

𝜕𝑘
𝑘=𝑘0

−1

3. Carbon nanotubes (comparison with PIC simulations)

1

𝑟0 = 0
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• The Fourier–Bessel Particle-in-Cell (FBPIC) code is used to perform the simulations using a cylindrical CNT 
hollow plasma channel model employing 2D radial grids.

• This code is based on a collisionless fluid model which does not take into account the solid-state 
properties related to the ionic lattice.

• We define a hollow plasma channel model with inner radius 𝒓𝒊𝒏 and wall thickness 𝒘𝒕 with a volumetric 
density 𝒏𝑽 = 𝟏𝟎𝟐𝟖 m-3 of free electrons within this region.

• We will consider a bi-Gaussian beam driver, with 𝜎𝜁 = 𝜎𝑟 = 3.33 nm, and charge 𝑄𝑏 = −44 fC travelling on-
axis. The beam energy follows a Gaussian distribution (mean: 1 GeV, standard deviation: 0.005 GeV).

3. Carbon nanotubes (comparison with PIC simulations)
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• To relate the surface density of the LHM and the volumetric 
density of PIC simulations, we will assume that the number of 
free electrons within the cylindrical surface of radius 𝑎 = 𝑟𝑖𝑛 is 
equal to the number of free electrons in the wall thickness 𝑤𝑡.

𝜆𝑝 =
2𝜋𝑐

𝜔𝑝
is the plasma wavelength, where

𝜔𝑝 = 𝑒2𝑛𝑉/𝜀0𝑚𝑒 is the plasma frequency.

𝑣 → 𝑐

Good qualitative agreement; quantitatively improves if 𝑤𝑡 is smaller. 

3. Carbon nanotubes (comparison with PIC simulations)
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• The comparison is better if we consider an effective density to
take into account that not all free electrons of the wall thickness 
excite the wakefield effectively.

𝜆𝑝 =
2𝜋𝑐

𝜔𝑝
is the plasma wavelength, where

𝜔𝑝 = 𝑒2𝑛𝑉/𝜀0𝑚𝑒 is the plasma frequency.

𝑣 → 𝑐

3. Carbon nanotubes (comparison with PIC simulations)



30

• Alternatively, we can consider an effective wall thickness 𝒘𝐭
𝐞𝐟𝐟 

𝜆𝑝 =
2𝜋𝑐

𝜔𝑝
is the plasma wavelength, where

𝜔𝑝 = 𝑒2𝑛𝑉/𝜀0𝑚𝑒 is the plasma frequency.

𝑣 → 𝑐

3. Carbon nanotubes (comparison with PIC simulations)
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• Effective parameters. As it is expected, 𝜅 decreases and 𝑤t
eff increases with the

wall thickness.  

3. Carbon nanotubes (comparison with PIC simulations)
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The discrepancies obtained between the linearized hydrodynamic 
model and the PIC simulations can be explained due to the 
differences between both approximations, such as:

• The solid-state properties cannot be taken into account in PIC 
codes, whereas these properties may be modelled with the 
parameters 𝛼, 𝛽, and 𝛾 in the linearized hydrodynamic model

i• We are comparing a 3D region with free electrons in PIC 
simulations with a 2D cylindrical surface in the linearized 
hydrodynamic model

• The electrons and carbon ions comprising the CNT can move in 
3D in PIC simulations, whereas they are assumed to be confined 
over the surface in the linearized hydrodynamic model

• The driver interacts with the surrounding medium (losing 
energy) in PIC codes, whereas in the linearized hydrodynamic 
model we assume a constant velocity

• The size of the driver beam in the PIC simulations is not a point-
like charge as assumed in the linearized hydrodynamic model

LHM PIC

Solid-state effects YES
(𝛼, 𝛽, 𝛾)

NO

Region with free 
electrons

2D
(cylindrical)

3D

Movement of 
CNT particles

2D
(cylindrical)

3D

Driver interaction NO
(constant v)

YES

Driver beam size point-like bi-Gaussian

3. Carbon nanotubes (comparison with PIC simulations)
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• Fourier definition:

• Using the relation:

Φind(𝐫, 𝑡) = − ෍

𝑗

න d2𝐫𝒋

𝑛𝑗(𝐫𝒋, 𝑡)

|𝐫 − 𝐫𝒋|Φ0(𝐫, 𝑡) =
𝑄

𝐫 − 𝐫𝟎

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)

1

𝐫 − 𝐫′ =
1

2𝜋
න d2𝐤

𝑒𝑖𝑘(𝐑−𝐑′)𝑒−𝑘|𝑦−𝑦′|

𝑘
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• Matrix equation:

−
𝜕2

𝜕𝑡2
+ 𝛾𝑗

𝜕

𝜕𝑡
𝑛𝑗 𝐫𝒋, 𝑡 = 𝑛0𝑗∇𝑗

2Φ 𝐫𝒋, 𝑡 − 𝛼𝑗∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡 + 𝛽∇𝑗

2 ∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡

∇𝑗
2=

𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑧2

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)

𝑗 𝑗

𝑗

𝑗
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𝑗 𝑗

𝑗

𝑗

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)
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• Geometry. 

