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Gravitational wave spectrum

Quantum fluctuations in early universe & topological defects
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Electroweak transition: 100 GeV, 10 ps

Perturbative: weakly first order transition
Kirzhnitz, Linde (1972,4)

But: SM is not weakly coupled at high T
Linde (1980)

Non-perturbative techniques:

— Dimensional reduction to 3D effective field theory + 3D lattice
Kajantie, Laine, Rummukainen, Shaposhnikov (1995,6) P Schicho talk Friday

— SU(2)-Higgs on 4D lattice
Czikor, Fodor, Heitger (1998)

SM transition at m, = 125 GeV is a cross-over
- a supercritical fluid

S
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Search for 1% order transition is a search for physics beyond SM
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Laser Interferometer Space Antenna

Launch mid 2030s
4-year mission (up to 10 years)
2.5M km arms

Science objectives:

White dwarves
Black holes

Galaxy mergers
Extreme gravity

TeV-scale early Universe

Other missions: Taiji, TianQin
Proposals: DECIGO, BBO

Gravitational waves ...
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Little bangs in the Big Bang

Fluid kinetic energy

1st order transition by nucleation of bubbles of low-T phase
Langer 1969, Coleman 1974, Linde 1983

Nucleation rate/volume p(t) rapidly increases below T,

Expanding bubbles generate pressure waves in hot fluid

Gravitational wave (GW) production

GW spectrum has information about phase transition

Departure from equilibrium: needed for baryogenesis
Sakharov (1967)
Kuzmin, Rubakov, Shaposhnikov (1985)
N~

M. Postma, Friday

PRI HEERPIES MH, Huber, Rummukainen, Weir (2013,5,7)
Cutting, MH, Weir (2018,9)

Higgs phase

Steinhardt (1982); Hogan (1983,86);
GVU|aSSy et al (1984); Witten (1984) Gravitational waves ... Mark Hindmarsh 5
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Phases of a phase transition

1 2 3 4

‘exponential’ nucleation rate/volume p(t)
1. Bubble nucleation and expansion p(t) = p,e’lt—t)
2. Collision Tco = ,6_1 Ekstedt, Gould, Hirvonen 2023
3. Acoustic waves (vorticity) B transition rate parameter
4. Non-linear (shocks, turbulence) B> H for successful transition
T~ L¢/ Us Guth, Weinberg 1983; Enqvist et al 1992;

Turner, Weinberg, Widrow 1992
L; — fluid flow length scale

U; — RMS fluid velocity

Gravitational waves ... Mark Hindmarsh
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GWs from first order phase transitions: parameters

h(t) i

* Parameters of transition:
' Vw < Cs 08| _____ ().

— T, =Temperature at nucleation hlty)

— P =transition rate (= - d log p / dt) oo Fractional volume in
— v,, = Bubble wall speed metastable phase

041

— o = (potential energy change®)/(heat energy)

02}

— Cq, C, = sound speeds

e Useful derived parameters:
t [10710]

— r+ = (bubble centre spacing R«)/Hubble length

Vr(¢)

— K = fluid kinetic energy fraction

VT(¢m) 1

* Fluid kinetic energy makes GWs
— Energy release via self-similar bubble solutions

(T

+ Lae o
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GWs from an early universe phase transition

Assume rapid transition, #>> H, neglect expansion of universe

» Effective theory:

— Higgs field O¢ — Vi(¢) = nr (@)U - 8¢ vion
* Vi{¢) equation of state
* 1:(¢@ ) field-fluid coupling (models friction)

— Relativistic fluid (ideal limit)
T/ = (e + P)UFU” + Pg"”

OuTF" + 0"V () = nr(8)(U - 04)0"¢

Vr(0) 1

¢m ¢b |¢|

— Metric perturbation (GW strain)
'&z‘j — V2’U,1;j = 167TGTij :> hz’j (k> — Az;?];lukl(k)



GWs from an early universe phase transition

Assume rapid transition, #>> H, neglect expansion of universe

Vr(¢)

e Effective theory:
— Higgs field —¢ + V2¢ — V(@) = np(d)W (¢ + Vidip) o

* V@) equation of state Vi),
* ¢ ) field-fluid coupling (“friction”, high T: nr(p) ¢2/T )
— Relativistic fluid o b
. . . . ov . . . .
E + 8;(EVY) + P[W + 8;(WVH)] — a—¢W(¢ +V0i¢) = nW2(dp+ VD)2
. . oV : ‘

 £=W*(energy density), Z, = momentum density, V, = 3-velocity, W = Lorentz factor
— Discretisation
— Metric perturbation (GW strain)
iis; — V2ui; = 167GTy; WD hij(k) = AL up (k)



