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Hybrid S-Matrix representation and the Flow polytope.

A Unitarity and cut integrals in FOPT.
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Based on “Flow-oriented perturbation theory”,
JHEP 01 (2023), 172 https://arxiv.org/abs/2210.05532.
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3D representations of Feynman integrals

Famous non-(manifestly)- p_©_p/
covariant approaches: p_©_ ~
= +

m Time Ordered

Perturbation Theory p
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3D representations of Feynman integrals

Famous non-(manifestly)-
covariant approaches:

m Time Ordered
Perturbation Theory
(TOPT)

m Loop-tree duality.

1
The 2 — i,
= -3 (g +pi)* —i0np;

Pit1
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Coordinate space formulation of QFTs

Coordinate space treatments:

Unitarity and the Largest Time equation.
Multi-loop renormalization group invariants.
Factorization results.

Axiomatic QFT.

PDFs.
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Coordinate space scalar QFT

d*p _. i 1 1
Ap(z) = ~ipz = .
F(2) / (27r)4e p?+ie (2m)? —z2+ e
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Coordinate space scalar QFT

d*p _; i 1 1
Ap(z) = —ipz = .
F(2) / (27r)4e p?+ie (2m)? —z + ie

m Scalar n-point Green’s function
I(x1, ...,X‘Vext‘) = <O\ T(p(x1)--- ()O(X‘Vext|))’0>

1
= ZG: Sym GAG(Xl, e ,X|Vext|),
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Coordinate space scalar QFT

d*p _. i 1 1
Ap(z) = —ipz = .
F(2) / (27r)4e p?+ie (2m)? —z2+ e

m Scalar n-point Green’s function
I(x1, ...,X‘Vext‘) = <O\ T(p(x1)--- ()O(X‘Vext|))’0>

1
= ZG: Sym GAG(Xl, Ce ,X|Vext|),

m A graph G contributing to the Green's function

1
I [an | T2 s

ve Vint ecE

(_I.g)“/int‘

AG(X]_, e 7X|\/ext‘) = W
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Coordinate space triangle diagram

Y2 €2
eqg A—O T2

€1
Z1 €6
U1

% N—e 73

Y3 €3

—ir)3
Ac(x1,x2,x3) = ((251)2/ H d*y, | x

veVvint

01 = 11200 — 2205 — 132 (1 — 2202 — y3)2 (1 —y3)2
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Flow-oriented perturbation
theory
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Performing time integrations

In the spirit of TOPT we perform [ [ dy?] integrations to obtain a
3D representation of coordinate space diagrams:

m In doing so we introduce auxiliary energy variables.

m Perform Cauchy integrations.

The result is a sum over the different energy flows (orientations o)
in the diagram, with energies being conserved at each vertex.

AG(Xl,...,X“/ext‘) ZAG’U(Xl’”.’Xl\/QXt‘)

Sym G - = Sym(G, o) ’
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Energy cycles

It is possible to resolve the energy integrations and conservation
conditions for each orientation o on a graph G in terms of “cycle”
energy variables
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Energy cycles

It is possible to resolve the energy integrations and conservation
conditions for each orientation o on a graph G in terms of “cycle”
energy variables

1 T|yext|
T2 I'Vextl_l —
T3 .’ElvextI_Q
[ N N ] [ N N ]
G G°
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Energy cycles

It is possible to resolve the energy integrations and conservation
conditions for each orientation o on a graph G in terms of “cycle”
energy variables

External cycle or route

x1 .’E|Vext|
To T|yext|—1 —
3 T|yext|—2 Internal cycle
G X X) G° XX

Energy conservation in (G, o) = Strongly connected closed graph

(6°,0)
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Energy cycles

It is possible to resolve the energy integrations and conservation
conditions for each orientation o on a graph G in terms of “cycle”
energy variables:

AG70-(X]_,...’X‘Vext|) X H /d3)7v X

vevint
1 1
X ]j]: Y ]j]: SEEEE—
(eGE 2|Ze|> peEcycles Tp + P T e

Tp is the time difference and v, the sum of the lengths of the edges
passed in the cycle.
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One loop self energy graph

r1 3 4 X2
Y1 Y2

1 1 1
—z2 +je —z3 +ic —Z2 + i —z2 + ic

—ig)?
Ag(x1,x2) = E4:2r;4 /d4}/1d4)/2
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One loop self energy closed graph

r1 T2

751 Y2
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One loop self energy closed graph

r1 T2

751 Y2
2

Next, draw all possible energy flows.
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Energy flows through the closed bubble

