
 leptoproduction at small transverse momentumJ/ψ

Samuel F. Romera

XVI CPAN DAYS 
19 - 21 Nov 2024 

Universidad Complutense de Madrid (Spain)

[MGE, SFR, Taels, 2407.04793]
[MGE, Kishore, SFR, 2412.XXXXX]



XVI CPAN DAYS Samuel F. Romera - UPV/EHU - November 19th, 20242

Setup of the talk
Introduction

‣ Heavy quarks have played a crucial role in the establishing 
and development of QCD:

‣ We are interested in TMDs. [R. A-Martinez, et al, 1507.05267]

‣ Experimentalists measure them, use them rely on them 
and currently perform upgrades (ALICE-MFT) or new 
experimental projects (AFTER@LHC, EIC, PANDA, SoLID).

mQ > > ΛQCD

Production Hadronization

Perturbative QCD Non-Perturbative QCD

‣ However, there are still many challenges to be met.
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‣ Gluon distributions remain much less explored 
that their quark analogues.

‣ Quarkonium production at small transverse 
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that their quark analogues.

MotivationIntroduction

Goal: properly define TMD shape functions by TMD 
factorization and derive their evolution

‣ Heavy quarks have played a crucial role in the establishing 
and development of QCD:

‣ We are interested in TMDs. [R. A-Martinez, et al, 1507.05267]

‣ Experimentalists measure them, use them rely on them 
and currently perform upgrades (ALICE-MFT) or new 
experimental projects (AFTER@LHC, EIC, PANDA, SoLID).

mQ > > ΛQCD

Production Hadronization

Perturbative QCD Non-Perturbative QCD
Outline

1. Recap	
2. Factorization procedure	
3. TMD Shape function	
4. Conclusions & Outlook

‣ However, there are still many challenges to be met.

‣ Quarkonium production at small transverse 
momentum?
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Recap

Quarkonia are 
multi-scale systems

Momentum transfer: mQv

Binding energy: mQv2

mQ → ∞ Effective field 
theories

‣ We do not know how is the mechanism of quarkonium production:
Non-relativistic effects

too many EFTs = no universal picture
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Recap

Quarkonia are 
multi-scale systems

Momentum transfer: mQv

Binding energy: mQv2

mQ → ∞ Effective field 
theories too many EFTs = no universal picture

‣ Non-relativistic QCD (NRQCD) and Color-Singlet Model (CSM) are the most used EFTs. We use NRQCD:

‣ We do not know how is the mechanism of quarkonium production:

[Bodwin, Braaten, Lepage, hep-ph/9407339]

In NRQCD, at each order of , the long-distance 
part of the cross section is a number called LDME:

v2

Non-relativistic effects

dσ(γ* + g → J/ψ + X) = ∑
[n]

dσ(γ* + g → cc̄([n]) + X)⟨𝒪[n]→J/ψ⟩
Semi-Inclusive DIS

⟨𝒪[n]⟩ = ∑
X

⟨0 𝒦†
[n](0) J/ψ + X⟩ ⟨J/ψ + X 𝒦[n](0) 0⟩such that

[n] = 2S+1L[col.]
J

LDMEs are suppressed by  = truncation of the expansiovm
[Bodwin, Braaten, Lee, hep-ph/0504014]
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Recap

Quarkonia are 
multi-scale systems

Momentum transfer: mQv

Binding energy: mQv2

mQ → ∞ Effective field 
theories

‣ Non-relativistic QCD (NRQCD) and Color-Singlet Model (CSM) are the most used EFTs. We use NRQCD:

‣ We do not know how is the mechanism of quarkonium production:

‣ We study the  leptoproduction in NRQCD approach at LP in  and NLP in v:J/ψ αs

Note:  CSM means NLP in  and LP in vαs

[Bodwin, Braaten, Lepage, hep-ph/9407339]

