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Hadronic Tt Spectral Function Moments
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Hadronic Tt Spectral Function Moments
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Theory: Operator product expansion Adler function (1 - D(s )> . (s)
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FOPT-CIPT Discrepancy Problem

FOPT CIPT
A . i as(_s) n -
D(S) = ch,l (T) ) Change of 005l FOPT # CIPT _
n=1 renormalization I
00 . n+l scale 000l
= 2 ()" Y ke 1)
n=1 k=1 0.15 ’
cop = c11 = 1, c21 = 1.640 0.10f W(z) =12z +22% — 2t
c31 = 6.371 4-loop: Gorishni etal., Surguladze etal. 1991 1 > 3 7 05 .
ca1 = 49.076 5-loop: Baikov etal. 2008 . (a3)
’ ® CIPT resums powers of 1T with
C51 = 280 + 140 6-loop estimate Beneke, Boito, Jamin; Caprini respect to FOPT
_ _ ® CIPT leads in general to smaller
Contour-improved perturbation theory (CIPT): moments than FOPT
oo q ® OPE and DV corrections
(0),CIPT 1 de . as(—zs0) \ P assumed to be universal
ow; (s0) = 27i Z cn.1 5’§ T Wi(2)| (%) * Strong coupling from CIPT
=l g=1 larger than from FOPT
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Fixed-order perturbation theory (FOPT): T = — studies of Borel models for the
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OP 1 00\ n+l dz Beneke, Boito, Jamin 2008, 2012
S T (s0) = 5= D] (2L Y kens B — Wile) I (—a)
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until 2020
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FOPT-CIPT Discrepancy
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Outline

® Introduction

® Renormalon view:
Asymptotic Separation A
— FOPT and CIPT expansions describe different quantities
— CIPT inconsistent with the operator product expansion

¢ Mathematical view:
— CIPT is a non-uniform asymptotic expansion

¢ Reconciling CIPT and FOPT:
renormalon-free gluon condensate scheme

* Impact on determinations of cs(m?)
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Interesting Observations: Total Decay Rate

Wi(x) =1—2x + 223 — 2*

d 1 ds /s \™ Aoep
e~ gt S

A4
_ QCD 5

2

Is|=so S \50 52 sg
— Sensitivity to leading O(A*ycp) gluon condensate strongly suppressed
A

Moment's perturbation series:

FOPT CIPT
0.25}

Discrepancy between CIPT and FOPT
' scalesas Agep
/1 :

D)
50

— Accidental or indication of a quartic IR sensitivity?
— Contradiction to standard OPE

5 O(ay)

s

— How can there be O(A\*qcp) sensitivity left ?

¢ CIPT is not an expansion in powers of ag at a definite renormalization scale.
It is impossible to switch between the CIPT and FOPT moment series terms

through a change of scheme of the strong coupling and a reexpansion of the
series due to the contour integration !!

— Worth to reconsider CIPT and FOPT from scratch: OPE e IR renormalons
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Interesting Observations: Total Decay Rate

4 4
Wi(x) =1—2x + 223 — 2* @y o L ds (s \m Agep _ Agep
! Ow; (50) 2m1 Jis)=sy S (50) 2 s2 Om3

— Sensitivity to leading O(A*ycp) gluon condensate strongly suppressed

n=>5
6.5 T

Moment's perturbation series:

< c.val. ® Asym.Error

6.0F

FOPT CIPT S5F

IA 45

0.20f 5t
0.15 ]

35¢F

0.25}
50F

[ In(A)]

o In A(sp) ~ —(3.5+3.61n(/s0))
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In(y/50)

¢ CIPT is not an expansion in powers of ag at a definite renormalization scale.
It is impossible to switch between the CIPT and FOPT moment series terms
through a change of scheme of the strong coupling and a reexpansion of the
series due to the contour integration !!

— Worth to reconsider CIPT and FOPT from scratch: OPE e IR renormalons
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Renormalon Calculus: Euclidean Adler Function

Perturbative series in QCD are not convergent, . >
g . . s E 'l (2eloo)yn
but asymptotic in expansion variable ag(sy).