4. Graphene layers (comparison with CNTs)
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• Dispersion relation

4. Graphene layers (comparison with CNTs)
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• Wakefields

4. Graphene layers (comparison with CNTs)

CNT

Graphene Decay

Longitudinal Transverse
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• Wakefields

4. Graphene layers (comparison with CNTs)

CNT

Graphene
Decay due 
to spread in 
the plane

Longitudinal Transverse
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• Perturbed density

4. Graphene layers (comparison with CNTs)

Decay due 
to spread in 
the plane
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• Wakefield along z-axis

4. Graphene layers (comparison with CNTs)

Same qualitative behavior. 
In general, wakefields are lower in graphene
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• Maximum wakefield along z-axis and stopping power

4. Graphene layers (comparison with CNTs)

Same qualitative behavior.  In general, wakefields are lower in graphene
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• Maximum wakefield along z-axis and stopping power

4. Graphene layers (comparison with CNTs)

In graphene layers, the wakefields increase as the separation between layer decreases 
contrary to CNTs where wakefields decrease rapidly for small radii.
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• Acceleration and focusing

4. Graphene layers (comparison with CNTs)

CNT
Bi-layer graphene

In CNTs, it is posible that a witness beam experiences acceleration and focusing, but in graphene layers is not possible
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• Longitudinal wakefield

4. Graphene layers (comparison with PIC)

𝑊𝑧 (GV/m)

PIC simulations (WarpX)LHM model

𝑊𝑧 (GV/m)

𝑊𝑧 (GV/m)𝑊𝑧 (GV/m)

𝑄 = 1000, 𝑣 = 0.25𝑐, 𝑦2 = −𝑦1 = 25 nm

Work in 
progress
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𝑦1

𝑦𝑠1

𝑦2

𝑦𝑁
𝑦𝑁−1

𝑣𝑦0

𝑧

𝑄

𝜀1

𝑛01

𝑛02

𝑛0(𝑁−1)

𝑛0𝑁

𝜎1

⊗𝑥

𝑦𝑠2

𝜀2

𝜎2

𝜀3

𝜀1

𝜀2

𝜀3

𝑦

𝑦

𝜀𝑟(𝑦)

𝑦𝑠2𝑦𝑠1

∇ · 𝐸 =
𝜌𝑓𝑟𝑒𝑒 + 𝜌𝑏𝑜𝑢𝑛𝑑

𝜀0

Q+ σ𝑙 𝑛𝑙 + σ𝑝 𝜎𝑝

Work in 
progress
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• Matrix equation:

−
𝜕2

𝜕𝑡2
+ 𝛾𝑗

𝜕

𝜕𝑡
𝑛𝑗 𝐫𝒋, 𝑡 = 𝑛0𝑗∇𝑗

2Φ 𝐫𝒋, 𝑡 − 𝛼𝑗∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡 + 𝛽∇𝑗

2 ∇𝑗
2𝑛𝑗 𝐫𝒋, 𝑡

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)