In NRQCD, at each order of , the long-distance 
part of the cross section is a number called LDME:

v2

Non-relativistic effects

dσ(γ* + g → J/ψ + X) = ∑
[n]

dσ(γ* + g → cc̄([n]) + X)⟨𝒪[n]→J/ψ⟩
Semi-Inclusive DIS

⟨𝒪[n]⟩ = ∑
X

⟨0 𝒦†
[n](0) J/ψ + X⟩ ⟨J/ψ + X 𝒦[n](0) 0⟩such that

[n] = 2S+1L[col.]
J

LDMEs are suppressed by  = truncation of the expansiovm
[Bodwin, Braaten, Lee, hep-ph/0504014]

[n] = {1S[8]
0 , 3P[8]

J }

too many EFTs = no universal picture
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Recap Reviews
[Boer, et. al., 2409.03691]
[Lansberg, 1903.09185]

[Andronic, et. al.,1506.03981]
[Brambilla, et. al., 1404.3723]
[Lansberg, hep-ph/0602091]
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‣ We study the  leptoproduction in NRQCD approach at LP in  and NLP in v:J/ψ αs

Note:  CSM means NLP in  and LP in vαs

[Bodwin, Braaten, Lepage, hep-ph/9407339]
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LDMEs are suppressed by  = truncation of the expansiovm
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[n] = {1S[8]
0 , 3P[8]
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too many EFTs = no universal picture
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Factorization procedure: overview

ω→

H

J

N

Sh

J/ε J/ε

ω→

H

N

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:
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ω→

H

J

N

Sh

J/ε J/ε

ω→

H

N

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:

QC
D

‣ It has different scales: μH ∼ mQ ∼ Q > > qT ≥ ΛQCD

dσ ∼
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Factorization procedure: overview

ω→

H

J

N

Sh

J/ε J/ε

ω→

H

N

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:

QC
D

C[n]
H (μH /μ)

4

‣ It has different scales: μH ∼ mQ ∼ Q > > qT ≥ ΛQCD

dσ ∼
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Factorization procedure: overview

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:

QC
D Gg/N(x, bT; μ, μH)

SCET qt

4

‣ It has different scales: μH ∼ mQ ∼ Q > > qT ≥ ΛQCD

C[n]
H (μH /μ)

dσ ∼
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Factorization procedure: overview

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:

QC
D

S[n]→Q(bT; μ)

Gg/N(x, bT; μ, μH)

SCET qt

SCET qt

4

‣ It has different scales: μH ∼ mQ ∼ Q > > qT ≥ ΛQCD

C[n]
H (μH /μ)

dσ ∼
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Factorization procedure: overview

ℓ(k) + N(PN) → ℓ(k′￼) + J/ψ(Pψ) + X

‣ We want to factorize the following process:

dσ ∼ QC
D

S[n]→Q(bT; μ)

Gg/N(x, bT; μ, μH)
fg/N(x; μ)

SCET qt

SCET qt

C[n](b2
T μ2, μ2

s /μ2)

⟨𝒪[n]→J/ψ⟩(μ)

C(x, b2
T μ2, μ2

H /μ2)

‣ It has different scales: μH ∼ mQ ∼ Q > > qT ≥ ΛQCD

4

C[n]
H (μH /μ) C[n]

H (μH /μ)
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Factorization procedure: Hard part

Jμ
QCD ⟶ C[n]

H (μH, μ)[𝒮v𝒮n χ† (Γ ⋅ 𝒦)μα
[n]

Bn⊥,α ψ]

‣ The hard part arises from matching QCD onto SCET at the hard scale. One integrates out the hard scale, leaving 
behind a Wilson coefficient, , that represent the part of the cross section containing the hard scale of the 
process:

CH(μ2
H /μ2)

XVI CPAN DAYS
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Factorization procedure: Hard part
‣ The hard part arises from matching QCD onto SCET at the hard scale. One integrates out the hard scale, leaving 
behind a Wilson coefficient, , that represent the part of the cross section containing the hard scale of the 
process:

CH(μ2
H /μ2)

Jμ
QCD ⟶ C[n]

H (μH, μ)[𝒮v𝒮n χ† (Γ ⋅ 𝒦)μα
[n]

Bn⊥,α ψ]
‣ The Wilson coefficient and the matching tensor, , arise from matching QCD onto SCET at the hard scale.Γ