Connection to fundamental theory
‘ * Scalar hydrodynamics —¢ + V2¢ — Vi(¢) = nr(¢)W (¢ + Vi) ‘

* Scalar effective potential V{¢) — ||equilibrium, quasi-eqm. (T, &, /5 s gerr)

 Scalar-fluid coupling n(¢) — |non-equilibrium (v, )

2
| Ouulf) = 312 IH2(1)

GW spectrum
Phase transition parameters | L bl | ©, = peak ampiiude

T, = nucleation temperature fo = peak frequency
g.¢ = effective d.o.f. in plasma Hn(Ta, 8eft) (Hubble rate) o;= shape parameters

a ~ (potential energy)/(thermal energy) . )
c... c., = sound speed(s) K(v,, @, c) (kinetic energy fraction)
= transition rate R+ v,,) (mean bubble separation)

v,, = bubble wall speed

In Qg
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3D hydrodynamic simulations of phase transitions

* Relativistic fluid + scalar order parameter (“Higgs”) 0.6000

e Linearised gravitational wave production
0.4500
* Key output: GW power spectrum

(fractional GW energy density per log wavenumber) 0.3000 °

1074 ; y
At = 6000/, - 5000/T, !
At = 5000/T. - 4000/T, | 0.1500
10-6 At = 4000/T,, - 3000/, E ’
R a - From P,(k), t = 60007, |
& SSM ideal i
L s - S5M e i 0.0000
< o Max = 0.0
E i i Min = 0.0
10710 M\ tT. = 0.0
ol £ . | | 3 ‘ L
10 10° 10! 102 103
kR,
* While sound waves persist, GW power spectrum grows
* Plot: GW power spectrum growth rate (scaled by H,))
i
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Towards a model: relativistic combustion

| Vw > Cs | Vw > Cs
' Vw < Cs
Deflagration
Supersonic deflagration Detonation
(“hybrid”) €0 = 0.4, an = 0.1, ay = 0.078, 7 — 1.624, &4y — 0.579
* Large scales: ideal relativistic hydrodynamics 0.151 o(©) ;
* Microphysics: e(T), p(T), v,, oo el
* Radial fluid velocity v(rt) and enthalpy distribution w(r,t) = 0.10]
* Similarity solution v(x ), w(x ): £=r/t =
* Low-friction or ultra-strong transition: can be “runaway” (v,, > 1) %]
* (not considered here) 00 | | / |
0.2 0.3 0.45 0.5 06
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GWs from phase transitions: Sound shell model

 GWs from Gaussian velocity field
Caprini, Durrer, Servant (2007,2009)

* \Velocity field: weighted addition of self-
similar sound “shells” v,(t;) from bubbles
MH 2016, MH, Hijazi (2019)

 Two length scales:

— Bubble spacing R«

— Shell width R, |v,, — c5|/cs
* Double broken power law

— Py, KO, kY, k3
 Amplitude proportional to:

— Bubble spacing

— Shear stress lifetime

— (Kinetic energy)?

* Similar: bulk flow model (k! at low k)
Jinno, Takimoto 2017; Konstandin 2018

In Q,,

Gravitational waves ... Mark Hindmarsh 13



Estimating GW power

Oh~T —s Py(t,k) / dt, / dty cosl(t — t1)] cos[k(t — t1)](Te (b)) T (£))

 GW energy fraction:

— 1, duration of stresses

— 7. coherence time
* Coherence time:
— T. ™~ R« (bubble spacing)

* Shear stress lifetime (shocks):

~H Y/(1+ U/R-H,)
— U (~ RMS velocity) ~ VK
— or K=(4/3)U¢

— "cv

— (g,
— H, Hubble rate (max nucleation)

~ (HaTy)(Ha T )K?

R«(f, vy, also a,) (mean bubble spacing)
from bubble growth dynamics

K(va, o) (kinetic energy fraction)
from self-similar hydro solution

~

ng’o ~ F.

r;
0=
"1+ VK,

K g

107
1072
S
Numerical simulations: 1073
2
(g = O(1072)

Standard cosmology:

100
Fagwo = 3.6 X 107> ( )

(M

Geff
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Sound shell model vs. simulations P,

