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Theory predictions for tt+(massless) signals 
(i.e. tt+j / tt+γ) present a serious challenge
⇒ we need to develop new calculational techniques

[parallel on-going theory efforts for ttH, ttW, ttZ]
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Short version
When will it be available?

1. numerical evaluation of the amplitude at 
benchmark points - soon

2. integration over full phasespace and 
combination with RV and VV - not so soon

The simulations will be very expensive - we 
should make sure to provide precisely the right 
things needed for the analyses

The relative size of the double virtual may not 
be that large (c.f. other 2!3 processes) - leading 
colour likely good enough.



There has been significant progress for 
2!3 scattering problems in recent years

processes with massless internal 
particles no longer present the same 

challenge they did ~ 5 years ago

This talk: before we can tackle the summit we 
need to make sure we have the right equipment

• NEW! master integrals for ttj in the large Nc limit

recent results

Agarwal, Buccioni, Devoto, Gambuti, von Manteuffel, Tancredi, 
Abreu, De Laurentis, Dormans, Febres Cordero, Ita, Kraus, 

Klinkert, Page, Pascual, Ruf, Sotnikov, SB, Brønnum-
Hansen, Chicherin, Gehrmann, Hartanto, Henn, Krys, Marcoli, 

Moodie, Peraro, Zoia,…

3j full colour 2L

γ+2j full colour NNLO

5pt one-mass master integrals (V+2j, H+2j,…)



top quark helicity amplitudes
helicity amplitudes encode 

spin correlations in the 
narrow width approximation

consider leading colour 
only for now

u±(p,m;n) =
h⌘ ⌥ |(/p+m)

h⌘ ⌥ |p[±i
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corrections at one-loop in QCD now standard in MC event generators
[Integrals: QCDloop, OneLoop… Amplitudes: OpenLoops, aMC@NLO, Recola,…]
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colour decomposition

rational 
coefficients

basis of linearly 
independent basis 

integrals closed under 
IBP identities

e.g. Melnikov, Schulze ‘09



canonical form differential equations (DEQs)
[Henn (2013)]
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integral basis usually called ‘master integrals’ (MIs)

matrix depends on kinematic invariants

@xMi = ✏Aij(x)Mj
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if it is (relatively) easy to define a special 
function basis from iterated integrals dA =

X

i

d log(Wi)
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e.g. 1M pentagon functions: Abreu, Chicherin, Ita, 
Page, Sotnikov, Tschernow, Zoia [2306.15431]

Analytic forms for DEQ matrices, A, have been obtained 
efficiently using the latest techniques for Finite Field 
(FINITEFLOW [Peraro ‘19]) solutions of optimized 
integration by parts identities (NEATIBP [Wu et al. ’23])

automated approaches to 
find canonical bases (Fuchsia, 

epsilon, initial, dlog…) not 
sufficient to handle 

complicated kinematics of ttj

https://arxiv.org/abs/2306.15431


integral basis for leading colour ttj

4p5p ! 1t2t3j
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(a) Elliptic sector, dubbed 321B.
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(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.
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5

(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.
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dlog candidates for most 
integrals follow patterns 

seen in previous examples:

• local and extra-dim. 
numerator insertions

• square roots (e.g. Gram 
determinants) 
8 square roots in total

• algebraic letters of the form

problem sectors

nested square root required to 
rotate into ε factorised form

Picard-Fuchs analysis 
confirms it to contain an 

elliptic curve 

technology for analytic representation of elliptic integrals 
not yet ready for example of this complexity: resort to 

numerical evaluation of the DEQs 

[SB, Bechetti, Giraudo, Zoia 2404.12325]
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solving differential equations numerically

x

y
transport point x to point y using 

generalised series expansion 
of the differential equations

[DIFFEXP Hidding 2006.05510]
[Moriello 1907.13234]

the MIs. The factorisation of " allows us to express the solution algorithmically in terms of Chen
iterated integrals [92], order by order in the Laurent expansion around " = 0. This, in conjunction
with the presence of logarithmic one-forms only, enables the application of a well-established toolbox
of mathematical techniques — most notably the symbol [93] — to write down and manipulate the
solution. Building on this, the method of the so-called pentagon functions [27, 30, 33, 35, 94, 95]
has proven particularly successful in the computation of two-loop amplitudes for 2 ! 3 processes.