+ crossed diagram 𝒪ν
1S[8]

0
= Γνα

1S[8]
0 (𝒮cd

v ψ†
p Td χp̄) × (𝒮ce

n ℬe
n⊥α)

To get the matching tensors at LP, we 
only need to match onto tree-level:

…γ*(q) + g(pg) → cc̄(Pcc̄)
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Factorization procedure: Hard part
‣ The hard part arises from matching QCD onto SCET at the hard scale. One integrates out the hard scale, leaving 
behind a Wilson coefficient, , that represent the part of the cross section containing the hard scale of the 
process:

CH(μ2
H /μ2)

Jμ
QCD ⟶ C[n]

H (μH, μ)[𝒮v𝒮n χ† (Γ ⋅ 𝒦)μα
[n]

Bn⊥,α ψ]
‣ The Wilson coefficient and the matching tensor, , arise from matching QCD onto SCET at the hard scale.Γ

+ crossed diagram 𝒪ν
1S[8]

0
= Γνα

1S[8]
0 (𝒮cd

v ψ†
p Td χp̄) × (𝒮ce

n ℬe
n⊥α)

To get the matching tensors at LP, we 
only need to match onto tree-level:

…

To get the Wilson coefficient, we only 
need virtual corrections (@NLO):

γ*(q) + g(pg) → cc̄(Pcc̄)

a d2 f …
γ*(q) + g(pg) → cc̄(Pcc̄)
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Factorization procedure: Hard part
‣ The hard part arises from matching QCD onto SCET at the hard scale. One integrates out the hard scale, leaving 
behind a Wilson coefficient, , that represent the part of the cross section containing the hard scale of the 
process:

CH(μ2
H /μ2)

Jμ
QCD ⟶ C[n]

H (μH, μ)[𝒮v𝒮n χ† (Γ ⋅ 𝒦)μα
[n]

Bn⊥,α ψ]
‣ The Wilson coefficient and the matching tensor, , arise from matching QCD onto SCET at the hard scale.Γ

To get the matching tensors at LP, we 
only need to match onto tree-level:

To get the Wilson coefficient, we only 
need virtual corrections (@NLO):

H[n](μ2
H /μ2) = |C[n]

H (μ2
H /μ2) |2 = 1 + ( αs

2π ) 𝒟[n](μ2
H /μ2)

= 1 + ( αsCA

2π ) {−
1
2

log2 ( μ2
H

μ2 ) + log ( μ2
H

μ2 ) + . . . }
When Q goes to zero, this result coincides with photoproductio

μH(M, Q2) = M(1 + Q2/M2), M = 2m

[Maltoni, Mangano, Petrelli, hep-ph/9708349]

Γμν
1S[8]

0
=

gse
M

γq ϵμν
⊥ …

σv
[n] = σ0[n] ( αs

2π ) b0

εUV
− CA

1
ε2

IR
+

1
εIR

log ( μ2

μ2
H ) −

b0 + CA

εIR
+ 𝒟[n]
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Factorization procedure: Collinear and Soft modes
‣ The hadronic tensor for the production of an unpolarized  is:J/ψ

Wμν =
xBP+

N

Q2 (1−
x2

BM2
NM2

ψ⊥

γ2
qQ4 )δ(z− 1−

2x2
BM2

N(M2
ψ⊥ + Q2

⊥)
γqQ4 )∑

[n]

C[n]
2
Γ†μα′￼

[n] Γνα
[n] ∫

d2b⊥

(2π)2
eib⊥⋅q⊥Gg/N,αα′￼

(x, b⊥) S[n]→J/ψ(b⊥)
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Factorization procedure: Collinear and Soft modes
‣ The hadronic tensor for the production of an unpolarized  is:J/ψ

Wμν =
xBP+

N

Q2 (1−
x2

BM2
NM2

ψ⊥

γ2
qQ4 )δ(z− 1−

2x2
BM2

N(M2
ψ⊥ + Q2

⊥)
γqQ4 )∑

[n]

