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Single RHN model (1998)
Just add a single RHN to the SM

4.2 See-saw mechanism with two right-handed neutrinos

In this subsection we consider the high scale (classic) see-saw neutrino model involving just two

right-handed neutrinos. We follow the notation of [4], where the first phenomenologically viable
model with two right-handed neutrinos was proposed. Subsequently two right-handed neutrino
models with two texture zeros were discussed in [16], however such two texture zero models are
now phenomenologically excluded [17] for the case of a normal neutrino mass hierarchy considered
here. However the original one texture zero case with two right-handed neutrinos [4] remains viable.

The two right-handed neutrinos ⌫
sol
R and ⌫

atm
R have Yukawa couplings [4],

Lyuk = (Hu/vu)(aLe + bLµ + cL⌧ )⌫
sol
R + (Hu/vu)(dLe + eLµ + fL⌧ )⌫

atm
R + H.c., (11)

where Hu is a Higgs doublet and vu its vacuum expectation value (VEV). The heavy right-handed
Majorana masses are,

LRR
⌫ = Msol⌫

sol
R (⌫sol

R )c + Matm⌫
atm
R (⌫atm

R )c + H.c.. (12)

In the basis, with rows (⌫eL, ⌫µL, ⌫⌧L) and columns ⌫
atm
R , ⌫

sol
R , the resulting Dirac mass matrix is,

m
D =
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@
d a

e b

f c

1

A , (mD)T =

✓
d e f

a b c

◆
(13)

The (diagonal) right-handed neutrino heavy Majorana mass matrix MR with rows (⌫atm
R , ⌫

sol
R )T and

columns (⌫atm
R , ⌫
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R ) is,
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, M
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M

�1
atm 0
0 M

�1
sol

◆
(14)

The see-saw formula in Eq.10 [2] is now interpreted in a matrix sense,

m
⌫ = �m

D
M

�1
R (mD)T , (15)

where m
⌫ is the the light e↵ective left-handed Majorana neutrino mass matrix (i.e. the physical

neutrino mass matrix), m
D is the Dirac mass matrix in LR convention and MR is the (heavy)

Majorana mass matrix. Using the see-saw formula dropping the overall minus sign which is physi-
cally irrelevant, the light e↵ective left-handed Majorana neutrino mass matrix m

⌫ (i.e. the physical
neutrino mass matrix) is, by multiplying the matrices in Eqs.13,14,

m
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+ df
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+ df
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bc
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+ ef
Matm

c2
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+ f2

Matm

1
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To explain atmospheric neutrino oscillations assume

So that

Maximal atmospheric 
mixing Small reactor mixing

tan ✓13 ⇠ d/
p

e2 + f2 ⌧ 1tan ✓23 ⇠ e/f ⇠ 1

hep-ph/9806440

d ⌧ e ⇠ f Assume charged lepton mass matrix is 
approximately diagonal (like the quarks)



Two RHN Model (1999)
Add a second RHN to the SM to account for solar neutrino oscillations as well
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4.2 See-saw mechanism with two right-handed neutrinos

In this subsection we consider the high scale (classic)see-sawneutrino model involving just two
right-handed neutrinos. We follow the notation of [4], where the Þrst phenomenologically viable
model with two right-handed neutrinos was proposed. Subsequently two right-handed neutrino
models with two texture zeros were discussed in [16], however such two texture zero models are
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Figure 4: The Standard Model with three right-handed neutrinos deÞned as ( ! atm
R , ! sol

R , ! dec
R ) which in

sequential dominance are mainly responsible for the m3, m2, m1 physical neutrino masses, respectively.

4.3 Seesaw with three right-handed neutrinos and sequential dominance

More generally there may be three right-handed neutrinos,! sol
R , ! atm

R and ! dec
R , as shown in Fig.4.

However, according to sequential dominance [3, 4], the third right-handed neutrino! dec
R makes a

negligible contribution to the seesaw mechanism, either due to its high mass or its small Yukawa
couplings or both, and so is approximately decoupled. We are then left with only two right-handed
neutrinos ! sol

R and ! atm
R as in the two right-handed neutrino model above.

Motivated by the desire to implement the seesaw mechanism in a natural way, sequential dominance
(SD) [3,4] goes further and assumes that the two right-handed neutrinos! sol

R and ! atm
R have couplings

d ! e, f and
(e, f )2

M atm
"

(a, b, c)2

M sol
. (17)

By explicit calculation, using Eq.16, one can check that in the two right-handed neutrino limit
det m! = 0. Since the determinant of a Hermitian matrix is the product of mass eigenvalues

det(m! m!   ) = m2
1m2

2m2
3,

one may deduce that one of the mass eigenvalues of the complex symmetric matrix above is zero,
which under the SD assumption is the lightest onem1 = 0 with m3 " m2 since the model
approximates to a single right-handed neutrino model [3]. Hence we see thatSD implies a normal
neutrino mass hierarchy. Including the solar right-handed neutrino as a perturbation, it can be
shown that, for d = 0, together with the assumption of a dominant atmospheric right-handed
neutrino in Eq.17, leads to the approximate results for the solar and atmospheric angles [3,4],

tan "23 #
e
f

, tan "12 #

$
2a

b%c
. (18)

Under the above SD assumption, each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. The SD framework above withd = 0 leads to the relations in
Eq.18 together with the reactor angle bound [4],

" 13 ! m2/m 3 (19)

7

 Single RHN Dominance

dR
dR

dR

eR

eR

eR

dR

dR

dR

uR

uR

uR

uR
uR

uR cR

cR

cR tR

tR

tR

µR

! R

! R

µR

U(1)Y

SU(3)C

! atm
R

! atm
R ! atm

R

! sol
R

! sol
R

! dec
R

! dec
R

Figure 4: The Standard Model with three right-handed neutrinos deÞned as ( ! atm
R , ! sol

R , ! dec
R ) which in

sequential dominance are mainly responsible for the m3, m2, m1 physical neutrino masses, respectively.

4.3 Seesaw with three right-handed neutrinos and sequential dominance

More generally there may be three right-handed neutrinos,! sol
R , ! atm

R and ! dec
R , as shown in Fig.4.

However, according to sequential dominance [3, 4], the third right-handed neutrino! dec
R makes a

negligible contribution to the seesaw mechanism, either due to its high mass or its small Yukawa
couplings or both, and so is approximately decoupled. We are then left with only two right-handed
neutrinos ! sol

R and ! atm
R as in the two right-handed neutrino model above.

Motivated by the desire to implement the seesaw mechanism in a natural way, sequential dominance
(SD) [3,4] goes further and assumes that the two right-handed neutrinos! sol

R and ! atm
R have couplings

d ! e, f and
(e, f )2

M atm
"

(a, b, c)2

M sol
. (17)

By explicit calculation, using Eq.16, one can check that in the two right-handed neutrino limit
det m! = 0. Since the determinant of a Hermitian matrix is the product of mass eigenvalues

det(m! m!   ) = m2
1m2

2m2
3,

one may deduce that one of the mass eigenvalues of the complex symmetric matrix above is zero,
which under the SD assumption is the lightest onem1 = 0 with m3 " m2 since the model
approximates to a single right-handed neutrino model [3]. Hence we see thatSD implies a normal
neutrino mass hierarchy. Including the solar right-handed neutrino as a perturbation, it can be
shown that, for d = 0, together with the assumption of a dominant atmospheric right-handed
neutrino in Eq.17, leads to the approximate results for the solar and atmospheric angles [3,4],

tan "23 #
e
f

, tan "12 #

$
2a

b%c
. (18)

Under the above SD assumption, each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. The SD framework above withd = 0 leads to the relations in
Eq.18 together with the reactor angle bound [4],

" 13 ! m2/m 3 (19)

7

dR
dR

dR

eR

eR

eR

dR

dR

dR

uR

uR

uR

uR
uR

uR cR

cR

cR tR

tR

tR

µR

! R

! R

µR

U(1)Y

SU(3)C

! atm
R

! atm
R ! atm

R

! sol
R

! sol
R

! dec
R

! dec
R

Figure 4: The Standard Model with three right-handed neutrinos deÞned as ( ! atm
R , ! sol

R , ! dec
R ) which in

sequential dominance are mainly responsible for the m3, m2, m1 physical neutrino masses, respectively.