It is however known that the DEs for Feynman integrals can take more complicated forms.
Indeed, we anticipate that the canonical form in eqs. (3.4) and (3.5) can only be achieved for
topologies A and C [MB: Topology A is not defined yet], whereas a generalisation is necessary
for topology B. First of all, it is not proven that one can always factorise the dependence on " in the
connection matrices. On top of that, even when " is factorised, one-forms other than d log’s may be
necessary (see e.g. the review [96] and references therein). For such cases the notion of “canonical”
DEs is still under debate [55, 58] [SZ: other refs?]. On the one hand, the techniques for bringing
the DEs to an "-factorised form are much less mature than in the d log case. On the other, even
when an "-factorised form is achieved which involves one-forms more complicated that the d log’s,
manipulating and evaluating the solution efficiently remain challenging. For these reasons, it is
often convenient to resort to more flexible numerical approaches to solve DEs beyond the d log case,
as opposed to fully analytic solutions in terms of well understood special functions. The method of
generalised power series expansions [70] is proving particularly effective, boosted by the availability
of public implementations [71, 72, 76]. Nonetheless, also within this approach to the solution,
simplifying as much as possible the form of the DEs is crucial to an efficient and stable evaluation
of the solution. In particular, it is desirable for the connection matrices to depend polynomially
on ", and for the degree in " to be as low as possible. More explicitly, in the generalisation of the
canonical DEs we consider in this work for topology B the connection matrix has the form

dA
(B)(~x, ") =

kmaxX

k=0

X

i

"
k
!i(~x) c

(B)
k,i , (3.6)

where !i(~x) are (linearly independent) one-forms, kmax 2 N, and c
(B)
k,i are matrices of rational

numbers. A subset of the one-forms {!i(~x)} may be d log’s.
[SZ: edited until here]

[SZ: how to smoothly insert this paragraph?] When the master integrals under study
satisfy a set of canonical differential equations (3.4), they can often be represented as iterated
integrals over rational functions and they usually can be written in terms of a well-understood class
of functions, the so-called multiple polylogarithms (MPLs) [97, 98]. Geometrically these integrals
are defined on a genus zero surface, i.e. on a Riemann sphere. It is however well known that
Feynman integrals can admit a representation whose analytic structure is defined by higher-genus
surfaces, such as elliptic curves.

Our approach to construct a basis of master integrals is outlined in ref. [15]. For complete-
ness, we briefly summarise it in the following. [SZ: rephrase: we find good bases sector by
sector, and only after this is done we reconstruct] [SZ: define: homogeneous DEs]

• Step 0: We exploit finite fields technique to perform IBP reduction and to reconstruct the
differential equations, either fully analytically or on a univariate slice.

• Step 1: We select integrals candidates following patterns observed in previously studied cases.

• Step 2: We work sector by sector, searching for a basis of master integrals linear in ✏

d ~J (~x, ✏) = d
⇣
Â

(0)(~x) + ✏ Â
(1)(~x)

⌘
~J (~x, ✏) , (3.7)
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Efficient phase-space integration 
possible if the number of segments 

between points is minimized 
(e.g. [Becchetti et al. 2010.09451])
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forms (135 of which 72 are dlog)

compact analytic representation 
(for all topologies)



solving differential equations numerically

segment between topologies for the same values of all parameters. We performed this analysis on a
sample of 100 phase-space points in the s45 channel, amounting to ⇡ 1.5 K segments starting from
the boundary point ~x0, with a target accuracy of 10�16 in DiffExp. The results of this analysis
are shown in figure 5.7 The different ✏ structure for the DEs, together with the larger number of
MIs, results in a higher evaluation time of PBB with respect to PBA and PBC . Indeed, the average
evaluation time per segment is ⇡ 12 seconds for PBA, ⇡ 16 seconds for PBC , and ⇡ 58 seconds
for PBB .

Figure 5: Histogram showing the distribution of the evaluation time per segment for topologies
PBA, PBB and PBC . Note that the number of segments depends on the singularity structure and
is therefore different for each topology.

