Congratulations !

Martin's 60th birthday

Morimitsu Tanimoto
Niigata University
January 23, 2024
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1 Flavor meets modular forms

Flavor problem of quarks and leptons

Mass hierarchy

Flavor mixing
CP violation

What is the mechanism of fermion mass hierarchy ?
What is the origin of large flavor mixing ?
What is the origin of CP violation ?

Modular forms meet the flavor problem



[ f(z) =sin 27z, T:a:—>a:+1=>f(a:—l—1)=f(a:)]

(a, b) (a,b,c,d) are integer and ad —bc =1

c d
IR az + b
SRS z is complex
— cz+d (Modular transformation)
T=(O 1) T:z—>2z+1

Modular form f(z) is defined by imposing three conditions
@ f(2) is holomorphic @ ImZ >0

@ f(z) isholomorphic @ 2z — ioco

€ ol A C) [f(jji;) = (cz + d)* f(z)

Automorphy factor
only constant




Modular group

Three matrices construct ¥ (Modular transformation)

T=((1) D flz+1) = f(2) z — z+1
s=(° 0): 1(E) =z -1z

— (_01 _01); f(:_’i) =(-1)*f(z) = k=even

1
S:T17— ——, > \

7 T : modulus S° =1, (ST)” = 1.
I'or—7+1 generate infinite discrete group

PSL(2,Z)



1
ST — ——,
T

T:7— 17+ 1.

ST:t—p-1/(x+l)

oo 1.
~1.0 -0.5 0.0 0.5 1.0

Re[tau]
® @ Fixed point of T



Torus compactification

Compactlﬂcatlon
‘ ‘ @ @&

Modular forms appear naturally in top-down scenarios based on a class of string compactifications

We get 4D effective Lagrangian by integrating out over 6D.
S = fd4xd6y Liop = f d*x Legs

- L. depends on the structure of @
Modular symmetry

» 4D effective theory depends or[ internal space ]

[y finite modular group of level N

My ={ST|S2=1ST)3=1T" =1}




Consider effective theories with I'j, symmetry.
Lo € (}5(1) qﬁ(n) £ (1), pD: non-trivial rep. of Iy

Modular form of Level N

ar + b

cT +d
Automorphy factor

fz(T) — fz("‘T) = (C‘T + d ka(T)
modular form of weight k (Level N) representation matrix

of finite group

T—T =T = Modular transformation

K is modular weight

Chiral superfields | (o), () — (c7 + d) " p(7);; (D) (2)

[fz(T) ¢(I)¢(J)H] (CT+d)k(CT+d)_kI(CT+d)_kJ _ (CT—}-d)k_kI—kJ
Automorphy factor vanishes if k = k; + k;

11 Yukawa coupling is modular invariant !
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2 Modular forms for Level 3 (N=3)
I'N ~{S,T|S? =1,(ST)* =1, TV =1}

[; ~ A, group

Number of modular forms depend on weight k (even)
k+1 for A, (2k+1 for S,)

For k=0, the modular form is constant (modular function)
For k=2, there are 3 linealy independent modular forms,

which form a A, triplet.



F. Feruglio, arXiv:1706.08749
A, triplet of modular forms with weight 2

a ) (03 (T3 2men) )
h = o (r;(T/S) T+ 0/3)  a(r+2/3) 0BG )

co o= ((@/3) Lot +1)/3) (T +2)/3)
()= 7 (TF(T/3) (T +1)/3) ((T+2)/3))
sy Zi(n@/3) (D3 a0 (T+2)/3)
" T T (r;wa) R (T+2)/))"2”}13’3)
n(t) = ¢'7* ﬁ(l —¢") Dedekind eta-function
n=1

Yi(7) 1+ 129 + 36¢° + 12¢° + . .. |
Y=|Yar) | =| 6631 +7¢+8*+...) q = e
Y3(T) —18¢*3(14+2q+5¢* + . ..)

(-1 2 2
pS) =3 ( 2 -1 21) . p(T) = (
2 2 —

U 2
0|, w=exp(izm)

0
W
0 w? 3

o B B S



Modular forms in favour

F. Feruglio, arXiv:1706.08749

T.Kobayashi,N.Omoto,Y.Shimizu,
K.Takagi,M.T,T.H.Tatsuishi, arXiv:1808.03012

A,triplet 3 (Le, Ly, LT) 3 (Ver, Vyr Vir)

Y
A,singlets egl ; pr1”; Tk 17 Weight 2 modular forms |Y\? = (}’g)
Y;

Irreducible representations: 1, 1°, 1%, 3
The minimum group containing triplet

A, symmetry

Symmetry of tetrahedron

14 E. Ma and 6. Rajasekaran, PRD64(2001)113012
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| epton -- Seesaw model
Llepere|ve|H | Hy| Ya= (V1.5 V3)T
SU(2) | 2 1 1| 2 1
Ay 3|1, 131 |1 3
k; 1 1 1|01 0 k=2
1 2 1 0 12 1 0 1 2

10

we=oa ESHy(LY )1+ 3 ESHq(LY )+ ESHy(L Y )y»
A\
1

w, = g(N"H,L V)i + A(NNY),

W,, W, are modular invariant
2 1 1 2

if sum of weights satisfy > k=k .