C[n]
2
Γ†μα′￼

[n] Γνα
[n] ∫

d2b⊥

(2π)2
eib⊥⋅q⊥Gg/N,αα′￼

(x, b⊥) S[n]→J/ψ(b⊥)

‣ Collinear matrix element: (unpolarized) Gluon TMDPDF: [e.g.: MGE, Kasements, Mulders, Pisano, 1502.05354]
Connection to gluon distributions (Motivation) 

G(0)
g/N(x, b⊥) =

xP+
N

2 ∫
dy−d2y⊥

(2π)3
e−i(xP+y−/2−y⊥⋅kn⊥) ∑

Xn

⟨PN Bμ
n⊥(y−, y⊥) Xn⟩ ⟨Xn Bμ

n⊥(0) PN⟩
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Factorization procedure: Collinear and Soft modes
‣ The hadronic tensor for the production of an unpolarized  is:J/ψ

Wμν =
xBP+

N

Q2 (1−
x2

BM2
NM2

ψ⊥

γ2
qQ4 )δ(z− 1−

2x2
BM2

N(M2
ψ⊥ + Q2

⊥)
γqQ4 )∑

[n]

C[n]
2
Γ†μα′￼

[n] Γνα
[n] ∫

d2b⊥

(2π)2
eib⊥⋅q⊥Gg/N,αα′￼

(x, b⊥) S[n]→J/ψ(b⊥)

‣ Soft matrix element: (unpolarized) TMD Shape function:

S(0)
3P[8]

J →J/ψ
(b⊥) =

Δi′￼j′￼ij
J

(2J + 1)M2(N2
c − 1) ∑

λ′￼

trc ⟨0 [(𝒮v𝒮n)†χ†
p̄ (qi′￼σ j′￼) Taψp](b⊥)𝒩ψ(λ′￼)[𝒮v𝒮nψ†

p (qiσ j) Taχp̄](0) 0⟩

S(0)
1S[8]

0 →J/ψ
(b⊥) =

1
N2

c − 1
trc ⟨0 [(𝒮v𝒮n)†χ†

p̄Taψp](b⊥)𝒩ψ[𝒮v𝒮nψ†
pTaχp̄](0) 0⟩ ,

‣ Collinear matrix element: (unpolarized) Gluon TMDPDF: [e.g.: MGE, Kasements, Mulders, Pisano, 1502.05354]
Connection to gluon distributions (Motivation) 

G(0)
g/N(x, b⊥) =

xP+
N

2 ∫
dy−d2y⊥

(2π)3
e−i(xP+y−/2−y⊥⋅kn⊥) ∑

Xn

⟨PN Bμ
n⊥(y−, y⊥) Xn⟩ ⟨Xn Bμ

n⊥(0) PN⟩
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TMD Shape Function: cancellation of RDs
‣ Individually, the TMDShF (gluon TMDPDF) is ill-defined: overlap and rapidity divergences (RDs).
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TMD Shape Function: cancellation of RDs
‣ Individually, the TMDShF (gluon TMDPDF) is ill-defined: overlap and rapidity divergences (RDs).

 Redefinition of the matrix element trough the soft function: S[n]→J/ψ(b⊥) =
S(0)

[n]→J/ψ(b⊥)

S(b⊥)
Using the -regulatoδ

S(b⊥) =
1

N2
c − 1

⟨0 (𝒮†
n𝒮n̄)ab(b⊥) (𝒮†

n̄𝒮n)
ba

(0) 0⟩

It is known at two-loops [MGE, Scimemi, Vladimirov, 1511.05590]
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TMD Shape Function: cancellation of RDs
‣ Individually, the TMDShF (gluon TMDPDF) is ill-defined: overlap and rapidity divergences (RDs).