We finish this section with some comments. First, the data shown in figure 5 have to be in-
tended as a qualitative analysis and not as a serious attempt of performing a statistical study of
the evaluation time performance of the method. Furthermore, if we take into account the earlier
analysis, bearing in mind that our evaluation strategy is not tailored for phenomenological appli-
cations, we find the current results to be promising. Finally, it would be interesting to compare
the evaluation time of our solution with a possible generalised power series implementation for the
case where the connection matrix contains elliptic kernels. Indeed, assuming to be able to build
an integral basis in which the DEs are factorised also in the elliptic case, the resulting connection
matrix will then depend on elliptic functions. Therefore, it will be interesting to weigh whether is
the polynomial dependence on ✏, or the presence of elliptic functions, to have the most significant
impact on the numerical evaluation of the MIs.

6 Conclusion

In this work, we have presented compact differential equations for the master integrals of all integral
topologies required to describe the production of a pair of top quarks in association with a jet at
hadron colliders at NNLO in leading colour QCD. There were two new pentagon-box topologies
to consider, PBB (fig. 1b) and PBC (fig. 1c). The latter followed a pattern similar to the one
observed in ref. [19] for PBA (fig. 1a) and we obtain the DEs in the canonical form, i.e., such that

7
All the evaluations are performed on an Intel(R) Xeon(R) Gold 5218 2.30 GHz CPU.

– 21 –

simplest DiffExp setup

target accuracy 10-16

transport all points 
from same boundary



outlook: route to the two-loop amplitudes

Finite field compatible computations for helicity 
amplitude with spin projection basis (ground work layed 

out using ttj @ 1L to O(ε2) [SB et al. 2201.12188]) have we reached 
the limit of analytic 
representations?

• setup FiniteFlow graph using rational parametrisation of kinematics (e.g. momentum twistors)

Ak =
X

l

cklIl
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• coefficients evaluated modulo large prime number - multiple evaluations 
+ chinese remainder theorem for rational (number OR function) 
reconstruction 

• analytic reconstruction expensive - numerical evaluation for physical space requires 
complex input parameters. Proceed through rational reconstruction mod primes 
for which x2+1=0 factorizes (2x cost of real reconstruction)

• unknown aspect: how many prime numbers are needed

[work in progress: SB, Becchetti, Brancaccio, Hartanto, Zoia]



outlook: route to the two-loop amplitudes

IBP reduction (optimized with 
NeatIBP) via finite fields (FiniteFlow) 

over a rationalised phase-space

Numerical solution of DEQs: need better 
optimized strategy for DIFFEXP method

We have mapped out a route to the top…
hopefully we’ll make it

checked: all other planar diagram topologies 
can be mapped to the pentagon-boxes how many points do 

we need to cover 
the full phase-space?

(a) Topology PBA. (b) Topology PBB . (c) Topology PBC .

(d) Topology HTA. (e) Topology HTB . (f) Topology HTC .

Figure 1: The six integral families appearing in the tensor integral representation of pp ! tt̄j at
two-loops in the leading colour limit. Black lines denote massless particles and red double-lines
denote massive particles. The master integrals of all three hexagon-triangle topologies can be
mapped to the pentagon-box topologies.

minimizing the number of segments remain for further study. For the two topologies admitting
d log representations, it is straightfoward to derive analytic representations in terms of multiple
polylogarithms or pentagon functions that would provide fast and stable numerics.

4 Outlook

Having established a set of master integrals suitable for the complete amplitude in the planar
limit that can be reliably evaluated numerically, the next step is to obtain their rational coe�-
cients for each amplitude. This could be attempted though analytic reconstruction from finite
field evaluations (modulo a prime number), for example using the FiniteFlow package, 28 as
has been successful for other 2 ! 3 scattering processes. Analytic forms for rational coe�cients
may well be extremely complicated and it may be useful to also consider numerical approaches.
While this step will require the reduction of high rank tensor integrals, the finite field strategy
combined with optimized IBP systems does appear to be viable. The unknown aspect of the
evaluations is the average time per phase-space point which will certainly be considerably more
expensive than massless 2 ! 3 processes. There are many unexplored optimizations for e�cient
evaluation of the integrals and numerical interpolation techniques that lead us to believe the
two-loop virtual corrections can be obtained via this strategy in the not too distant future.

Acknowledgments

I would like to thank my collaborators Matteo Becchetti, Colomba Branccacio, Nicolò Giraudo,
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