4.3 Seesaw with three right-handed neutrinos and sequential dominance

More generally there may be three right-handed neutrinos,! sol
R , ! atm

R and ! dec
R , as shown in Fig.4.

However, according to sequential dominance [3, 4], the third right-handed neutrino! dec
R makes a

negligible contribution to the seesaw mechanism, either due to its high mass or its small Yukawa
couplings or both, and so is approximately decoupled. We are then left with only two right-handed
neutrinos ! sol

R and ! atm
R as in the two right-handed neutrino model above.

Motivated by the desire to implement the seesaw mechanism in a natural way, sequential dominance
(SD) [3,4] goes further and assumes that the two right-handed neutrinos! sol

R and ! atm
R have couplings

d ! e, f and
(e, f )2

M atm
"

(a, b, c)2

M sol
. (17)

By explicit calculation, using Eq.16, one can check that in the two right-handed neutrino limit
det m! = 0. Since the determinant of a Hermitian matrix is the product of mass eigenvalues

det(m! m!   ) = m2
1m2

2m2
3,

one may deduce that one of the mass eigenvalues of the complex symmetric matrix above is zero,
which under the SD assumption is the lightest onem1 = 0 with m3 " m2 since the model
approximates to a single right-handed neutrino model [3]. Hence we see thatSD implies a normal
neutrino mass hierarchy. Including the solar right-handed neutrino as a perturbation, it can be
shown that, for d = 0, together with the assumption of a dominant atmospheric right-handed
neutrino in Eq.17, leads to the approximate results for the solar and atmospheric angles [3,4],

tan "23 #
e
f

, tan "12 #

$
2a

b%c
. (18)

Under the above SD assumption, each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. The SD framework above withd = 0 leads to the relations in
Eq.18 together with the reactor angle bound [4],
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We make an analytic and numerical study of leptogenesis in the framework of the!supersymmetric" standard
model plus the seesaw mechanism with aU(1) family symmetry and single right-handed neutrino dominance.
In presenting our analytic and numerical results we make a clear distinction between the theoretically clean
asymmetry parameter#1 and the baryon asymmetryYB . In calculatingYB we propose and use a Þt to the
solutions to the Boltzmann equations which gives substantially more reliable results than parametrizations
previously used in the literature. Our results show that there is a decoupling between the low energy neutrino
observables and the leptogenesis predictions, but that nevertheless leptogenesis is capable of resolving ambi-
guities within classes of models which would otherwise lead to similar neutrino observables. For example we
show that models where the dominant right-handed neutrino is the heaviest are preferred to models where it is
the lightest and study an explicit example of a uniÞed model of this type.
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I. INTRODUCTION

Leptogenesis is an interesting mechanism which has been
proposed to generate the observed baryon asymmetry of the
Universe!BAU" $1,2%. The mechanism involves the out-of-
equilibrium decay of a heavy right-handed neutrinoNR . The
net lepton numberL produced in the decay is then repro-
cessed into baryon numberB by anomalous (B! L) violating
sphaleron interactions, which otherwise conserve (B" L)
$3%.

The advantage of this mechanism is that the same physics
that allows the right-handed neutrinos to decay into light
leptons is also responsible for a seesaw neutrino mass matrix
$4%. This point of view has been strengthened by the latest
experimental data on the solar neutrino problem by SNO$5%
and Super-Kamiokande$6%which, when combined, now
seems to conÞrm the existence of a solar neutrino mass scale,
and suggests active neutrino oscillations based on either the
large mixing angle!LMA " or the low mass, low probability
!LOW" solution$7%. This in turn gives impetus to the seesaw
mechanism. Combining the see-saw mechanism with the ex-
perimental data$5,6%seems to favor scales for right-handed
neutrino massesMR in the range 107Ð1016 GeV. There have
been many studies of leptogenesis, all based on different
models, for example left-right symmetry, SO!10", and so on
$8%.

In this paper we study leptogenesis in the framework of
the!supersymmetric" standard model plus the seesaw mecha-
nism with single right-handed neutrino dominance!SRHND"
$9,10%. SRHND is useful for both the LMA and the LOW
solution$10%since it leads to a natural neutrino mass hierar-
chy in the presence of large mixing angles, and gives results
which are stable under radiative corrections$11%. This pro-
vides a relatively model independent approach which applies
to a large class of models with a natural hierarchy of neutrino
masses$12%. Indeed in the case of the LOW solution,
SRHND is almost inevitable in order to maintain the large
neutrino mass hierarchy present in this case.

Within the SRHND framework we generalize previously
presented analytic estimates for the mixing angles to the

complex domain, and present new analytic results for the
leptogenesis asymmetry parameter#1 and discuss the in-
sights which this leads to. We then introduce aU(1) family
symmetry$13%and discuss our numerical approach to mod-
els of this kind. Our analytic results above are supported by
the detailed numerical analysis of various texture models.
Texture models involve unknown coefÞcients multiplying
the expansion parameters, which implies some level of un-
certainty in the predictions. In order to quantify this we per-
form a numerical scan over the unknown coefÞcients, to ob-
tain distributions for predictions of neutrino masses, mixing
angles as well as the predictions for#1 and the baryon asym-
metry YB , for different classes of models. In presenting our
analytic and numerical results we make a clear distinction
between the theoretically clean asymmetry parameter#1 and
the baryon asymmetryYB . In calculatingYB we propose and
use a Þt to the solutions to the Boltzmann equations which
gives substantially more reliable results than parametriza-
tions previously used in the literature. Using the numerical
approach, supported by the analytic estimates, we then dis-
cuss two important aspects of leptogenesis, namely leptoge-
nesis decoupling and leptogenesis discrimination.

We demonstrate explicitly that there is adecouplingbe-
tween leptogenesis and the experimentally measurable neu-
trino parameters. Although such a result may be inferred by
comparing the results from different individual models
which have been proposed in the literature, the present paper
represents the Þrst attempt to systematically demonstrate this
within a framework!SRHND" which can be plausibly ap-
plied to many different models. To support the decoupling
claim we present examples of classes of models which give
the same measurable neutrino parameters but have very dif-
ferent values for theCP asymmetry#1. Leptogenesis decou-
pling implies that there is no relation for example between
the size of the solar neutrino angle or MNS phase and the
baryon asymmetry predicted by leptogenesis.

On the other hand, we show that leptogenesis is capable
of discriminatingbetween different models and thereby re-
solving ambiguities within classes of models giving the same
low energy predictions. For example leptogenesis may re-
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Abstract

We consider how well current theories can predict neutrino mass and mixing parameters, and construct a statistical
discriminator which allows us to compare different models to each other. As an example we consider see-saw models based
on family symmetry, and single right-handed neutrino dominance, and compare them to each other and to the case of neutrino
anarchy with random entries in the neutrino Yukawa and Majorana mass matrices. The predictions depend crucially on the
range of the undetermined coefÞcients over which we scan, and we speculate on how future theories might lead to more precise
predictions for the coefÞcients and hence for neutrino observables. Our results indicate how accurately neutrino masses and
mixing angles need to be measured by future experiments in order to discriminate between current models.! 2001 Elsevier
Science B.V. All rights reserved.