(1) (2) (3) (4) () (6)
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(1) (2) (3) (4) () (6)

(7) (8) (9) (10) (11) (12)

Energy must be conserved at each vertex.
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Energy flows (= orientations) through the closed bubble

POREIRY
gOoORES
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Energy flows (= orientations) through the closed bubble

POEAR Y
GOOREE

) is equal to (8) and (

(under 7 = xg —xP — 7')
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3D representation of the bubble

(1) (2) (8) (9)

By collecting the overall and individual symmetry factors, we have
that

1 1 1
EA(X17X2) = EAG7O-(1) + AG,O’(z) + AG,O’(g) + EAG,O'(Q) .
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Decomposition of an orientation into cycles

Q-0

\ 7

Routes
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Decomposition of an orientation into cycles

(1) P1 P2

(27g)? / Byid3ys
A —
X 1 1

2| + 21| + |Z| + 7 + e || + | 2| + 2] + 7+ e
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(1) P1 P2

(27g)? / Byid3ys
A —
X 1 1

2| + 21| + |Z| + 7 + e || + | 2| + 2] + 7+ e
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Decomposition of an orientation into cycles

P1 P2

Route Cycle
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Decomposition of an orientation into cycles

& A
(2) P

P2
(,42 d3i1y/3ﬁz

A = %
G.o0 (x1,x2) ,/(8772)4 ]Zle}ﬂzﬁ\ |Za|

&
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Decomposition of an orientation into cycles

G-

P1 P2

(2rg)? / Eds,

A g

L A el EATEATEATE
X L :
75|+ |2] + 2] + 7+ ie 4] + |2

f

UV divergent if y1->y2
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Routes and cycles: UV singularities in FOPT

Two types of paths:

—e T4

1 Zs5 1
——e T4
x2 xr3 2

(a) Route, r € T,

(b) Cycle, c € T™.

z3
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Routes and cycles: UV singularities in FOPT

Two types of paths:

1 Ts T Ts
—e T4 —e T4
2 Z3 Z2 3
(a) Route, r € T, (b) Cycle, c € T™.

UV singularities of cycles match those of the covariant Feynman
diagrams.
= Amplitudes can be regularised as “usual”
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Routes and cycles: UV singularities in FOPT

Two types of paths:

1 Ts T Ts
—e T4 —e T4
2 Z3 Z2 3
(a) Route, r € T, (b) Cycle, c € T™.

UV singularities of cycles match those of the covariant Feynman
diagrams.
= Amplitudes can be regularised as “usual”(it is coordinate space).
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Long and finite distance singularities in FOPT

Diagrams in FOPT fail to reproduce the finite distance (collinear)
and long distance (soft) divergent behaviour expected from
momentum space results.
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Long and finite distance singularities in FOPT

Diagrams in FOPT fail to reproduce the finite distance (collinear)
and long distance (soft) divergent behaviour expected from
momentum space results.

= We shift our attention to the S-matrix and construct an FOPT
representation of it.
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The p-x regresentation of the
-matrix
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Hybrid representation of the S-matrix

We construct a representation of the S-matrix where external data
is given in momentum space whereas the internal integrals are in
coordinate space (FOPT).
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Hybrid representation of the S-matrix

We construct a representation of the S-matrix where external data
is given in momentum space whereas the internal integrals are in
coordinate space (FOPT).

S({piYieve: {prtreves) = 21V 2T r({pa}acven)

[ H AA(Pf)] T({pa}acyext).

fe Vext

out

FT({Pa}aGVeXt):[ IT 2=(p)

H ext
i€V

19/29



Hybrid representation of the S-matrix

We construct a representation of the S-matrix where external data
is given in momentum space whereas the internal integrals are in
coordinate space (FOPT).