 Redefinition of the matrix element trough the soft function: S[n]→J/ψ(b⊥) =
S(0)

[n]→J/ψ(b⊥)

S(b⊥)
Using the -regulatoδ

S(b⊥) =
1

N2
c − 1

⟨0 (𝒮†
n𝒮n̄)ab(b⊥) (𝒮†

n̄𝒮n)
ba

(0) 0⟩

‣ One needs to see that the rapidity divergences disappear after redefinition order-by-order in the perturbation theory:

+ 3 more
+ 3 more

S(0)
1S[8]

0
(k⊥; μ, δ) =

αs

2π {δ2(k⊥)((CF − CA/2)
π2

v
−

CA

εIR ) ⟨1S[8]
0 ⟩

LO
+

8
3π2m2

c

1
k2

⊥ (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO

) +
S(k⊥; δ)

2 ⟨1S[8]
0 ⟩

LO

}
1S0[8] TMDShF at NLO 

(order ) αs

It is known at two-loops [MGE, Scimemi, Vladimirov, 1511.05590]
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TMD Shape Function: cancellation of RDs
‣ Individually, the TMDShF (gluon TMDPDF) is ill-defined: overlap and rapidity divergences (RDs).

 Redefinition of the matrix element trough the soft function: S[n]→J/ψ(b⊥) =
S(0)

[n]→J/ψ(b⊥)

S(b⊥)
Using the -regulatoδ

S(b⊥) =
1

N2
c − 1

⟨0 (𝒮†
n𝒮n̄)ab(b⊥) (𝒮†

n̄𝒮n)
ba

(0) 0⟩

‣ One needs to see that the rapidity divergences disappear after redefinition order-by-order in the perturbation theory:

+ 3 more
+ 3 more

RDs have been cancelled

S(0)
1S[8]

0
(k⊥; μ, δ) =

αs

2π {δ2(k⊥)((CF − CA/2)
π2

v
−

CA

εIR ) ⟨1S[8]
0 ⟩

LO
+

8
3π2m2

c

1
k2

⊥ (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO

) +
S(k⊥; δ)

2 ⟨1S[8]
0 ⟩

LO

}
1S0[8] TMDShF at NLO 

(order ) αs

It is known at two-loops [MGE, Scimemi, Vladimirov, 1511.05590]
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TMD Shape Function: matching at high pT
‣ The (gluon TMDPDF) TMDShF has a perturbative behaviour at the high transverse momentum (small-bT) region 
through the operator product expansion (OPE):
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TMD Shape Function: matching at high pT
‣ The (gluon TMDPDF) TMDShF has a perturbative behaviour at the high transverse momentum (small-bT) region 
through the operator product expansion (OPE):

S[n]→J/ψ(bT; μ, ζB) = ∑
[m]

C[m]
[n] (bT; μ, ζB) ×

1
Ncol.Npol.

⟨𝒪[m]
J/ψ⟩(μ) + 𝒪(bTΛQCD) Both LDME and TMDShF 

are renormalized

Mixing between the states of the heavy-quark pai

Color and polarization normalization factors
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TMD Shape Function: matching at high pT
‣ The (gluon TMDPDF) TMDShF has a perturbative behaviour at the high transverse momentum (small-bT) region 
through the operator product expansion (OPE):

S[n]→J/ψ(bT; μ, ζB) = ∑
[m]

C[m]
[n] (bT; μ, ζB) ×

1
Ncol.Npol.

⟨𝒪[m]
J/ψ⟩(μ) + 𝒪(bTΛQCD) Both LDME and TMDShF 

are renormalized

Mixing between the states of the heavy-quark pai

‣ The coefficients C are obtained by matching the TMDShF and the LDMEs order-by-order:

⟨1S[8]
0 ⟩(μ) = (1 + (CF − CA/2) παs(μ)

2v ) ⟨1S[8]
0 ⟩

LO
+

4αs(μ)
3πm2

c (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO) ( 1

εUV
−

1
εIR )

There are not rapidity divergences

Color and polarization normalization factors

We need the LDMEs at NLO. They 
are known, but we performed the 
calculation for completeness:
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TMD Shape Function: matching at high pT
‣ The (gluon TMDPDF) TMDShF has a perturbative behaviour at the high transverse momentum (small-bT) region 
through the operator product expansion (OPE):

S[n]→J/ψ(bT; μ, ζB) = ∑
[m]