𝑗 𝑗

𝑗

𝑗

Q+ σ𝑙 𝑛𝑙 + σ𝑝 𝜎𝑝

𝑆𝑗 𝐤, 𝜔 ෤𝑛𝑗 𝐤, 𝜔 − ෍

𝑙

𝐺𝑗𝑙 𝐤 ෤𝑛𝑙 𝐤, 𝜔 + ෍

𝑝

𝐹𝑗𝑝 𝐤 ෤𝜎𝑝 𝐤, 𝜔 = 𝐵𝑗 𝐤, 𝜔 ∝ 𝑄

𝐹𝑗𝑝 𝐤 = 2𝜋𝑛0𝑗𝑘𝑒
−𝑘|𝑦𝑗−𝑦𝑠𝑝|

𝑆1 − 𝐺11 −𝐺12

−𝐺21 𝑆2 − 𝐺22

⋯
⋯

−𝐺1𝑁

−𝐺2𝑁

⋮  ⋮ ⋱ ⋮
−𝐺𝑁1  −𝐺𝑁2 ⋯ 𝑆𝑁 − 𝐺𝑁𝑁

𝐹11 ⋯ 𝐹1𝑆

𝐹21 ⋯ 𝐹2𝑆

⋮ ⋱
𝐹𝑁1 ⋯

⋮
𝐹𝑁𝑆

෤𝑛1 𝐤, 𝜔
⋮

෤𝑛𝑁 𝐤, 𝜔

෤𝜎1 𝐤, 𝜔
⋮

෤𝜎𝑆 𝐤, 𝜔

=

𝐵1 𝐤, 𝜔
⋮

𝐵𝑁 𝐤, 𝜔
 

N equations N+S unknown functions

෩Φ𝑙 = −
2𝜋

𝑘
෤𝑛𝑙 𝐤, 𝜔  𝑒−𝑘|𝑦−𝑦𝑙|

෩Φ𝑝 =
2𝜋

𝑘
෤𝜎𝑝 𝐤, 𝜔  𝑒

−𝑘|𝑦−𝑦𝑠𝑝|
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• The boundary condition at the interfaces gives the other S eqs:

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)

𝜀 𝑦𝑠𝑗
−

𝜕Φ

𝜕𝑦
ቚ
𝑦𝑠𝑗

−
= 𝜀 𝑦𝑠𝑗

+
𝜕Φ

𝜕𝑦
ቚ
𝑦𝑠𝑗

+
,  𝑗 = 1, … , 𝑆Continuity of 𝐷 · ො𝑛:

− ෍

𝑙

𝐺𝑗𝑙
′ 𝐤 ෤𝑛𝑙 𝐤, 𝜔 + ෍

𝑝

𝐹𝑗𝑝
′ 𝐤 ෤𝜎𝑝 𝐤, 𝜔 = 𝐵𝑗

′ 𝐤, 𝜔

𝐵𝑗
′ 𝐤, 𝜔 = −2𝜋𝑄𝛿 𝜔 − 𝐤 · 𝐯 𝑒

−𝑘 𝑦𝑠𝑗
−𝑦0 𝜀 𝑦𝑠𝑗

− sign 𝑦𝑠𝑗
− − 𝑦0 − 𝜀 𝑦𝑠𝑗

+ sign 𝑦𝑠𝑗
+ − 𝑦0

𝐺𝑗𝑙
′ 𝐤 = 𝑒

−𝑘 𝑦𝑠𝑗
−𝑦𝑙 𝜀 𝑦𝑠𝑗

− sign 𝑦𝑠𝑗
− − 𝑦𝑙 − 𝜀 𝑦𝑠𝑗

+ sign 𝑦𝑠𝑗
+ − 𝑦𝑙

𝐹𝑗𝑝
′ 𝐤 = 𝑒

−𝑘 𝑦𝑠𝑗
−𝑦𝑠𝑝 𝜀 𝑦𝑠𝑗

− sign 𝑦𝑠𝑗
− − 𝑦𝑠𝑝

− 𝜀 𝑦𝑠𝑗
+ sign 𝑦𝑠𝑗

+ − 𝑦𝑠𝑝

S linear equations

𝜕𝑒−𝑘|𝑦−𝑎|

𝜕𝑦
= −𝑘sign(𝑦 − 𝑎)𝑒−𝑘|𝑦−𝑎|



4. Graphene layers (with dielectrics)

49

• Matrix equation:

𝑆1 − 𝐺11 −𝐺12

−𝐺21 𝑆2 − 𝐺22

⋯
⋯

−𝐺1𝑁

−𝐺2𝑁

⋮  ⋮ ⋱ ⋮
−𝐺𝑁1  −𝐺𝑁2 ⋯ 𝑆𝑁 − 𝐺𝑁𝑁

𝐹11 ⋯ 𝐹1𝑆

𝐹21 ⋯ 𝐹2𝑆

⋮ ⋱
𝐹𝑁1 ⋯

⋮
𝐹𝑁𝑆

−𝐺11
′ −𝐺12

′

−𝐺21
′ −𝐺22

′

⋯
⋯

−𝐺1𝑁
′

−𝐺2𝑁
′

⋮  ⋮ ⋱ ⋮
−𝐺𝑁1

′  −𝐺𝑁2
′ ⋯ −𝐺𝑁𝑁

′

 