1. Neutrino oscillation physics is one of the most
rapidly developing areas of particle physics [1]. Cur-
rent atmospheric neutrino data are consistent with
! µ ! ! " oscillations [2] with sin2 2#23 > 0.88 and
1.5 " 10# 3 eV2 < |$ m2

32| < 5 " 10# 3 eV2 (90%
CL) [3], where $ m2

ij = m2
i # m2

j in units of eV2.

CHOOZ data [4] limits sin2 2#13 < 0.1Ð0.3 over the
Super-Kamiokande (SK) preferred range of$ m2

32.
The solar neutrino problem can be solved by four
different combinations of oscillation parameters, three
of which are based on the MikheyevÐSmirnovÐ
Wolfenstein (MSW) mechanism [5], while the fourth
involves neutrino oscillations in vacuum (VAC). These
are the well-known large mixing angle (LMA), the
small mixing angle (SMA) solutions and a third so-
lution involving a large angle but a lower$ m2

12
(LOW solution). The best-Þt points of the various so-
lutions are approximately ($ m2

12, sin2 2#12, name) [3]:

E-mail address:sfk@hep.phys.soton.ac.uk (S.F. King).

(3.3" 10# 5, 0.78, LMA MSW); (5.1" 10# 6, 0.0027,
SMA MSW); (10# 7, 0.93, LOW MSW); (8" 10# 10,
0.93, VAC).

Recently the SNO Collaboration [6] has presented
its Þrst data on the charged current ßux of the so-
lar 8B neutrinos, which supports both the hypothesis
of active neutrino oscillations and the standard solar
model [7]. Furthermore results of recent global analy-
ses, performed just days after the SNO result [8] show
that the most favoured solutions are either the LMA
or the LOW solutions, with a slight preference for
the LMA solution. The SMA solution is currently dis-
favoured at about 3%, while the VAC regions are dis-
favoured at various conÞdence levels.

Because oscillation experiments do not measure
absolute values of neutrino masses, in the numerical
part of this work we will investigate the following
quantities,

(1)R $
!
!$ m2

21

!
! " !

!$ m2
32

!
!,

(2)sC $ 4|Ue3|2
#
1# |Ue3|2

$
,

0370-2693/01/$ Ð see front matter! 2001 Elsevier Science B.V. All rights reserved.
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Fig. 1. Theoretical distributions for the predictions of neutrino mass and mixing parameters for Þve selected see-saw models: FC1 (full), FC2
(dot-dashes), FC3 (thick dots), FC4 (thin dots), anarchy (dashes). Matrix coefÞcients are randomly chosen in the interval±[

!
2! , 1/

!
2! ]. The

vertical axis in each panel (deliberately not labelled) represents thelogarithmically binneddistributions with correct relative normalisation for
each model, with heights plotted on a linear scale in arbitrary units.

the FC4 model (thin dots) is designed to give the
same leading order contributions tomLL as FC3 (thick
dots), differing only in the subleading contributions, so
that FC4 does not possess the feature of SRHND. This
subtle difference between the two models gives rise to
a quantitative difference since the peak inR for the
FC4 model is shifted to the right compared to that in
the FC3 model.

4. We emphasize that in all ßavour models of the
kind we consider [13] the coefÞcientsAij andaij are
not speciÞed. In order for these models to make sense
it is implicitly assumed that the coefÞcients are of or-
der unity to within an error determined by the expan-
sion parameter. The range of coefÞcients applied pre-

viously, namely±[
!

2! , 1/
!

2! ], was chosen in order
that the structure imposed by the ßavour charges and
the expansion parameter! was not destroyed. We re-
emphasise that this is not guaranteed, but a minimum
requirement for texture models in order to make sense
physically. We think that future theoretical progress in
ßavour models of neutrino masses lies in being able to
predict these coefÞcients more accurately, and Fig. 2
demonstrates the importance of this point.

In Fig. 2 we have plotted the distribution in the solar
angle for the case of FC2, but with 3 different ranges
of the coefÞcients. As the range of the coefÞcients is
reduced, the central peak of the distribution becomes
more pronounced, with smaller side-peaks emerging
as a result of accidental cancellations due to the
arbitrary signs of each element which we allow in our
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lar 8B neutrinos, which supports both the hypothesis
of active neutrino oscillations and the standard solar
model [7]. Furthermore results of recent global analy-
ses, performed just days after the SNO result [8] show
that the most favoured solutions are either the LMA
or the LOW solutions, with a slight preference for
the LMA solution. The SMA solution is currently dis-
favoured at about 3%, while the VAC regions are dis-
favoured at various conÞdence levels.

Because oscillation experiments do not measure
absolute values of neutrino masses, in the numerical
part of this work we will investigate the following
quantities,
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(3)satm ! 4|Uµ3|2
!
1 " |Uµ3|2

"
,

(4)s# ! 4|Ue2|2|Ue1|2.

If U is regarded as the lepton mixing matrix, then,
in the limit sC $ 1, to very good approximation
sC %sin2 2! 13, satm %sin2 2! 23, s# %sin2 2! 12. In the
following we will call ! 13, ! 23, ! 12 the ÒCHOOZÓ,
atmospheric, solar angle, although strictly speaking
the various experiments measuresC, satm, s# in the
limit sC $ 1. Note that for the LMA MSW solutionR
is of the order ofR & O(10" 2).

Following the experimental conÞrmation of the at-
mospheric neutrino problem by the SK Collabora-
tion [2], there has been a ßood of papers on models
of neutrino masses [9]. In order to plan future neutrino
experiments it would be very helpful to know how ac-
curate future measurements would need to be to use-
fully discriminate between the different models, and
eventually to decide which (if any) of all these theoret-
ical attempts is the correct one. In order to address this
question it is important to understand how well current
theories predict neutrino masses and mixing angles. In
view of this we Þnd it rather surprising that although
hundreds of different models have been proposed there
has so far been no attempt to evaluate how well the dif-
ferent models actually predict the neutrino parameters.
The main purpose of this Letter is to address this issue.

In most of the neutrino mass models [9] based on
the see-saw mechanism [10] one usually assumes that
there is some underlying broken symmetry which gen-
erates a small dimensionless expansion parameter" .
The entries in the neutrino mass matrix then will de-
pend on" to some Ñ presumably Ñ high power. Such
models are called ÒtextureÓ models, since they produce
approximate zeroes in various entries in the mass ma-
trices under consideration (textures). CoefÞcients in
front of the expansion parameter, which are not pre-
dicted in these models, are then usually assumed to be
orderO(1) numbers, and their inßuence on the Þnal
result is neglected. In this work we are going to in-
vestigate the relative importance of the unknown order
O(1) coefÞcients for the Þrst time systematically.

Our basic idea is to construct the following sim-
ple neutrino mass model discriminator which we de-
Þne qualitatively in the following sense: calculate the
leading structure (given as powers of" which are
Þxed by symmetry) of any interesting model and scan
ÒrandomlyÓ over the unknown parameters. From these

samples one can construct distributions of measurable
neutrino parameters, which can be compared to exper-
iment. A model is then considered ÒgoodÓ if the peaks
of the distributions coincide with (or are close to) the
experimentally preferred value. Such a discriminator
is by its nature qualitative rather then quantitative, and
it is unclear how much weight should be attributed to
a model that predicts all quantities close to the exper-
imentally preferred values. The main problem of the
approach is that we have treated all the coefÞcients on
an equal footing, and one can imagine some extra con-
dition which could become known in the future which
could single out a particular value for a ÒrandomÓ pa-
rameter, which would lead to predictions in the tails of
the distributions, rather than near the peaks. However,
we would like to argue that although a priori such a
possibility cannot be strictly excluded, it might be con-
sidered to be contrary to the spirit of texture models.