ME «— Ck‘t?RHd(Lyr) + J,LLRHd(L}r) + "}"TRHJ(L};)
A, 1133 1”71 33 171 33

\_

J

, , n

My — glvpH, LY )4 My < A(vrvrY s
A, 3 133 A, 3 33

Seesaw [, = —MEMy' M)

\_ J




Consider the case of Normal neutrino mass hierarchy

aY, aY; als
V.= | BY, pBY; pFY;

7Yz 7Yy %

20, Y, (__Ql T QE)F:J (—g1 — g2) Y5
Vo= (—g1 —g2)Y3 201Y5 (—g1 + 92)Y1
(=1 +92)Ys (=01 — 92)Y; 201Y3
2V, Y, -Y,
Mp=| —Ys 21> -1 JA [ParameterS' J
-Y, -Y, 2Y. '
2 ! ; a, B! V! 92/g1:g ) T

m., m, m fixa, p,v. m, <m, < m,
16 Amzso| /Amza-rm Gnd 623, 912, 613 fix gz/glzg Ond T.
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1.8 R N

Ym; < 160 meV

— 1.6
L)
E 1.4 ]
™ '
1.21Xm; > 160 meV ¥ m; > 160 meV |
1.0

04 -02 00 02 0.4
Relt]

Question: What is a principle to fix modulus 1 ?

g is complex: What is the orign of CP violation ?



® When T is fixed, the modular symmetry is broken.
What is a principle of fixing modulus T?

¥ Modulus stabilization (non-perturbative effect, model dependent)

Some models indicate the potential minimum
at or near the boundary of fundamental domain.

Fixed point of t

2.0
_ 15 | Residual symmetry
= 3 ]
< 1.0 // —'
£ | 0 |
~ o5 Fundamental domain|of T ® Z,;t=i ® Z;:t=w (w3=1)
[ on SL(2,2) !
%0 Zos 00 05 10 S:t— -1k ST:t—-1/(t+l)
Re[tau]

19



3 CP violation and breaking of modular symmetry

CP transformation in A, modular invariant theory

([ )

Tt () o D), YR(r) S YW (=1t = YR!(r)

. J

One can construct CP invariant mass matrices
in modular invariant flavor theory.

ﬂfE(_T*) = ﬂﬂfE(T)* 3 ﬂ-—fy(—T*) — ﬂ'jf”(T)*

P.P.Novichkoyv, ).T.Penedo, S.T.Petcov,A.V.Titov,
20 JHEP 07(2019)165 [arXiv:1905.11970 [hep-ph]].



Model of CP violation in Lepton Sector

L | (e,pu7%) | Hy | Ha Yl{-z}, “
T Weight 4
SU@2) | 2 ! 2] 2 1 Modular forms
Ay | @1, 1)) 1|1 13, {31, 3+1+P
—ky —2 (0, 0, 0) 0 0 | 2, il

real matrix

a 0 0 i Ys Y, Y =V2+23Ys =By, Yy =Y +20Y

Mp=vy1 0 je 0 Yo V7 Y; " }/1(4) Y?Z— Y53
00 7/ \¥a Ya Vi), Yyl = (Y] = E -0
1 ) v Y2 - YV,
w, = ——(H,H,LLY .
Y A( we ! )IWeinbergoperator Weight 4 modular forms !
real
-U? ay@  _y _y@ L0 0 real 010
M, ==y gy §4> 00 1) 4Gyl |1 00
4 4 4
Ly Y@ gy @ 010 001/
3x3x3 A R , . P
Mp(—7") = Mg(r)",  M,(—7") = M,(r
3x3x3 () = M) () = My ()

21 CP invariance since Y(-t%)=Y* (1)



Input of 8 observed values:
me . M, . M., 912, 03, 613,
AmZ,=m;,"-m,®, Am? atm=M3"-M,*

OUprT . acp , <M., Z m; . .
T is close to i

2.0 7-/-
1l % |
E

" _“"“‘&/-\ |

0.5:_ Fundamental domain jof T

[ on SL(2,2) '
0.0

-1.0 —-0.5 0.0 0.5 1.0
Re|tau]