GW power growth rate
Solid: ideal self-similar sound shell

Dash: evolving sound shell at peak collision time in 1+1D

scalar hydro

Grey: simulations:
simultaneous nucleation of bubbles

( *t)AI(H*R*)Al(]gl(;\\‘/d l()g k

10°8

(H.t)"Y(H.R,)'dQaw/dlog k

10716
10~ 107
1000//7 E— O O O 4 6 p— O 44
-2()()(]/ﬂ n . VW . =
3000/, 5
10-101 1000//’:15 = 107104
—— 5000/T. =
—— 6000/T. g
—— 7000/T. =
10~124 — SSM ideal 107124
——= SSM . f%
)
10~ 14 T 10714
/ &)
10-16 A | - 10716
10° 10! 10?
kR,

10—10,

10—12,

10—14,

1000/T..
2000/T;
3000/1.
4000/T..
—— 5000/T.
—— SSM ideal
——= SSM fye

o, = 0.0046 v,, = 0.92

1000/T..
2000/T;
3000/T.
4000/T..
5000/T;
6000/7.
7000/,
SSM ideal
SSM £,

a, = 0.0046 v, = 0.56

100 10! 10
kR.
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Sound shell model vs. simulations P,

GW power growth rate

Solid: ideal self-similar sound shell

Dash: evolving sound shell at peak collision time in 1+1D

scalar hydro

Grey: simulations:
— simultaneous nucleation of bubbles

(H.t)"Y(H.R.) " 'dQqw/dlog k

1071
1000/T.
<ol oo = 0.05 v, = 0.44] -
a0 3000/T.. n w &0
© 106 40007 o emmmmm——— ©
= —— 5000/T. =
3 3
,\Q 10774 — 6000/T; N ,\(‘D
= —— 7000/ N =
T ~8] —— SSM ideal N T
S SSM oS =
3 oo SSM i N 3
m% 9 S m»;
= 10 SO o]
~— N ~—
= N =
N
1071 NS
= &
SRl =
10712

100
kR,

10!

102
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Nonlinearities 1: Kinetic energy & GW suppression

’ ! 0.3500 03500 ‘ / 0.3500
0.3000 0.3000 . ’ 0.3000
»

25 0.2300 5
02500 = C 500 = 02500 =

0.2000 0.2000 0.2000

0.1500 0.1500 @) 0.1500
TV = 0,9817, — TMx—03417T, T — 0,336 T,
TMin _ (1527, TR = 0170 T, T — 0.225T,

=160 oy = 0 5 7, = 1110 ’ 1T, = 1880

.
A A .-

2.50
2.00
1.50
1.00
0.50

Deflagrations: heat up fluid in front
Pressure in front of wall in s, walls slow down
Formation of hot droplets Cutting, Vilhonen, Weir (2022)
Less transfer into kinetic energy, more into heat.

A
Include GW suppression factor as a numerical 025
parameter (right) 0.10
. . 0.05
Also: nucleation suppression o
. . Al-Ajmi, MH (2023) 0.03
— bigger bubbles, boosts signal 0.01
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SSM toolbox: PTtools

Python package for GW spectra from
1st order phase transitions

Currently: linearised approx with
phenomenological corrections

— intermediate strength (a <0.3)

— Wall speeds 0.4<v,<0.9

— Sub-Hubble bubble separations (r. << 1)

Speed-up with numba
— 50 ms for 100 frequencies

Support for general egn of state
Public release early 2025

(H,R.) Pl (kR.)

(H,R.) Pl (kR.)

R)7Pl(kR.)
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GW power spectra in the SSM

* Sound shell model predictions: accuracy ~20% at peak for near-linear flows

— strengths o < 0.3; wall speeds 0.4 < v,, < 0.9; sub-Hubble bubble separationsr, « 1

< 7
—— LISA SR sensitivity curve Vw
10781 —:— Galactic binaries 0.4
—-== Extragalactic compact binaries 0.5 ©
06 gj
0.7
0.8 %
0.9 - —
2
>
| -
©
1071 . - =
107 107 1073 1072 1071
[
c
< 7
—— LISA SR sensitivity curve T's '8
10781 —-— Galactic binaries 0.01 (¢
—-== Extragalactic. compact binaries 0.03 E
0.05 o
» 0.07 )
=10 0.09 n
= 0.1 Q
o]
10712 '§§
0
>
—
04 O
10 107! >
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< 7
—— LISA SR sensitivity curve T
—+—  Qalactic binaries 50
—-== Extragalactic compact binaries 100

< 7
—— LISA SR sensitivity curve «
—-— Galactic binaries 0.02
—-== Extragalactic compact binaries 0.04

Vary transition temp

Vary transition strength

=
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Signal-to-noise ratios (LISA)

r, = 0.1
0.51 1000
0.4 500
100
0.31
3 50
0.2
10
0.1 5
- - 1
0.4 0.6 0.8
Uy

 Signal-to-noise ratio p (t,,, = 4 years)
* “Worst case” galactic binary foreground