't Hooft; David; Mdller; ... Beneke; ...
Borel calculus:

oo

=Y e () — B[D](u)zzﬁ% !

n=1 n=1

oo
4y

Borel sum: ﬁgorel(—so) :PV/ du B[D](u) e~ Poos(s0)
0

Association: IR renormalon poles/cuts < (standard) OPE Corrections

DOPE(S) _ C( ( OéSG2 +Z

BEE [co s (=8))(O2p ) + Cal0t5(=9))(O2pa) + -

Leading Gluon Condensate: 1 (G2)
B(u) ~ — ...
(2 — u)l+4b s2
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FOPT vs. CIPT Borel Representation (large-,)

FOPT expansion: — Expansion parameter: ag(sg)
[e.)
D(s) = ) (2eleod)” Zkzcnklnk Y(—x)
n=1
L ] \ J
1 T
expansion variable coefficient
0 ~ 4T
Borel sum: PV/ du [B[D](u) e—uln(—w)] e Boos(so)
0
—uln(—z) ,— 3 37”{3 Y — » B éﬁ(u—s)
e e Boasls0) = e PBoas

== FOPT Borel representation = “true” Borel representation

> ]. dCB A _ 4w
o (o) =PV [ w5 § W) Bl e
|z|=1
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FOPT vs. CIPT Borel Representation

CIPT expansion: — No obvious expansion parameter !
- dx
(O),CIPT ' as(—xso)\" as(so) as(—xso)\M
ow, - Zcm W) (=) = 2 () e p W) (LT
|z|=1 n=1 |z|=1
\ J o\ J
! i
expansion variable coefficient

== CIPT Borel representation. NEW !
Regner, Hoang arXiv:2008.00578

214 as(so) as(so)

> ]‘ _ T™U
O30 Bore (50) = /O da — de(az) (o2l B[D](M )e Boas(o0)

"™~ Contour needs to be deformed from |X|=1

due to the cut in ag(-x s;p)

<Asymptotic Separation” Ay (s0) = 553’)],3(21?( ) — 553})],31:(‘)(14)511 (50)

Aw(sg) ~ 3?2]3 for O(AQCD) IR renormalon contained in D

S0
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Character of the Asymptotic Separation

FOPT Borel representation

Related through complex-valued
change of variables

o0
OPT 1 dx - o dmu
5(0)’F sg) =PV du — % — W;(x) B|Dl(u) e Poas(==s0) _
W, Bora (50) | dugs § L Wile) BID)(w) o — as(xws0)
|z]=1 as(so)
. ¢ Equivalent in perturbation theo
CIPT Borel representation (uO-ITaylor serieps) Y
¢ Agree at Euclidean point x = -1
o0 _ ° . .
0),CIPT 1 dx (= N o(— O\ . 4mu Difference in presence of IR
51(/V2,B0re1 (s0) = / du omi ¥ 7 Wi(x) (aa(s(;cos)o)) B[D] (%U) e foasl0)  renormalon cuts
0 T xr
\ ) <«——Uu-path for CIPT
A m m
(path 2)
B g (o) (a2 in 1 (
ﬁ,—i’s’)‘(u) B (ﬁ+u)7 Bb’pﬁ(’u’) = (p_u),y
(path 1b)
AAAAAAAAAAAAA 4 > —_— u-paths for FOPT
p (path 1) P (path 1a)
UV renormalon cut IR renormalon cut

IR renormalons: finite difference !
FOPT and CIPT Borel representations inequivalent

UV renormalons:

FOPT and CIPT Borel representations
equivalent because closing up paths 1 and 2 * FOPT: PV prescription needs to be imposed
does not contain cuts « CIPT: automatically well-defined by complex-valued o

+ Difference because closing paths 1a/1b and 2 always contains cuts
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CIPT Borel Sum Contour Integration

The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the contour-integral first:

° 1 dx e a0
5(0).CIPT o) — / di dz _ _ym (a(=a)
{(—=z) ,p,’Y},Borel( 0) 0 2711 c. T ( ) ( ao ) (p_ a(a—ox)ﬂ)7
(®.@) a _
= / due @0 C(p,v,m,so;u) . pole in x-plane at

0 (large-Bo)
Contour must always cross real A2 P
axis for = < z(u) (@) = _pl@=p)/pao _ _ QCD)

S0

<=1 for u>p

\; (0) =— (A%CD> (Landau pole)
J Z(u — 00) = —o0
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Character of the Asymptotic Separation

Alternative view [for the large-3, approximation] Golterman, Maltman, Peris arXiv:2305.10386

FOPT Borel representation

6(0)’FOPT o° 1 dz Y 1 ——dru
O moa(s0) = PV [ dug o ¢ T () e o .
(=a)f, 0 271 x (p—u)” * as-dependent change of variables
|z|=1 and contour deformation can be
avoided due to the identities

. Amu ___4dru
e Poas(—zsg) — (—;U)_ue Boas(sg)
U, — 17U

1 d
de ¢

271 T
|z|=1

_ sin(mu) 1 e

(=2)" = u—"0  2mi

211 u—F

valid in the large-B, approximation

CIPT Borel representation ® Leads to the same result.