S({piYieve: {prtreves) = 21V 2T r({pa}acven)

[ H AA(Pf)] T({pa}acyext).

fe Vext

out

FT({Pa}aGVeXt):[ IT 2=(p)

H ext
i€V

F({pa}aevext) :/! H d4Xa efxa‘Pa] |‘({Xa}a€\/ext)7

acvext
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Hybrid representation of the S-matrix

Next we use FOPT representation of the Green's function

F({Pa}aevext) :/[ H d*x, eixa‘pa] M({xa}aevest),

agvVext
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Hybrid representation of the S-matrix

Next we use FOPT representation of the Green's function

F({Pa}aevext) :/[ H d*x, eixa‘pa] M({xa}aevest),

agvVext

~ 1 ~
F({patacvext) = E WAC-;,a({pa}aeVext),
(Go) ’
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Hybrid representation of the S-matrix

Next we use FOPT representation of the Green's function

F({pa}aevext):/[ H d*x, eiXa‘pa] F({Xa}acvext),

ae\/ext

~ 1 ~

F({pa}acvex) = Z WAG,a({Pa}aevext)a
(Go) ’

where the Fourier transform of a FOPT orientation is given by

Avaa({pa}EGVe"t):/! H d4Xa eiXa'Pa

acvext

AG,G({Xa}aEVe’“’)'
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p-x representation of the S-matrix

It is possible to perform the Fourier transform explicitly and the
final result equals

out

Sym(G, o) ’

S6.o({Piticvest, {pr}revest)
5({Pi}ie\/§l’“v {prlreves) = Z 7

out

(G,o)
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p-x representation of the S-matrix

It is possible to perform the Fourier transform explicitly and the
final result equals

out

Sym(G, o) ’

Z S6.0({Pitic Vviexts {prlrevex)

5({Pi}iev§;<ta {pr}revex) =

out

(G,o)

sc,aouS( > pS)x

ag\Vext

[H gVint d3.)7Vj| [H cvext e_i E.ﬁa] (P}, t .
% i ST FE (v +iel).
/ [HeeEint 2|Ze|] [Hcerint %] ¢
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p-x representation of the S-matrix

It is possible to perform the Fourier transform explicitly and the
final result equals

out

Sym(G, o) ’

Z S6.0({Pitic Vviexts {prlrevex)

5({Pi}iev§;<ta {pr}revex) =

out

(G,o)

§ 0
5G70' o d ( Pa> X Fourier Transform of the

ac Vext Flow Polytope
. -_—

[H gVint d3)7V] [H cvext e’ E'ﬁa] ENE I
% i ST FE (v +iel).
/ [HeeEint 2|Ze|] [Hcerint %] ¢
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The flow polytope

FED (y +ie1) = / dE e/Ertiel),
' F
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The flow polytope

~f 0 H '
fé’f;}(7+ iel) = /{po} dE eE(v+icl)
Fea

, O

]-"éf’g} is swept out by all tuples (E;).crext which fulfill

o

E. >0 forall r € It
ZEr = p? forall i € V&,

roi
Z E. = —p? for all f € V&,
r>f
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The flow polytope

]-"épg} is swept out by all tuples (E;),erext which fulfill

E., >0 forallr € It
Z E. = p?forallie V&t

roi

Y E=-—plforall f eV
rof

Nice features regarding the cancellation of spurious singularities.
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Example: The p-x representation of the triangle diagram

— D1 €g
Y1

es
Y3 P33 ——
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Example: The p-x representation of the triangle diagram

b1 €g
!
€5
Y3 D3

E,+ E5=

0
P2 The flow polytope is cut
out by the conditions:

E1>E2)E3205
BB E ) Ei+E+ E3= ;)?
+E,+E; =
1 2 3 101E2 E1+E3:—p8,
_ 0
By = —p) E; = —p3,
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IR singularities in the p-x representation

“Dee “he..
Ys D3 Y3 P3

= Ap/|p2* + VN, 7= A,
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IR singularities in the p-x representation

Collinear singularities are studied taking limits as (A — o0):

Y2 P2 Y2 P2
.y  y-
p1 y 41
PR N ey
(1 Y
% Lines become collinear
Y3 ):03 Y3 3~

2=/ 1Bl + VN, =15,
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IR singularities in the p-x representation