C[m]
[n] (bT; μ, ζB) ×

1
Ncol.Npol.

⟨𝒪[m]
J/ψ⟩(μ) + 𝒪(bTΛQCD) Both LDME and TMDShF 

are renormalized

Mixing between the states of the heavy-quark pai

‣ The coefficients C are obtained by matching the TMDShF and the LDMEs order-by-order:

⟨1S[8]
0 ⟩(μ) = (1 + (CF − CA/2) παs(μ)

2v ) ⟨1S[8]
0 ⟩

LO
+

4αs(μ)
3πm2

c (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO) ( 1

εUV
−

1
εIR )

We need the LDMEs at NLO. They 
are known, but we performed the 
calculation for completeness:

‣ The OPE coefficients, C, for the TMDShF are then:

There are not rapidity divergences

Color and polarization normalization factors

CS
1S[8]

0
(bT; μ, ζB) = 1 +

αs(μ)CA

2π
LT(bT; μ)(1 − ln ζB)

CS
1P[1]

1
(bT; μ) = −

αs(μ)
2π

8 CF

3m2
LT(bT; μ)

CS
1P[8]

1
(bT; μ) = −

αs(μ)
2π

8 BF

3m2
LT(bT; μ) LT = ln ( b2

T μ2

4e−2γE )

They are not dependent on the rapidity scale
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‣ The evolution of the (gluon TMDPDF) TMDShF can be extracted from the evolution of the Hard part by applying the 
renormalization group (RG) equation on the factorized cross-section…

TMD Shape Function: evolution & resummation
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‣ The evolution of the (gluon TMDPDF) TMDShF can be extracted from the evolution of the Hard part by applying the 
renormalization group (RG) equation on the factorized cross-section…

See the first part of the talk:

… where the cross-section does not have any dependence on any scale:

γG (αs(μ), ln
ζA

μ2 ) + γ[n]
S (αs(μ), ln ζB) = − γ[n]

H (αs(μ), ln
μ2

H

μ2 ) − 2
β (αs(μ))

αs(μ)

dσ ∼ ⊗H(μ2
H /μ2) Gg(x, bT; μ, ζA) ⊗ S[n]→J/ψ(bT; μ, ζB)αs(μ)

The tree-level (Born) amplitude is order αs

State-dependence of Sh = State-dependence of H

γ𝒪 ≡
d ln 𝒪
d ln μ

TMD Shape Function: evolution & resummation
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‣ The evolution of the (gluon TMDPDF) TMDShF can be extracted from the evolution of the Hard part by applying the 
renormalization group (RG) equation on the factorized cross-section…

See the first part of the talk:

… where the cross-section does not have any dependence on any scale:

γG (αs(μ), ln
ζA

μ2 ) + γ[n]
S (αs(μ), ln ζB) = − γ[n]

H (αs(μ), ln
μ2

H

μ2 ) − 2
β (αs(μ))

αs(μ)

‣ The evolution of the Wilson coefficient, , is given by:CH

dσ ∼ ⊗H(μ2
H /μ2) Gg(x, bT; μ, ζA) ⊗ S[n]→J/ψ(bT; μ, ζB)αs(μ)

The tree-level (Born) amplitude is order αs

State-dependence of Sh = State-dependence of H

γH = 2ΓA
cusp(αs)ln

μ2
H

μ2
+ 2γ(αs)

Universal Process(operator)-dependent

TMD Shape Function: evolution & resummation

γ𝒪 ≡
d ln 𝒪
d ln μ
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‣ The evolution of the (gluon TMDPDF) TMDShF can be extracted from the evolution of the Hard part by applying the 
renormalization group (RG) equation on the factorized cross-section…

See the first part of the talk:

… where the cross-section does not have any dependence on any scale:

γG (αs(μ), ln
ζA

μ2 ) + γ[n]
S (αs(μ), ln ζB) = − γ[n]

H (αs(μ), ln
μ2

H

μ2 ) − 2
β (αs(μ))

αs(μ)

‣ The evolution of the Wilson coefficient, , is given by:CH

dσ ∼ ⊗H(μ2
H /μ2) Gg(x, bT; μ, ζA) ⊗ S[n]→J/ψ(bT; μ, ζB)αs(μ)