Neutrino mass matrix at fixed point of ¢
At T=i

9 2 —1 -1 1 00 0 0 1
1[:~%m—3Jﬁ 2 1| +¢ |00 1)+gf0 10
-—1 —1 2 01 0 100

Putting g,=0, tribimaximal-mixing is reproduced |

o= O

Sin2 912 = 1/3, Sin2 923 — 1/2, Sin2 913 = 0,

>3 JI3 0
Utri—bimaximal — ( 1/6 1/3 \/W)
—\/1/6 /1/3 \/1/2

23 Harrison, Perkins, Scott (2002)



m; > m,> m, <m,.> = 12-20 meV

350

300
= 250 T
2 200 NuFIT5.2 withSK |0

‘5. 150
100 i ma e
50

0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12

2m;[eV]
def: Arg [Ve3/Vu3] = -8, == CP phase
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4 Fermion mass hierarchy in modular invariance

P.P.Novichkov, ]J.T.Penedo, S.T.Petcov, JHEP 04(2021)206, arXiv:2102.07488

The hierarchical fermion masses are obtained
by using modular forms at nearby T=| and W

This hierarchical structure is not accidental.
Thanks to Residual symmetry Z; (N=3)

F. Feruglio, V. Gherardi, A. Romanino,A. Titov,

S. Kikuchi, T. Kobayashi, K. Nasu, S. Takada, H. Uchida
Y. Abe, T. Higaki, J. Kawamurab,T. Kobayashi,

S. Kikuchi, T. Kobayashi, K. Nasu, S. Takada, H. Uchida
Y. Abe, T. Higaki, J. Kawamura ,T. Kobayashi



Modular forms have hierarchy at nearby fixed points

Wr) = 1412043642 + 123 +---, | q = 2™ = g2miRer p=2mlmr
2(1) = —6¢"P(1+7q+8¢7 +--),
Y3(7) = —18¢*3(1 +2¢ +5¢* +---). £=6 |q|1/3

t=>%  (Y,.,Y,,Y) — (1, -¢ -12¢€%)

A, triplet |€|<<1

Modular forms are hierarchical at t=i® and w !

T=W —1 2w 2{.:.32 ¥ U D
. o, 2 Unitary 2
2 2w —w transformation 00 w
1 1 2 1
Yf} =27 W — Y.{;j = ELLJ}/B 0
26 —w? 0
2



arXiv 2212.13336 S. Petcovand M. T

An example in A, modular symmetry @ T=w

Q| (e, e t0), (do,se, ) | Hy | Y, YO Y | v

SU?2) | 2 1 2 1 1 1
A, |3 (1, 17, 1) 1 3 3 3
ki | 2 (4, 2, 0) 0| k=6 |k=4|k=2

[ W= ol Y Qnd: + (Y Q) + BuY S Qushr +1a( Y Qb5 H |

Suppose all coefficients are same order.

6 /(6 6 (6 6 /(6
o, 0 0\ (V94019 ¥4 ® v 4g,y,®
My=v,1 0 5, O Yf) }/1{4} Y3{4)
0 0 7 y,? Y, Y,

gq: ﬂ'!q/'j‘lq
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very small G - }3_”)

T=w+ |

YZ(T) Yg(?‘) - 1{ ) B 1 N |
Yi(7) (1+ ) Yi(7) —_ﬁw’ (1+ €), |a —EEz_Q.le.
3 O(EQ) 0(6) 20 JqW |€ | |€|2€* 62*
My = 5 O(e*) Ofe) [Bw? M2~ | Jee [ e
: O(Eg) 0(6) H}q €2 p 1

Mp () T Ms(c) - Maw) ~ L €] €]

M(T)~O(") ¢=0,1,2
duetoZ; at T=W



5 Summary

@ CP violation is realized by fixing modulus T,
which causes the breaking of modular symmetry.

® Fermion mass hierarchy is realized at nearby
fixed point of t, which may be consistent with
modulus stabilization.

® Is Modulus T common in both quarks and leptons ?

F.~J.~de Anda, S.~F.~King and E.~Perdomo, Phys. Rev. D101 (2020) 015028
"SU(5) grand unified theory with A, modular symmetry”

Modular symmetry could be applied to other flavor phenomena.
For example,

M.C.Chen, S.F.King, O.Medina, J.W.F.Valle, arXiv:2312.09255 [hep-ph]
" Quark-lepton mass relations from modular flavor symmetry''.

Flavor theory with modular symmetry is developing !
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Move to diagonal base of ST for triplet @ T=W

Automorphy factor of Q_

(cT+d)k )

w 0 0 S _22“'; 2 ;
Varolw™ IsT v, = [0 1 0 I

00 w? I
] 1 0 - 0
Yg,f}:EwY 0], YP==v2lo], YP=0 Yg?)=§w95/§ 1
0 1 0

(- )

5 (00 2,95 _
MV =50 0 fp? rank one matrix
0 0

iy

s R s i e
o o o
=

0
9
M2 = Ver  MIM Vi, =~ ( ) )
gy a2 + B; +7;
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Kinetic term of the modulus T |9,7]
(—IT +1iT)?
Modular transformation T ﬁizﬂd — bc =

B numerator

o _ (@90t +d) — (@t +b)(cd,1) _ (ad byt _ 4,1
LT = (cT + d)? T Tt d)? (et +d)?