In our analysis we only consider Òhigh energy
scaleÓ models based on the see-saw mechanism [10],
which are otherwise hard to test. From the Òtestabil-
ityÓ point of view, low-energy scale models of neutrino
mass (see, for example, [11,12]) might be considered
preferable. However, even if one of the low-energy ap-
proaches is the true neutrino mass model, a conÞrma-
tion certainly lies a number of years in the future, and
so our methods of discrimination could be useful even
in that case.

2. For deÞniteness we consider [13] models based
on a U(1) family symmetry. The idea of such a
symmetry is that the three families of leptons are
assigned differentU(1) charges, and these different
charges then control the degree of suppression of
the operators responsible for the Yukawa couplings,
leading to Yukawa matrices with a hierarchy of entries,
and approximate ÒtextureÓ zeroes. As usual it is
assumed that theU(1) is broken by the VEVs of some
Þelds! , ø! which are singlets under the standard model
gauge group, but which have vector-like charges± 1
under theU(1) family symmetry. TheU(1) breaking
scale is set by' ! ( = ' ø! (. Additional exotic vector
matter with massMV allows an expansion parameter
" to be generated by a FroggattÐNielsen mechanism,

(5)
' ! (
MV

=
' ø! (
MV

= " %0.22,
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dicted in these models, are then usually assumed to be
orderO(1) numbers, and their inßuence on the Þnal
result is neglected. In this work we are going to in-
vestigate the relative importance of the unknown order
O(1) coefÞcients for the Þrst time systematically.

Our basic idea is to construct the following sim-
ple neutrino mass model discriminator which we de-
Þne qualitatively in the following sense: calculate the
leading structure (given as powers of" which are
Þxed by symmetry) of any interesting model and scan
ÒrandomlyÓ over the unknown parameters. From these

samples one can construct distributions of measurable
neutrino parameters, which can be compared to exper-
iment. A model is then considered ÒgoodÓ if the peaks
of the distributions coincide with (or are close to) the
experimentally preferred value. Such a discriminator
is by its nature qualitative rather then quantitative, and
it is unclear how much weight should be attributed to
a model that predicts all quantities close to the exper-
imentally preferred values. The main problem of the
approach is that we have treated all the coefÞcients on
an equal footing, and one can imagine some extra con-
dition which could become known in the future which
could single out a particular value for a ÒrandomÓ pa-
rameter, which would lead to predictions in the tails of
the distributions, rather than near the peaks. However,
we would like to argue that although a priori such a
possibility cannot be strictly excluded, it might be con-
sidered to be contrary to the spirit of texture models.

In our analysis we only consider Òhigh energy
scaleÓ models based on the see-saw mechanism [10],
which are otherwise hard to test. From the Òtestabil-
ityÓ point of view, low-energy scale models of neutrino
mass (see, for example, [11,12]) might be considered
preferable. However, even if one of the low-energy ap-
proaches is the true neutrino mass model, a conÞrma-
tion certainly lies a number of years in the future, and
so our methods of discrimination could be useful even
in that case.

2. For deÞniteness we consider [13] models based
on a U(1) family symmetry. The idea of such a
symmetry is that the three families of leptons are
assigned differentU(1) charges, and these different
charges then control the degree of suppression of
the operators responsible for the Yukawa couplings,
leading to Yukawa matrices with a hierarchy of entries,
and approximate ÒtextureÓ zeroes. As usual it is
assumed that theU(1) is broken by the VEVs of some
Þelds! , ø! which are singlets under the standard model
gauge group, but which have vector-like charges± 1
under theU(1) family symmetry. TheU(1) breaking
scale is set by' ! ( = ' ø! (. Additional exotic vector
matter with massMV allows an expansion parameter
" to be generated by a FroggattÐNielsen mechanism,

(5)
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Figure 4: The Standard Model with three right-handed neutrinos deÞned as ( ! atm
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R ) which in

sequential dominance are mainly responsible for the m3, m2, m1 physical neutrino masses, respectively.

4.3 Seesaw with three right-handed neutrinos and sequential dominance

More generally there may be three right-handed neutrinos,! sol
R , ! atm

R and ! dec
R , as shown in Fig.4.

However, according to sequential dominance [3, 4], the third right-handed neutrino! dec
R makes a

negligible contribution to the seesaw mechanism, either due to its high mass or its small Yukawa
couplings or both, and so is approximately decoupled. We are then left with only two right-handed
neutrinos ! sol

R and ! atm
R as in the two right-handed neutrino model above.

Motivated by the desire to implement the seesaw mechanism in a natural way, sequential dominance
(SD) [3,4] goes further and assumes that the two right-handed neutrinos! sol

R and ! atm
R have couplings

d ! e, f and
(e, f )2

M atm
"

(a, b, c)2

M sol
. (17)

By explicit calculation, using Eq.16, one can check that in the two right-handed neutrino limit
det m! = 0. Since the determinant of a Hermitian matrix is the product of mass eigenvalues

det(m! m!   ) = m2
1m2

2m2
3,

one may deduce that one of the mass eigenvalues of the complex symmetric matrix above is zero,
which under the SD assumption is the lightest onem1 = 0 with m3 " m2 since the model
approximates to a single right-handed neutrino model [3]. Hence we see thatSD implies a normal
neutrino mass hierarchy. Including the solar right-handed neutrino as a perturbation, it can be
shown that, for d = 0, together with the assumption of a dominant atmospheric right-handed
neutrino in Eq.17, leads to the approximate results for the solar and atmospheric angles [3,4],

tan "23 #
e
f

, tan "12 #

$
2a

b%c
. (18)

Under the above SD assumption, each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. The SD framework above withd = 0 leads to the relations in
Eq.18 together with the reactor angle bound [4],

" 13 ! m2/m 3 (19)
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5.1. CSD( n) with two right-handed neutrinos

Models with only two right-handed neutrinos are compelling as they are typically highly
predictive. In a CSD(n) framework, the neutrino mass matrix in Eq. 2.4 simpliÞes in the
two right-handed neutrino case to

m!
(n) = ma

!

"
0 0 0
0 1 1
0 1 1

#

$ + mbei "

!

"
1 n n ! 2
n n2 n(n ! 2)

n ! 2 n(n ! 2) (n ! 2)2

#

$ , (5.1)

where we have deÞned" = # ! $ and removed an overall unphysical phase$. This case
immediately predicts the lightest physical neutrino mass to be zero,m1 = 0. For a given
choice of alignmentn, there are three real input parametersma, mb and " from which
two light physical neutrino massesm2, m3, three lepton mixing angles, the CP-violating
phase%CP and two Majorana phases are derived; a total of nine physical parameters from
three input parameters, i.e. six predictions for each value ofn. As the Majorana phases
are not known and%CP is only tentatively constrained by experiment, this leaves Þve
presently measured observables, namely the two neutrino mass squared di! erences and
the three lepton mixing angles, from only three input parameters.

n
ma

(meV)

mb

(meV)

!
(rad)

" 12

(! )

" 13

(! )

" 23

(! )

|#CP |
(! )

m2

(meV)

m3

(meV)
$2

1 24.8 2.89 3.14 35.3 0 45.0 0 8.66 49.6 485
2 19.7 3.66 0 34.5 7.65 56.0 0 8.85 48.8 95.1
3 27.3 2.62 2.17 34.4 8.39 44.5 92.2 8.69 49.5 3.98
4 36.6 1.95 2.63 34.3 8.72 38.4 120 8.61 49.8 8.82
5 45.9 1.55 2.88 34.2 9.03 34.4 142 8.53 50.0 33.8
6 55.0 1.29 3.13 34.2 9.30 31.6 179 8.46 50.2 65.2
7 63.0 1.12 3.14 34.1 9.68 31.0 180 8.35 50.6 100
8 71.0 0.984 3.14 34.0 9.96 30.6 180 8.25 50.8 135
9 79.0 0.880 3.14 33.9 10.2 30.3 180 8.17 51.0 168

Table 2: Table of best Þt parameters for two right-handed neutrino CSD(n) model for
1 " n " 9. The Þtted three input parameters ma, mb and ! yield nine physi-
cal predictions, but only six physical outputs are shown. The undisplayed outputs
arem1 = 0 in each case and the two Majorana phases which are di! cult to measure
for a normal hierarchy.