𝐹11
′ ⋯ 𝐹1𝑆

′

𝐹21
′ ⋯ 𝐹2𝑆

′

⋮ ⋱
𝐹𝑁1

′ ⋯
⋮

𝐹𝑁𝑆
′

෤𝑛1 𝐤, 𝜔
⋮

෤𝑛𝑁 𝐤, 𝜔

෤𝜎1 𝐤, 𝜔
⋮

෤𝜎𝑆 𝐤, 𝜔

=

𝐵1 𝐤, 𝜔
⋮

𝐵𝑁 𝐤, 𝜔

𝐵1
′ 𝐤, 𝜔

⋮
𝐵𝑆

′ 𝐤, 𝜔

N

S

෤𝑛𝑙 𝐤, 𝜔 , ෤𝜎𝑝 𝐤, 𝜔 ෩Φ𝑖𝑛𝑑 𝐤, 𝑦, 𝜔 = − ෍

𝑙

2𝜋

𝑘
෤𝑛𝑙 𝐤, 𝜔  𝑒−𝑘|𝑦−𝑦𝑙| + ෍

𝑙

2𝜋

𝑘
෤𝜎𝑝 𝐤, 𝜔  𝑒

−𝑘|𝑦−𝑦𝑠𝑝|

Φ and wakefields as a function of time and position Fourier transform
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• Single-layer

SiO2 Substrate

Longitudinal

Transverse

No substrate

Zero due to symmetry

Infinite substrate
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• Single-layer

SiO2 SubstrateNo substrate

Perturbed density
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• Bi-layer

Infinite substrate

Longitudinal

Transverse

No substrate Finite substrate Two finite substrates
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• Multi-layer

Peaks similar to MWCNTs
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• Multi-layer

Close graphene layer behave as single layer with 
higher surface density
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• Plasmonic excitations in carbon nanostructures (CNT and graphene layers) have 
been studied using a linearized hydrodynamic model

• For a single-walled CNT, the optimum radius is given by

• For multi-walled CNTs (N walls) there is up to N resonant frequencies for each 
azimuthal mode m. 

• The amplitudes have been related with the resonant frequencies.

• If the walls are very close, they behave as a SWCNT with 𝑛0 = 𝑁𝑛𝑔 and a higher 
wakefield can be obtained  

• In CNTs, a witness beam could experience simultaneously acceleration and 
focusing, but in graphene layers is not posible (although the defocusing may be 
very low for a symmetric configuration, e.g. bi-layer)

• The maximum longitudinal wakeifeld in CNTs and bi-layer graphene has a similar 
qualitative behaviour, although lower for graphene because the field spreads in 
the layer planes

• Comparison with PIC simulations shows good agreement: in progress
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• Matrix equation:

𝐫𝟎 = (𝑥0, 𝑦0, 𝑣𝑡) 𝐫𝒋 = (𝑥, 𝑦𝑗 , 𝑧)

𝑗 𝑗

𝑗

𝑗

−𝜔𝑟𝑗
2

Harmonic oscillator (interaction with ions)
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Linearized hydrodynamic modelPHYSICAL REVIEW B 84, 155416 (2011)
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Restoring 
frequencies

Typical 
hydrodynamic 
model

Single layer with 
two-fluid model

More complicated pattern because both frequencies are 
excited if restoring frequencies are taken into account
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Restoring frequencies

Typical hydrodynamic model

Single layer with 
two-fluid model

Same behavior, but 
lower values

First (low v) or 
second peak (high 
v) after driver
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Restoring frequencies

Typical hydrodynamic model

Bi-layer with two-
fluid model

Same behavior, but 
lower values

First (low v) or 
second peak (high 
v) after driver
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https://doi.org/10.1088/1367-2630/ad127c

https://iopscience.iop.org/article/10.1088/1742-6596/2687/4/042005/meta

https://arxiv.org/abs/2401.08334

• We have presented a linear hydrodynamic model for wakefield excitation by charges 
in multi-walled nanotubes.

• A driver particle can excite plasmons in nanotubes.

• In the limit 𝜸 → 𝟎+ we can calculate easily the excited wakefield and the 
dependences on the different parameters, which allows to perform a fast optimization 
of the CNT parameters.

• All the calculations have been made for the mode m=0 (since if r0=0 is the only mode 
excited). Higher modes are less important, but they are not negligible if the driver is 
off-axis near to the surface. 

• The results show >GV/m fields and are qualitatively similar to the PIC simulations and 
the order of magnitude is similar. Systematic comparisons with PIC simulations are 
ongoing.

• Published papers (SWCNTs): https://doi.org/10.1088/1367-2630/ad127c (New J. Phys.), 
https://iopscience.iop.org/article/10.1088/1742-6596/2687/4/042005/meta (J. Phys.: 
Conf. Ser.)

• Submitted paper to Results in Physics about DWCNTs: https://arxiv.org/abs/2401.08334

https://doi.org/10.1088/1367-2630/ad127c
https://iopscience.iop.org/article/10.1088/1742-6596/2687/4/042005/meta
https://arxiv.org/abs/2401.08334
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