The tree-level (Born) amplitude is order αs

State-dependence of Sh = State-dependence of H

γH = 2ΓA
cusp(αs)ln

μ2
H

μ2
+ 2γ(αs)

Universal Process(operator)-dependent

‣ Thus the anomalous dimensions of the TMDs are:
γG = − ΓA

cusp(αs)ln
ζA

μ2
− γnc

G (αs)

γS = − ΓA
cusp(αs)ln ζB − γnc

S (αs)

TMD Shape Function: evolution & resummation

γ𝒪 ≡
d ln 𝒪
d ln μ

γnc
G = 2

β(αs)
αs

ζAζB = μ2
H

γnc
S = 2 γ(αs)
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TMD Shape Function: evolution & resummation
‣ The evolution of the (gluon TMDPDF) TMDShF can be extracted from the evolution of the Hard part by applying the 
renormalization group (RG) equation on the factorized cross-section…

See the first part of the talk:

… where the cross-section does not have any dependence on any scale:

γG (αs(μ), ln
ζA

μ2 ) + γ[n]
S (αs(μ), ln ζB) = − γ[n]

H (αs(μ), ln
μ2

H

μ2 ) − 2
β (αs(μ))

αs(μ)

‣ The evolution of the Wilson coefficient, , is given by:CH

dσ ∼ ⊗H(μ2
H /μ2) Gg(x, bT; μ, ζA) ⊗ S[n]→J/ψ(bT; μ, ζB)αs(μ)

The tree-level (Born) amplitude is order αs

State-dependence of Sh = State-dependence of H

γH = 2ΓA
cusp(αs)ln

μ2
H

μ2
+ 2γ(αs)

It is known at three-loops

It is known at three-loops It is known at one-loop 
(from this talk)

Universal Process(operator)-dependent

‣ Thus the anomalous dimensions of the TMDs are:

γ𝒪 ≡
d ln 𝒪
d ln μ

γnc
G = 2

β(αs)
αs

ζAζB = μ2
H

γnc
S = 2 γ(αs)

γG = − ΓA
cusp(αs)ln

ζA

μ2
− γnc

G (αs)

γS = − ΓA
cusp(αs)ln ζB − γnc

S (αs)
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TMD Shape Function: evolution & resummation
‣ The evolution in terms of the rapidity scale is governed by the Collins-Soper kernel:
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TMD Shape Function: evolution & resummation
‣ The evolution in terms of the rapidity scale is governed by the Collins-Soper kernel:

d
d ln ζB

S[n]→J/ψ(bT; μ, ζB) = − Dg(bT; μ)
dDg(bT; μ)

d ln μ
= ΓA

cusp (αs(μ))and
The same for the gluon TMDPDF

XVI CPAN DAYS



Samuel F. Romera - UPV/EHU - November 19th, 202410

TMD Shape Function: evolution & resummation
‣ The evolution in terms of the rapidity scale is governed by the Collins-Soper kernel:

d
d ln ζB

S[n]→J/ψ(bT; μ, ζB) = − Dg(bT; μ)
dDg(bT; μ)

d ln μ
= ΓA

cusp (αs(μ))and
The same for the gluon TMDPDF

‣ Thus the evolution of the (gluon TMDPDF) TMDShF w.r.t. both rapidity and renormalization scales is…

S[n]→J/ψ(bT; μf, ζB, f) = S[n]→J/ψ(bT; μi, ζB,i) R(bT; μi, ζBi, μf, ζB, f)

R : (μi, ζB,i) → (μf , ζB, f ) R = exp {∫
μf

μi

dμ̄
μ̄

γS (αs(μ̄), ln
ζB, f

μ̄2 )} (
ζB, f

ζB,i )
−Dg(bt;μi)

such that
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TMD Shape Function: evolution & resummation
‣ The evolution in terms of the rapidity scale is governed by the Collins-Soper kernel:

d
d ln ζB

S[n]→J/ψ(bT; μ, ζB) = − Dg(bT; μ)
dDg(bT; μ)

d ln μ
= ΓA

cusp (αs(μ))and
The same for the gluon TMDPDF

‣ Thus the evolution of the (gluon TMDPDF) TMDShF w.r.t. both rapidity and renormalization scales is…