Table 2 shows all Þtted parameters with respect ton. Fig. 2 shows the best Þt values
of &2 with respect to vacuum alignmentn. Both CSD(3) and CSD(4) have&2 < 10,
while all others have signiÞcantly higher values, generally increasing withn. With Þve
valuesN Þtted to three input parametersNI , this gives us two excess degrees of freedom,
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where we have deÞned" = # ! $ and removed an overall unphysical phase$. This case
immediately predicts the lightest physical neutrino mass to be zero,m1 = 0. For a given
choice of alignmentn, there are three real input parametersma, mb and " from which
two light physical neutrino massesm2, m3, three lepton mixing angles, the CP-violating
phase%CP and two Majorana phases are derived; a total of nine physical parameters from
three input parameters, i.e. six predictions for each value ofn. As the Majorana phases
are not known and%CP is only tentatively constrained by experiment, this leaves Þve
presently measured observables, namely the two neutrino mass squared di! erences and
the three lepton mixing angles, from only three input parameters.

n
ma

(meV)

mb

(meV)

!
(rad)

" 12

(! )

" 13

(! )

" 23

(! )

|#CP |
(! )

m2

(meV)

m3

(meV)
$2

1 24.8 2.89 3.14 35.3 0 45.0 0 8.66 49.6 485
2 19.7 3.66 0 34.5 7.65 56.0 0 8.85 48.8 95.1
3 27.3 2.62 2.17 34.4 8.39 44.5 92.2 8.69 49.5 3.98
4 36.6 1.95 2.63 34.3 8.72 38.4 120 8.61 49.8 8.82
5 45.9 1.55 2.88 34.2 9.03 34.4 142 8.53 50.0 33.8
6 55.0 1.29 3.13 34.2 9.30 31.6 179 8.46 50.2 65.2
7 63.0 1.12 3.14 34.1 9.68 31.0 180 8.35 50.6 100
8 71.0 0.984 3.14 34.0 9.96 30.6 180 8.25 50.8 135
9 79.0 0.880 3.14 33.9 10.2 30.3 180 8.17 51.0 168

Table 2: Table of best Þt parameters for two right-handed neutrino CSD(n) model for
1 " n " 9. The Þtted three input parameters ma, mb and ! yield nine physi-
cal predictions, but only six physical outputs are shown. The undisplayed outputs
arem1 = 0 in each case and the two Majorana phases which are di! cult to measure
for a normal hierarchy.

Table 2 shows all Þtted parameters with respect ton. Fig. 2 shows the best Þt values
of &2 with respect to vacuum alignmentn. Both CSD(3) and CSD(4) have&2 < 10,
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Figure 4: The Standard Model with three right-handed neutrinos deÞned as ( ! atm
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sequential dominance are mainly responsible for the m3, m2, m1 physical neutrino masses, respectively.

4.3 Seesaw with three right-handed neutrinos and sequential dominance

More generally there may be three right-handed neutrinos,! sol
R , ! atm

R and ! dec
R , as shown in Fig.4.

However, according to sequential dominance [3, 4], the third right-handed neutrino! dec
R makes a

negligible contribution to the seesaw mechanism, either due to its high mass or its small Yukawa
couplings or both, and so is approximately decoupled. We are then left with only two right-handed
neutrinos ! sol

R and ! atm
R as in the two right-handed neutrino model above.

Motivated by the desire to implement the seesaw mechanism in a natural way, sequential dominance
(SD) [3,4] goes further and assumes that the two right-handed neutrinos! sol

R and ! atm
R have couplings

d ! e, f and
(e, f )2

M atm
"

(a, b, c)2

M sol
. (17)

By explicit calculation, using Eq.16, one can check that in the two right-handed neutrino limit
det m! = 0. Since the determinant of a Hermitian matrix is the product of mass eigenvalues

det(m! m!   ) = m2
1m2

2m2
3,

one may deduce that one of the mass eigenvalues of the complex symmetric matrix above is zero,
which under the SD assumption is the lightest onem1 = 0 with m3 " m2 since the model
approximates to a single right-handed neutrino model [3]. Hence we see thatSD implies a normal
neutrino mass hierarchy. Including the solar right-handed neutrino as a perturbation, it can be
shown that, for d = 0, together with the assumption of a dominant atmospheric right-handed
neutrino in Eq.17, leads to the approximate results for the solar and atmospheric angles [3,4],

tan "23 #
e
f

, tan "12 #

$
2a

b%c
. (18)

Under the above SD assumption, each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. The SD framework above withd = 0 leads to the relations in
Eq.18 together with the reactor angle bound [4],

" 13 ! m2/m 3 (19)

7

ma ! ! mb

m! = ! mD M ! 1
R mD T

, (5.1)

where the RH neutrino mass matrix M R is a 2" 2 diagonal matrix

M R =

!
M atm 0

0 M sol

"

, M ! 1
R =

!
M ! 1

atm 0
0 M ! 1

sol

"

, (5.2)

that comes from the Lagrangian term

L LS # !
1
2

M atm øN atm
R N atm

R !
1
2

M sol øN sol
R N sol

R + h.c. . (5.3)

The Dirac mass matrix is instead a 3" 2 matrix with arbitrary entries

mD =

#

$
%

d a
e b
f c

&

'
( ,

)
mD *T

=

!
d e f
a b c

"

, (5.4)

where the entries are the coupling between the Majorana RH neutrinos and the SM neutri-
nos. The Þrst column describe the interaction of the neutrinos in the ßavour basis with the
atmospheric RH neutrino and the second with the solar RH neutrino. The SD assumptions
are that d = 0, d $ e, f , and

(e, f )2

M atm
%

(a, b, c)2

M sol
, (5.5)

these, together with the choice that of the almost massless neutrino to be the Þrst mass
eigenstatem1, leads to m3 % m2 and therefore a normal mass hierarchy. This description
can be further constrained choosing exactlye = f , b = na and c = ( n ! 2)a giving a
simpliÞed Dirac matrix

mD =

#

$
%

0 a
e na
e (n ! 2)a

&

'
( , (5.6)

that is called constrained dominance sequence (CSD) for positive integern [9, 17, 18].
Following the literature we will refer to models with n real as LS models [19]. It has been
shown that the reactor angle is [19]

! 13 & (n ! 1)

'
2

3
m2

m3
, (5.7)
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CSD(~3) =ÒLittlest SeesawÓ
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1512.07531 

ma, ms and ! are involved in the neutrino mass matrix. One can check that the column
vector (2, ! 1, ! 1)T is an eigenvector ofm! with vanishing eigenvalue and it could only be
Þrst column of the lepton mixing matrix to be compatible with the experimental data [154].
Therefore the neutrino mass spectrum is normal ordering, and lightest neutrino is massless
m1 = 0 , and the lepton mixing matrix is of the following form

UP MNS =

!

