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Top quark mass as a test of the Standard Model

Standard Model of Elementary Particles
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• Couples the strongest to the Higgs.

• Its mass (along with αs) determines if
the electroweak vacuum is stable
[Degrassi et al., 2012].

• Uncertainty in Higgs and W mass
determinations from electroweak fits
sensitive to the top quark mass
[Haller et al., 2018].

• For direct mt measurements, calibrating
parton-shower Monte Carlo event
generators is crucial.
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Using event shapes to measure the top quark mass

• Event shapes for massless quarks in e+e−

colliders used to learn about hadronization,
check group structure, determine αs, etc.

• A class of event shapes can be used to
determine the top mass with a precision
< ΛQCD at a future e+e− collider
[Fleming et al., 2008a].

• The maximal sensitivity is attained in the
peak of the distribution where bHQET
[Manohar and Wise, 2000] and SCET
[Bauer et al., 2002] are applicable.
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EFT approach in the peak region

QCD
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Factorization theorem

The double hemisphere invariant mass differential distribution reads

d2σ(dijet)

dM2
1dM

2
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where, for Γt = 0, δmt = 0 and v = r · x

B(ŝ, µ) ≡ Im

[
−i
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.
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The three-lop jet function

• The jet function is already known analytically at two loops [Jain et al., 2008].

We increase the precision by one order reaching three-loop accuracy.

• Our results can be used to obtain the top quark mass at a future linear or circular
e+e− collider with high precision and to improve the calibration between mMC

t and
mMSR

t at N3LL’ [Hoang, 2020].

• Once Hm is known at three loops (and Γc at 5 loops), the thrust cross sections in
the peak region will reach N3LL’ (N4LL) precision.
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The bHQET jet-function

B(ŝ, µ) ≡ Im

[
−i

4πNcmt

∫
ddx ei r·x ⟨0|T{h̄v(0)Wn(0)W

†
n(x)hv(x)}|0⟩

]
(v · r = ŝ)

The momentum r only flows through the HQET propagators in the same direction as v.
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Strategy of a multiloop computation

The computation requires special techniques to handle the large number of diagrams.

Generate diagrams
∼ 1000 diagrams

qgraf

[Nogueira, 1993]

Map to families
Looping [Brüser, np]

Obtain the integrands
Using partial fraction
∼ 5000 scalar int.

FORM [van Ritbergen et al., 1999]

IBP reduction
Fire, LiteRed

[Smirnov and Chuharev, 2020]
Solve 20 MI

Mellin-Barnes

Finite Integrals (dim. shift)

HyperInt [Panzer, 2015]
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Master integrals

■ Product of 1- and/or 2-loop

■ HQET propagator

■ Mellin-Barnes

■ Finite integral
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Result for the three-loop jet function

The O(α3
s) non-logarithmic part of log(FT[B]) reads

(
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✓ All MI checked with FIESTA/pySecDec.

✓ Gauge parameter drops out.

✓ Agrees with the numerical estimate of
[Gracia and Mateu, 2021].

✓ T 2
F matches [Gracia and Mateu, 2021].

✓ Recovers the anomalous dimension.

✓ Verifies non-Abelian exponentiation th.
[Gardi et al., 2013].
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Other topics discussed in this paper

Coefficient relations

B̃in =
(−1)n

n!

2i−1∑
j=n−1

Bij |j|!κj+1−n

One- and two-loop
results for arbitrary d

Bbare
1 = 4

d− 2

d− 4
MI1L CF

Closed forms for Z factor

z(γ, αs) ≡
∫ αs

0

dx

x

γ(x)

ε+ β̂(x)

Zα(αs) =e−z(β̂,αs)

Jet function for
unstable quarks

B(ŝ, δm,Γt, µ) =
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π
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t
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• The jet function is a common ingredient in the factorization theorems for several
observables in boosted heavy quark production.

• It takes a central role in determining the top quark mass in a renormalon-free scheme
and in parton shower Monte Carlo generators.

• We outlined some of the techniques required to solve the problems that appear when
studying processes at more than one loop.

• We have analytically computed the 3-loop jet function: to appear soon in arXiv.

• Paves the way to N3LL’ and N4LL resummed cross sections.

• Outlook: Phenomenological analysis (see [Bachu et al., 2021] for 2-loop study).
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Closed forms for Z factor

z(γ, αs) ≡
∫ αs

0

dx

x

γ(x)

ε+ β̂(x)
, βQCD(αs) = −2αsβ̂(αs).

• For the strong coupling, αbare
s =

(
µ2eγE
4π

)ε
Zα[αs(µ)]αs(µ):

µ
dαs

dµ
≡ −2εαs + βQCD(αs), Zα(αs) = exp

[
−z
(
β̂, αs

)]
.

• For the position-space jet function, B̃bare(x) = Z̃B(x, µ) B̃(x, µ) :

d log Z̃B

d log µ
= − 2Γc(αs) log(ixµe

γE )− γnc
B (αs), Z̃B(x, µ) = CB [αs(µ)] (ixµe

γE )zB [αs(µ)] .

CB(αs) = exp

[
1

2
z(γnc

B + zB , αs)

]
, zB(αs) = z(Γc, αs).
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