Collinear singularities are studied taking limits as (A — o0):

Y2 P2, Y2 D2,
-y R

vs pi vs pi~
Vo =B/ 1Bal? + VN =13,

We find a per-diagram factorization of collinear and hard
singularities!
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Per-diagram factorization

\
' Pk+1

only two-cut yield collinear singularities
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Per-diagram factorization of the S-matrix IR singularities

sG,o({P1,-- s Pk} {Pkt1s- - Pn}) =

2mi . p? (1
[ n
- 4 Iog Q2 0 dX S(G7o-)hard S(G7o')co| + Op%_>0(1) ’
’ Ipn
% P
o (- z)pn P
L -
sziy -- and
P Pn—-1 .
—ZPn - .

Pe A i

' Pk+1
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Soft-collinear singularity in the triangle diagram

We can study in the triangle the overlap of the collinear singularity
with the soft singularity

Y2 P2,
AT

S)eel,
Y3 P3
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Soft-collinear singularity in the triangle diagram

We can study in the triangle the overlap of the collinear singularity
with the soft singularity

Y2 P2,
AT

Collinear

S)eel,
Y3 P3
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Soft-collinear singularity in the triangle diagram

We can study in the triangle the overlap of the collinear singularity
with the soft singularity

Y2 P2,
AT

S,
Y3 P3
= appearance of double-log Sudakov logs:

(2m)? Iog Iog—
8 P2 p3

+(’)2 o(1).
P3 —»O

sc.o({p1}, {p2,p3}) = —
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Unitarity and cut integrals
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Cuts relating virtual and real processes

AN
o >~ Ay
SO - 2 fon, SO 0T
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Cuts relating virtual and real processes

AN
o >~ Y
SO 2 fon SO SO0

Loop Tree Duality puts all virtual and real corrections to a cross
section under the same integral sign.
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FOPT cut integrals

It is possible to extend FOPT to cut integrals.

(1a) (1b) (1c)

(2b) (2¢)

A remarkable property arises: different sized cuts have the same
integral measure.
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FOPT cut integrals

It is possible to extend FOPT to cut integrals.

(1a) (1b) (1c)

(2b) (2¢)

A remarkable property arises: different sized cuts have the same
integral measure.

= Advantage: IR singularities in numerical evaluations will cancel

locally (no need for Loop Tree Duality).
20/30



Outlook

m FOPT offers promising features:
m Canonical Feynman rules.
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Outlook

m FOPT offers promising features:

m Canonical Feynman rules.
m 3D representation of the S-matrix and the flow polytope.
m Per-diagram factorization of IR singularities in the S-matrix.

m Next steps are:

m Extend FOPT to D dimensions.
m Extend it to massive and fermion lines.
m Factorization.

30/30



Extensions

See the short handbook for using FOPT: 2310.09708
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Extensions

See the short handbook for using FOPT: 2310.09708

The extension of FOPT to arbitrary dimensions is performed by
using the dispersive representation of a scalar propagator of mass,
m, in D = 4 — 2¢ dimensions,

© d72 Im A (2% + in,m
A(Z2,m) :/ z 2( 5 77 )
0o —z¢+ 7%+ 1in
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Extensions

See the short handbook for using FOPT: 2310.09708

The extension of FOPT to arbitrary dimensions is performed by
using the dispersive representation of a scalar propagator of mass,
m, in D = 4 — 2¢ dimensions,

00 12 Im A 12 :
pfm = [T AL )

z°,m

T —z2+ 72+ in
l1—¢
ImA(z%,m) =46 (22) m T HE)E (m\/;)
23—¢egl-e (@)
1 T

ImA(2%,0) =

@ T

with H;_. a Bessel function.
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Extensions: D dimensions and massive

(2mg)V™| ;
Camyer | T [

vevint
H/ dz’ZImA 2+ in, m) I 1
oCE \z |2 4 2.2 Ser Yo T o in

Where now each path length, v, is modified as

w=3 (VIak+22)

eEep

A(;’a-(Xl, N ,X‘Vextl) =
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Extensions: fermion lines

Each fermion line, e, contributes with an extra factor

i 3

w20 - 22 %)

with the lightlike vector 2, _,, = (£|Z], Z)
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