"
"
#

$
2
3 ! !

! 1!
6

! !

! 1!
6

! !

%

&
&
' , (8.38)

where the Þrst column is in common with the tri-bimaximal mixing pattern. As a conse-
quence, the following sum rules arise,

3 cos2 "12 cos2 "13 = 2 , cos#CP = !
cot 2"23(1 ! 5 sin2 "13)

2 sin"13

(
2 ! 6 sin2 "13

. (8.39)

The model is quite predictive and the light neutrino mass matrix in Eq. (8.37) only depends
on three real parametersma, ms and ! . We plot the contour plots of sin2 "13, sin2 "12,
sin2 "23 and m2

2/m 2
3 in the plane r versus! / $ in Þgure12 where r = ms/m a. We see that

the experimental data ofsin2 "23 and m2
2/m 2

3 leave only two small allowed parameter regions
in the plane r ! ! . These two small regions lead to the same predictions for lepton mixing
angles while the CP violation phases are of opposite sign. Thus only the one labelled
in red circle in Þgure 12 is preferred by the present value of#CP [154]. Once we have
the values of r and ! , thanks to the high predictivity of the model we can derive all the
physical parameters and we can test them against the observed values. The regions of free
parameters and lepton mixing parameters allowed the experimental data at3%level listed
in table 22.

Modular Littlest seesaw Flipped modular Littlest seesaw

bf allowed ranges bf allowed ranges
! / $ 1.240 [1.197, 1.276] ! / $ 0.742 [0.725, 0.806]

r 0.0734 [0.0684, 0.0786] r 0.0758 [0.0683, 0.0786]
sin2 "13 0.0223 [0.0205, 0.0240] sin2 "13 0.0231 [0.0205, 0.0240]
sin2 "12 0.318 [0.317, 0.319] sin2 "12 0.318 [0.317, 0.319]
sin2 "23 0.447 [0.408, 0.483] sin2 "23 0.535 [0.517, 0.595]
#CP / $ ! 0.575 [! 0.640, ! 0.522] #CP / $ ! 0.452 [! 0.478, ! 0.354]
&/ $ 0.474 [0.408, 0.555] &/ $ ! 0.441 [! 0.562, ! 0.409]

m2
2/m 2

3 0.0297 [0.0270, 0.0321] m2
2/m 2

3 0.0283 [0.0270, 0.0321]

Table 20 . The best Þt values and the allowed region of the free parameters! and r as well as
lepton mixing parameters, where all the lepton mixing angles and neutrino mass squared di! erences
are required to lie in 3%regions of experimental data [154].
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Figure 11 : The parameters! and r are constrained to a good degree by only two experi-
mental observables, namely"13 and the mass ratiom2

2/m 2
3. The 3# allowed region for "13

and the mass ratio are respectively the blue and orange band. The area of intersection is
the allowed parameter space for! and r . From the left to the right we present, n = 2 .5, 3
and 1 +

!
6.

n = 3 ! = 2 .11± 0.15 ! = 4 .17± 0.15 Exp. range
"12 [! ] 34.33± 0.07 34.33± 0.07 31.27" 35.86

normal "23 [! ] 45.5+1 .6
" 1.9 45.5+1 .6

" 1.9 39.5 " 52.0
normal $ [! ] 93+12

" 13 255+12
" 13 0 " 44 & 108" 360

ßipped "23 [! ] 44.5+1 .6
" 1.9 44.5+1 .6

" 1.9 39.5 " 52.0
ßipped $ [! ] 273+12

" 13 75+12
" 13 0 " 44 & 108" 360

Table 3 : 3# ranges of the predicted parameters and experimental ranges forn = 3. With
r = 0 .100± 0.008.

can be understood easily studying the parametert for example in the casen = 1 +
!

6
and the ßipped. In this case going fromn to the ßipped changes sign of t in Equation
(5.22). The prediction for the mass ratio, " 13, " 12 are independent of this sign while"23

and $ are a! ected by it, we can see this in Equations (5.26) and (5.31). The predictions as
anticipated before are related by tan"23 # cot "23 and $ # $ + %.

In Table 3 we studied the n = 3 and its ßipped case. We present the theoretical
prediction and its uncertainty coming from the allowed region in Figure 11 and the ex-
perimental bound. We notice that ! = 2 .1 is still allowed only in the lower part of the $
parameter space for the normal case and similarly! = 4 .2 for the ßipped case. In Table4
for n = 1 +

!
6, which can be realised with a modular symmetry [29], we notice that the

region with ! = 2 .40 is excluded thanks to the experimental bounds on$ while the one
with ! = 3 .88 is well within the 3# range. For the ßipped case instead! = 3 .88 is close
the lower boundary of the 3# region in $. For n = 2 .5 in Table 5 we notice that ! = 4 .7
is excluded for normal case while for the ßipped both values are allowed in the 3# range.
This case is also known in the literature asn = " 1/ 2 using the convention in Equation
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anticipated before are related by tan"23 # cot "23 and $ # $ + %.
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for n = 1 +

!
6, which can be realised with a modular symmetry [29], we notice that the

region with ! = 2 .40 is excluded thanks to the experimental bounds on$ while the one
with ! = 3 .88 is well within the 3# range. For the ßipped case instead! = 3 .88 is close
the lower boundary of the 3# region in $. For n = 2 .5 in Table 5 we notice that ! = 4 .7
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This case is also known in the literature asn = " 1/ 2 using the convention in Equation
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Flipped CSD(n)

The two predictions only differ in atmospheric angle and CP 
phase (solar angle, reactor angle and neutrino mass unchanged)

tan ! 23 ! cot ! 23 ! ! ! + "

Alternatively we could use the following (only differs by unphysical phases):

FlippedNon-flipped (n= real number)

Octant flipped

N.B.  Both cases predict 
normal hierarchy mlightest=0
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These symmetry transformations relate to theS4 generators with öS = S1, öT = R, öU =
P satisfying Eq. 22 which is the presentation rules for theS4 symmetry [1].

The TA,B have only 2 branes from Eq. 16. Therefore its remnant symmetry can only
be Z2.

With the assumption of anS4 remnant symmetry, the ! 3 is Þxed geometrically to be
equal to " [23]. .

4 A realistic orbifold model

We now turn to a concrete 10d bottom-up orbifold model with three factorizable tori
built from the fundamental space depicted geometrically in Fig. 1. The 10d model is
compactiÞed on an orbifold(T2)3/ (Z4 ! Z2) and we assume three Þnite modular sym-
metries SA,B,C

4 . Furthermore there is a remnantS4 symmetry whose only role is to Þx
! 3 = " ! . This uniquely Þxes the moduli geometrically to be! 1 = i, ! 2 = i + 2, ! 3 = " ,
(up to a choice in four).

The Þeld content which deÞnes the model is given in Table 4.

Field SA
4 SB

4 SC
4 2kA 2kB 2kC Loc

L 1 1 3 0 0 0 T2
C

ec 1 1 1 0 0 " 6 T2
C

µc 1 1 1 0 0 " 4 T2
C

! c 1 1 1 0 0 " 2 T2
C

N c
a 1 1 1 0 " 4 0 T2

B

N c
s 1 1 1 " 2 0 0 T2

A

! BC 1 3 3 0 0 0 Bulk
! AC 3 1 3 0 0 0 Bulk

Yuk/Mass SA
4 SB

4 SC
4 2kA 2kB 2kC

Ye(! 3) 1 1 3 0 0 6
Yµ (! 3) 1 1 3 0 0 4
Y! (! 3) 1 1 3 0 0 2
Ya(! 2) 1 3 1 0 4 0
Ys(! 1) 3 1 1 2 0 0
M a(! 2) 1 1 1 0 8 0
M s(! 1) 1 1 1 4 0 0

Table 4: Transformation properties of Þelds and modular forms (Yuk/Mass) under the modular sym-
metries SA,B,C

4 with modular weights kA,B,C . The Higgs ÞeldsHu,d (not displayed) transform trivially
under all the modular S4 symmetries. The leptonsL # (2, " 1/ 2), and ec, µc, ! c # (1, 1) have the usual
SM SU(2)L ! U(1)Y quantum numbers and the right-handed neutrinosN c

a,s are SM singlets. The Higgs
! which break the three modular symmetries to their diagonal subgroup, live in the 10d bulk, while the
leptons live in the 2d subspaces as shown.