B denominator

_(at+b)(cT+d)—(at+b)(ct+d) (ad—bc)(t—7T) -7

! I—_!

2 2
|6#T’| _ |6#T| . .
(—it' + iT')2 - (—iT + iT)2 Modular invariant




Multiplication rule of A, group

Irreducible representations: 1,1°,1”7,3

-1 2 2 I 0
S: % —1 2 3 T: 0 w2
2 -1 0 0

2
2
1 bl
(19 X bg :(ﬂ.lbl + EIng + (lgbg)% ((Lgbg + EI.lf}Q + (I.lejl:

E oo

); w=e*/3  for triplet

) (ngg + (11[)3 + (L-gbl)lu

2(&-1[)1 — (Igbg — ﬂ.gbg (L-ng — (lgbg

' 1
D é 2(&-33)3 — (Ilbg — [1261 D 3 (leg — ﬂgbl
” 2(&--2{)2 — ﬂlbg — [1361 3 - f-{-gbl — ﬂlbg 3
A, invariant Majorana neutrino mass term 1 0 0
0 0 1
(LL)l = L1L1+ L2L3+ L3L2 O 1 0

3x3
33 A, invariant



Modular transformation is the transformation of modulus T

T__>T,_a.r+b
et +d

S transformation

7

1 )
ST — ——,
-

T: 77— 74+1.
\_ y

1

(f 2’.)=(_01 )

weight 2; k=2
3 modular forms

a b
c d

)= (o 1)

T transformation

[fi(”?’T) = (c1 + fl)kﬁ?('ﬁ-")-ijfj(T)]

Yi(7 + 1)
Yo(r + 1)

3(T+1)

= O =
o E O

W

0
0

Bl

(ct + d)*

) . w=-exp(i=m)

34 Flavor symmetry acts non-linealy (Modular forms).

ct+d = |

2
3



( )

Superpotential
Wa = |aa(Y57Q)ud; + (Y5 Q)rds + Ba(Y5"Q)usis +1a(Y5 Q)| Hy
. J
! N 10,007 )
Kinetic terms XI: (—iT + i7 )k
. J

We renormalize superfields to get canonical kinetic terms

[1;'?{” — \/(EIHWQ)I" tif{fﬂ

Qy — Gu = au A/ (2Im7)® = ay, (2Im7)Y, o/, — &, = o/, v/ (2Im7)® = &, (2Im7)*,
Bu = Bu = Bur/(2Im7)* = B, (2Im7)%, 7 — Fu = 7o/ (2Im7)2 = 7, (2Im7)
ag — Gg = ag\/(2Im7)® = a4 (2Im7)%, o} — &, = o}/ (2Im7)® = o, (2Im7)?,
Bi— Ba= Ba/(2Im7T)* = B (2Im7)?, Y4 — Y2 = 74/ (2Im7)2 = ~4 (2Im7) .

35 [ 2Im 7 is large ]




Y] 14+ 12+ 36¢% 4+ 12¢° + . ..
YO =Y, = —6¢"2(1+7qg+8¢2+...)
Y; —18¢*3(1 4 2q+5¢*> +...)
4 ™)
1/1(4} Ylﬂ —Y,Ys
Yg” — }E{d} = YSE - Y1Ys
L y.\ Y Y2 -Y1Ys y
YI(E} Y, }/1 (6) Ya
YO = | V9| =02 +2vaY;) | Vs YO =Y =02+2vYs) [ 7
Y, Ys v, Ys
\
}fl{a} }fl?. —Y,Ys Y;{S} };2 _ VY,
YV =YY =iy [ v2—vYa |, YO =|Y® | = (V2 +2viYe) | Y2 — VaYs
Yf} Y2 - Y.V, Y;{E} Y -YY,

J

Y§) = (V2 +2Y,Y5) Y
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Observed Yukawa ratios at GUT scale with tan3=10

S. Antusch, V. Maurer, JHEP 1311 (2013) 115 [arXiv:1306.6879].

9 _ 991 x107* (1+0.111), Js _1.82 x 1072 (1 4 0.055)
Yb b
v _ 539 x 1075 (1+0.311), Je — 280 x 1073 (1 4+ 0.043)
Yt Yt

Mp ) T Ms(c) - M) ~ 11 |€]: le|?

For down quark sector &4 =0.02~0.03
For up quark sector €,=0.002~0.003

We have only one parameter \q|= E
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0q ~1

Mgz - Mga - Mg = 12 |eg| 2 |er|* = 1: e : |e|?

d, >>1

2
Mgy - Mgo - Mg = 1@(_)