0.57

0.41

r. = 0.01
1000
« T. =100 GeV
500
¢ ¢, = 1/V3
100
50 =
Gowling, MH (2021)
10
5)
1
Q,,(£6))
26)=t fdf B
— tob
P on Qnoise(f)

— (NB annual variation aids removal)  \iH, Hooper, Minkkinen, Weir (2024)

* “LISA science requirements” instrument noise

Gravitational waves ... Mark Hindmarsh 20



Signal-to-noise ratios (LISA)

re = 0.1 _ r. = 0.01
. T =100GeV

.+ ¢, = 1/V3

Gowling, MH (2021)

0.4 0.6 0.8 0.4 0.6 0.8
Vw Dy

* Signal-to-noise ratio r (t,,, = 4 years) 502
 Perfect removal of GB foreground 2(5) _ ¢ df €2g,,(f;0)

. . . P obs Qpoea(F)
» “LISA science requirements” instrument noise noise

Gravitational waves ... Mark Hindmarsh 21



0.57

0.41

0.31

0.21

0.11

Observability of PT parameters: Fisher analysis

7’

Ao/

Avy, /vy,

i

Ary /1y

s

ATy /Ty

e Covariance matrix C (t.,. = 4 years)
* Uncertainty from eigenvalues of C

* Wall speed is best determined parameter
— shape dependence of power spectrum

Uy

Vw

U

Cij (6)= 2tobsfde

04 05 0.6 0.7 0.8 0.9 04 05 0.6 0.7 0.8 0.9 04 05 0.6 0.7 0.8 0.9 0.4 0.5 0.6 0.7 0.8 0.9

vw

32 g (F;6) 9 (£;6)

26, 26,

“noise” = GB foreground + “LISA science requirements” instrument noise
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Observability of parametrized spectra

Caprini et al (LISA CWG, 2024)
le\BVPL(fa 5Cosmo) = Qint X S(f) = {2 X S2(f)a (2'8)

—nj+ng —no+ng

wn () b ()b (]

sound waves

e Afa/ fo Alf2/ £1)/ (2] fr)
107 A‘ B w/ foregrounds
107 F- 4 1 M w/o foregrounds
109 : — Az 10—2
S 10-10 B
% -- 4% = 10!
-1 z
10 LY A |
10—12 B
s = 1 L  J{F 0 vex*r 17" SNR =10
0—1-‘1 ul ul uad, L L ad ul il il . il il
10-5 101 103 102 10! 10-% 10~* 10~* 10-2 10! 1075 10~* 10* 102 10!

f2 [Hz] f> [Hz| f> [Hz]

Marginalised posteriors from Polychord

— “noise” = GB foreground + “LISA science requirements” instrument noise
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Recent advances in hydrodynamics

* Shape of GW spectrum at low k: k3 and k?

* Effect of sound speed on GW spectrum

* GWs from strong transitions (o0 ~ 1)

— Vims ~ 0.1 —0.3, decaying flow (shock dissipation)

— peak shape change from shock evolution

— Decrease of GW growth rate, convergence

4

10% X Ly (Finie, T, kR.)/ (KZR.S)
s s

vy =08, a=0.5

Pyw/(H,Lo)?

T T ororror T ororror T ororror T
10-3 10-2 10~ 100

kL
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a=0.1, & = 0.5, 574/ R. = 10
I | | T

I
— RH.=1

-2
1075 R o1
1074 RHM. =001

— — R.H.=0.001
= 107° ”

z 1078
&1
107"
10—14
10~ 16k I L I I
10-% 102 10+ 10° 10° 10
kR,
Nay/Vyms = 400.0,  An, /n, = 1.155
—— sw with friction
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Conclusions

LISA and other missions will probe physics of
electroweak-scale transitions from mid-2030s
— Measure/constrain phase transition parameters
* Wall speed likely to be best determined (if signal seen)
— Parameters from underlying particle physics models
* Recent progress with equilibrium parameters
* Wall speed the hardest (non-equilibrium)
Towards accurate calculations of GW power spectrum
from parameters TG e W

10781 —-— Galactic binaries

— Now: < 20% accuracy for strength a < 0.3; speed 0.4 <v,, <0.9; -~ Extragalacticompact binarics
bubble separation r- << 1; sound speed ¢, = 1/\/§

— Non-linear evolution (a~1) beginning to be investigated
— Strongly supercooled transitions (a > 1)?

—
—

10-10
=

Ambition: make GWs as good a probe of the
electroweak era as CMB is for the decoupling era
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