… and the resummation of large logs at the perturbative region will be:

S[n]→J/ψ(bT; μf, ζB, f) = S[n]→J/ψ(bT; μi, ζB,i) R(bT; μi, ζBi, μf, ζB, f)

R : (μi, ζB,i) → (μf , ζB, f ) R = exp {∫
μf

μi

dμ̄
μ̄

γS (αs(μ̄), ln
ζB, f

μ̄2 )} (
ζB, f

ζB,i )
−Dg(bt;μi)

such that

S[n]→J/ψ(bT; μ, ζB) = R(bT; μ0, ζB,0, μ, ζB)∑
[m]

C[m]
[n] (bT; μ0, ζB,0) ×

1
Ncol.Npol.

⟨𝒪[m]
J/ψ⟩(μ0)
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TMD Shape Function: evolution & resummation

LL

NLL

NNLL*

ΓA
cusp γnc C[n]

[m] Dg

αs α0
s α0

s α0
s

α2
s αs α0

s αs

α3
s αs αs α2

s

‣ To finish the talk, I show the first plot of a TMDShF in terms of bT:

‣ It was plotted at NLL and NNLL* accuracy:

‣The non-perturbative region is described by:

The bands come from varying independently both resummation scale  and 
rapidity scale  by a factor of 2

μ0
ζ0

Q = 10 GeV, μ = μH = 42 GeV, ζB = 1

bc(bT) = b2
T +

b2
0

μ2
H

b*T (bc) =
bc

1 + b2
c

b2
Tmax

RNP = exp −A ln ( μH

QNP ) b*2
c

A = 0.04 GeV2

QNP = 1 GeV

bTmax = 1.5 GeV−1
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Conclusions & Outlook
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Conclusions & Outlook

‣ We derive the factorization theorem for the  leptoproduction at LP in  and NLP in the velocity.J/ψ αs

‣ We properly define the TMDShF = LDME + (u)soft contribution.

‣ We see the cancellation of the rapidity divergences, obtaining a well-defined TMD.

‣ We get the behaviour of the TMDShF at the perturbative region in terms of LDMEs.

‣ We get the evolution for the TMDShF in terms of  and , and show for the first time its picture.μ ζ
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Conclusions & Outlook

‣ Next order in , which means LO in the velocity: αs γ* + a → cc̄ + a

‣ We are plotting the cross-section: prediction for the EIC 

‣ TMDShFs in other interesting processes: double  production at LHCb… J/ψ

‣ We derive the factorization theorem for the  leptoproduction at LP in  and NLP in the velocity.J/ψ αs

‣ We properly define the TMDShF = LDME + (u)soft contribution.

‣ We see the cancellation of the rapidity divergences, obtaining a well-defined TMD.

‣ We get the behaviour of the TMDShF at the perturbative region in terms of LDMEs.

‣ We get the evolution for the TMDShF in terms of  and , and show for the first time its picture.μ ζ

‣ Calculation of the hard part (virtual contribution) at two-loops: NNLL * → NNLL
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Conclusions & Outlook

‣ Calculation of the hard part (virtual contribution) at two-loops: NNLL * → NNLL

‣ Next order in , which means LO in the velocity: αs γ* + a → cc̄ + a

‣ We are plotting the cross-section: prediction for the EIC 

‣ TMDShFs in other interesting processes: double  production at LHCb… J/ψ

‣ We derive the factorization theorem for the  leptoproduction at LP in  and NLP in the velocity.J/ψ αs

‣ We properly define the TMDShF = LDME + (u)soft contribution.

‣ We see the cancellation of the rapidity divergences, obtaining a well-defined TMD.

‣ We get the behaviour of the TMDShF at the perturbative region in terms of LDMEs.

‣ We get the evolution for the TMDShF in terms of  and , and show for the first time its picture.μ ζ
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Thank you!
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