The resulting 4d Lagrangian is [16], ignoring the dimensionless coupling coe! cients,

w! =
1
!

[L" BC YaN c
a + L" AC YsN c

s ] Hu

+ [ LYeec + LYµµc + LY" ! c] Hd (32)

+
1
2

MaN c
aN c

a +
1
2

MsN c
s N c

s .

! As discussed later, remnantS4 symmetry may be further employed to control the KŠhler potential.
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Yukawa couplings 
are modular forms 
evaluated at the 

fixed points of the 
moduli fields (the 

lattice vectors)
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The ! Þelds are assumed to obtain a diagonal VEV that breaks two modular symme-
tries into the diagonal one [16].

Hence, the charged-lepton mass matrix is simply given by

Ml = vd

!

"
#

(Ye)1 (Yµ)1 (Y! )1

(Ye)3 (Yµ)3 (Y! )3

(Ye)2 (Yµ)2 (Y! )2

$

%
& , (34)

wherevd stands for !Hd", and we ignore the dimensionless coupling coe! cients.
Plugging in the speciÞc shapes of the modular forms given in Eq. 33 we arrive at a

diagonal charged-lepton mass matrix for! C = " , including the dimensionless coupling
coe! cients:

M l = vd

!

"
#

ye 0 0
0 yµ 0
0 0 y!

$

%
& . (35)

The Dirac neutrino mass matrix is then given by:

MD = vu

!

"
#

(Ya)1 (Ys)1

(Ya)3 (Ys)3

(Ya)2 (Ys)2

$

%
& , (36)

where, as usual,vu denotes theHu VEV, and the 2# 3 structure comes from the CSD with
just two RH neutrinos. We have ignored the dimensionless coupling coe! cients. Choos-
ing speciÞc stabilisers for the two remaining moduli Þelds, we can achieve a CSD(3.45)
structure with n = 1 $

%
6:

MD = vu

!

"
#

0 b
a b

'
1 +

%
6
(

$ a b
'
1 $

%
6
(

$

%
& . (37)

The type-I seesaw mechanism will lead to an e" ective mass matrix for the light neu-
trinos:

m" = MD áM ! 1
R áM T

D = v2
u

!

"
"
"
"
"
"
"
#

b2

Ms

b2n
Ms

b2(2 $ n)
Ms

.
a2

Ma
+

b2n2

Ms
$

a2

Ma
+

b2n(2 $ n)
Ms

. .
a2

Ma
+

b2(2 $ n)2

Ms

$

%
%
%
%
%
%
%
&

, (38)

where n = 1 $
%

6 & $ 1.45. This can be rewritten in terms of 3 independent physical
parameters

m" = ma

!

"
#

0 0 0
0 1 $ 1
0 $ 1 1

$

%
& + mbei #

!

"
#

1 n 2 $ n
n n2 n(2 $ n)

2 $ n n(2 $ n) (2 $ n)2

$

%
& , (39)
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Charged 
leptons

Dirac 
neutrinos

Finally, we need to check the shape of the Dirac mass matrices. Given the VEVs for the bi-triplets
! AC , ! BC , the tensor products after SSB will mimic those of the usualS4 (the diagonal S4 preserved
by the bi-triplets symmetry breaking), as explained in [10Ð13]. This feature is preserved also in the
weighton versions of the model, that are usingS!

4. The Dirac mass matrix is then given by:

M D = vu

!

"
#

(YA )1 (YB )1

(YA )3 (YB )3

(YA )2 (YB )2

$

%
& , (11)

where, as usual,vu denotes theHu VEV, and the 2 ! 3 structure comes from the CSD with just two
RH neutrinos. Choosing speciÞc stabilisers for the two remaining moduli Þelds, we can achieve a new
CSD(3.45) structure with n = 1 +

"
6:

M D = vu

!

"
#

0 b
a b

'
1 +

"
6
(

# a b
'
1 #

"
6
(

$

%
& , ! A = #

3
2

+
i
2

, ! B =
3
2

+
i
2

. (12)

We can similarly achieve the case CSD(# 1.45) with n = 1 #
"

6 already discussed in [8]:

M D = vu

!

"
#

0 b
a b

'
1 #

"
6
(

# a b
'
1 +

"
6
(

$

%
& , ! A = #

3
2

+
i
2

, ! B = #
1
2

+
i
2

. (13)

The type-I seesaw mechanism will lead to an e" ective mass matrix for the light neutrinos:

m! = M D áM " 1
R áM T

D = v2
u

!

"
"
"
"
"
"
"
"
#

b2

M B

b2n
M B

b2(2 # n)
M B

.
a2

M A
+

b2n2

M B
#

a2

M A
+

b2n(2 # n)
M B

. .
a2

M A
+

b2(2 # n)2

M B

$

%
%
%
%
%
%
%
%
&

, (14)

where n = 1 +
"

6 $ 3.45 or n = 1 #
"

6 $ # 1.45.

2.4 Analytic results

The e" ective mass matrix for the light neutrinos can be split into two contributions,

m! =
v2

u

M A
|a|2

!

"
#

0 0 0
0 1 # 1
0 # 1 1

$

%
& +

v2
u

M B
|b|2ei "

!

"
#

1 n 2 # n
n n2 n(2 # n)

2 # n n(2 # n) (2 # n)2

$

%
& . (15)

It is worth noting that the above neutrino mass matrix in the diagonal charged lepton mass basis is
determined e" ectively by two real parameters, ma = v2

u
|a|2

M A
, mb = v2

u
|b|2

M B
, one phase" and a discrete

choice ofn = 1 ±
"

6. For a given choice ofn, the remaining three real parameters determine all the
parameters in the neutrino sector, namely all the neutrino masses and the entire PMNS matrix.

These two terms above can be simultaneously block-diagonalized by the following Tri-bimaximal
mixing matrix,

UTBM =

!

"
"
"
#

#
)

2
3

)
1
3 0

)
1
6

)
1
3

)
1
2)

1
6

)
1
3 #

)
1
2

$

%
%
%
&

, (16)
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i (1, 1 +
!

6, 1 "
!

6) (1, " 1
2, " 1

2) (1, 1 "
!

3
2, 1 +

!
3
2)

i + 1 (1, " !
3 (1 + i

!
2), " ! 2

3 (1 + i
!

2)) (0, 1, " " ) (1, i !!
2
, i ! 2
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2
)

i + 2 (1, 1
3(" 1 + i

!
2), 1

3(" 1 + i
!

2)) (0, 1, " 1) (1, " i!
2
, " i!

2
)

i + 3 (1, " (1 +
!

6), " (1 "
!

6)) (1, " !
2 , " ! 2

2 ) (1, " (1 "
!

3
2), " 2(1 +

!
3
2))
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!

3 (1, " !
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2 ) (1, " 2" , " 2" 2)
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!
3 + 1 (0, 0, 1) (0, 1, 0) (1, 0, 0)
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!

3 + 2 (1, " 1
2, 1) (1, 1, " 1

2) (1, " 2, " 2)
#/

!
3 + 3 (1, " 2, " !

2 ) (1, " ! 2

2 , " ) (1, " 2" 2, " 2" )

Table 3: The alignments of triplet modular forms Y3,3! (! ) of level 4 up to weight 6 with the available
Þxed moduli in orbifolds. We have ignored the overall constant appearing in each alignment.

3.2 S4 Remnant Symmetry

The orbifold Z2, associated with the third torusT2
C, does not Þx! . However, supposing

that the twist angle is ! = " = e2i " / 3 would leave a remnantS4 symmetry (which is a
subgroup of the extra dimensional PoincarŽ group) after compactiÞcation [29, 30]. We
shall assume that there is a remnantS4 after compactiÞcation, therefore Þxing uniquely

! 3 = " . (28)

We focus on the branes of the Þxus torusTC [30Ð32],

øz = { 0, 1/ 2, " / 2, " 2/ 2} , (29)

which are naturally invariant under the orbifold transformations

T1 : øz # øz + 1, T2 : øz # øz + " , Z : øz # " øz. (30)

The set of branes is invariant under the permutation set of them. However not all
permutations are PoincarŽ transformations.

These Þxed branes and are permuted by the PoincarŽ transformations

S1 : øz # øz + 1/ 2, S2 : øz + " / 2, R : øz # " øz, P : øz # øz" , P# : øz # " øz" , (31)

which, after orbifolding, generate the remnant symmetry. We can write these operations
explicitly S1[(12)(34)], S2[(13)(24)], R[(243)(1)], P[(34)(1)(2)], P#[(34)(1)(2)]. There are
only 3 independent transformations sinceS2 = R2 áS1 áR, P = P#.
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S T
1, 1! ± 1 ± 1

2

!
0 1
1 0

" !
0 ! 2

! 0

"

3, 3! ± 1
3

#

$
%

1 ! 2 ! 2
! 2 ! 2 1
! 2 1 ! 2

&

'
( ± 1

3

#

$
%

1 ! 2! 2 ! 2!
! 2 ! 2! 2 !
! 2 ! 2 ! 2!

&

'
(

Table 2: The representation matrices of the generatorsS and T in the Þve irreducible representations of
S4, where ! = e2! i/ 3 = ! 1/ 2 + i

"
3/ 2 is a cubic root of unity.

We assumeN = 1 SUSY in 10d and this abelian orbifold preservesN = 1 SUSY in 4d
after compactiÞcation [24]. Therefore we can assume 3 independent modular symmetry
groups, each associated with a di! erent tori [11Ð14]. We assume three discrete modular
symmetriesSA,B,C

4 associated to each complex coordinatez1,2,3 correspondingly.
With the assumed S4 modular symmetries, the corresponding moduli from Eq.15,

which have an arbitrary integer, now can only be

n = 0, 1, 2, 3, (26)

where it is now limited to a choice of one in four.

3.1 Fixed points and S4 modular forms

In most models using modular symmetries, the" is a free parameter that is minimized
by a potential and treated as a VEV. A standard strategy to increase the predictivity of
the model is to restrict to Þxed points which are geometrically preferred. These point
ø" are deÞned as the points that are invariant under some element of the modular group
# # S4 called the stabilizer.

In an orbifold, the " is not a free parameter and it is Þxed by the geometry of the
orbifold itself. However, there are a Þnite number of choices, which allow speciÞc modular
forms which are listed in Table 3 [28]. All the presentedS4 modular forms are deÞned in
the basis from Table 2.

In the (T2)3/ (Z4 $ Z2) orbifold, it will be assumed that

"1 = i, "2 = i + 2, (27)

which are particular cases of Eq. 15 which are phenomenologicaly preferred, as described
in the Sec. 4. However the choice of"3 is undetermined by the(T2)3/ (Z4 $ Z2) orbifold,
and instead shall be Þxed by assuming a remnantS4 symmetry, as discussed in the next
subsection.
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2

involves two right-handed neutrinos plus two additional singlets, is given by:

M ! =

!

"
03! 3 mD 03! 2

mT
D 02! 2 M

02! 3 M T µ

#

$ , (1)

where 0n ! m are n ! m dimensional submatrices consisting of all zeroes and the other submatrices in the ßavour basis
have the structure:

mD "

!

"
0 b
a 3b
a b

#

$ , M "
%

1 0
0 1

&
, µ "

%
1 0
0 !

&
, ! = e

2! i
3 . (2)

The light active neutrino mass matrix arising from the inverse seesaw formulam! = # mD (M T )" 1µM " 1mT
D takes

the same form as the usual LS model [17Ð24]:

m! = m! a

!

"
0 0 0
0 1 1
0 1 1

#

$ + m! b!

!

"
1 3 1
3 9 3
1 3 1

#

$ (3)

The above mass matrix structures are motivated by the phenomenological success of the low energy mass matrix in
Eq. 3 which is identical to that of the usual LS model, involving two right-handed neutrinos, but in this case arising
from the inverse seesaw model, including the two additional singlets. Such an extension allows CLFV decays, such as
µ $ e" , at observable rates, since in the inverse seesaw model small neutrino masses are explained by the smallness
of the µ matrix 1, which allows Dirac masses to be large even for TeV scale values ofM . This is the Þrst low scale
seesaw model leading to a successful Þt of the 6 physical observables of the neutrino sector with only 2 e! ective
free parameters. In our model the small masses for the light active neutrinos are generated from an inverse seesaw
mechanism. In order to achieve the above mass matrices, we appeal to standard approaches to the ßavour puzzle
based on symmetries, as follows.
The ßavour puzzle of the SM indicates that New Physics has to be advocated to explain the observed SM fermion mass
and mixing pattern. This is the so called ßavour puzzle, which is not explained by the SM and provides motivation
for building models with additional scalars and fermions in their particle spectrum and with extended symmetries
which can be continuous or discrete and their breaking produces the observed pattern of SM fermion mass and mixing
pattern. Several discrete groups have been employed in extensions of the SM to tackle SM fermion ßavor puzzle. In
particular the discrete group S4 [34Ð47], together with the groupsA4 [48Ð78],T7 [79Ð88]," (27) [89Ð111] andT# [112Ð
127], is the smallest group containing an irreducible triplet representation that can accommodate the three fermion
families of the Standard model (SM). These groups have been widely used in several extensions of the SM since they
are particular promising in providing a viable and predictive description of the observed SM fermion mass spectrum
and mixing parameters. In the present article, we shall employS4, together with other auxiliary symmetries, in order
to achieve the above mass matrices of the LIS model, together with a diagonal charged lepton mass matrix.
The current article is organized as follows. In section II we explain our model. In section III we present our results
in terms of neutrino masses and mixing. The implications of our model in the lepton ßavor violating decaysµ $ e" ,
# $ µ" and # $ e" are studied in section III. We conclude in section V. A description of theS4 discrete group is
presented in Appendix A. The superpotential that determines the vacuum conÞguration for theS4 doublet and triplet
scalars of our model is presented in Appendix B.

II. THE MODEL

We consider anS4 ßavour model for leptons where the masses for the light active neutrinos are generated from an
inverse seesaw mechanism. The implementation of the inverse seesaw mechanism in our model relies in the inclusion
of four gauge singlets right handed Majorana neutrinos, which is the minimal amount of gauge singlet right handed
Majorana neutrinos needed to implement a realistic inverse seesaw mechanism as pointed out for the Þrst time in Ref.

1 An example of a dynamical explanation for the smallness of the µ parameter of the inverse seesaw and its connection with Dark matter
is provided in Ref. [128]
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