(1+4)oc0 . (1—2)oco ' Aru
/ due”“—/ due ™| e Boas(so)
0 0
1

TR S S
2 (l+ie—u)(p+ie—u)y (£—ie—u)(p—ie—u)

(0),CIPT _ 1
6(—3:)4,Bore1( O) 9

— [residues at u = £ £ i€ |
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Brief Numerical Analysis

Single renormalon model: Pure O(/A\*qcp) renormalon in Adler function
1 (G?) : .
B(u) ~ — ... = — Gluon condensate corrections vanishes
(2 — u)l+4b 52

0.041F + CIPT = FOPT

FOPTBS ~ FOPTBS +AS
0.040} r

0.039¢}

0.038

0.037}

0.036

so = m? O(ay)

— Per. series should be convergent

1 ds /s \m A¢ A2
5(d) o as (_) Qcp _ 2QeD 5,
W, (SO) 27_‘_2 |5|:50 S S0 32 8(2) 2
CIPT series is divergent ! ThliS f;\C(tj V_vatsh
overiooked In the
FOPT series convergent. past

CIPT not compatible with standard OPE !

CIPT Borel representation should not be
considered as "true”, but it correctly
characterizes the CIPT expansion

Excellent description of CIPT-FOPT
discrepancy by asymptotic separation Ay(s)

Moments with small asymptotic separation
can be identified.
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Mathematical Perspective

Gracia, AHH, Mateu, arXiv:2305.10288

Can we identify the mathematical reason, why CIPT is inconsistent with the OPE?

— Inconsistency means: CIPT series is divergent for cases where OPE demands convergence

o0 00
CIPT: FOPT:
Z Can,E(a) Z dnan
n=1 n=1

’ Y

Hyp(a) = —— 74 U )tar(—so)

z|=1 L
Series in non-trivial functions of a

Is CIPT a consistent asymptotic expansion?

— Yes because the following relation holds:

H,
L Ha(0)

=0 foralln
a—0 |Hp4(a)]

o 5004(30)
a p—
47

Power series in a

,1he { H, (a) } form an asymptotic sequence”

Ensures that coefficients ¢, can be
determined unambiguously.
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Mathematical Perspective

But the asymptotic sequence { H, ,(a) } it non-uniform because the H,, (a) has zeroes for real a

—~ - —_— n =

(a/V1+a2n2)—1 = aak _5
ﬁ 3 n=
il i — n=
=~ 0.2F e 7 =
:6 [ n =
& - =

+ 0.1F S

< ook Z _ :

— Zeros approach zero for large n ! = 10
N T B B b -
T 0.2 0.4 0.6 0.3 1.0
a
o0
H _ 14 k . .
n,¢ (a) — Sn, k@ < Has finite radius of convergence
k=n
oo
y4 .
a" = E bk Hic o (a) « Divergent for any a !
k=n
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Mathematical Perspective

large-f3,
— n=10=0"]

—— p=2.0=2 7

—— n=4,0=3 1
A o g PP SRR RS B
0 20 40 60 80 100

k

Theorem A.6 (Weierstrass’ Double Series Theorem). Consider an infinite set of functions
fi(z) that are analytic for |z| < 7, so that the power expansions fi(z) =Y poyp a,(j)ack exist
and converge at least for |x| < r for all i. Furthermore, consider a convergent series of these
functions F(x) = Y72, fi(z) that is uniformly convergent for |z| < p for every p < r, so
that the series converges in particular everywhere within the interval |z| < r and defines the
function F(z) there. Then, the infinite sums Ax, =Y g a}ci) are convergent and the infinite
sum Y po g Axz® converges to F(z) for |z| < 7, so that F(z) = > 50,3 r0 a,(:)xk) =
2 sy a,(j)):ck and is analytic for |z| < r.

= Any convergent CIPT series will be convergent in FOPT and sums to the same value

= Any convergent FOPT series will be in general divergent in CIPT !
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Mathematical Perspective

Models for expansion function

Change of renormalization scale:
zeros at a=-1/L

hq(zL) (a) = [a(u?)]" = m L = log(u?/so)

Expansion of a" in terms of h(t)(a) has
same convergence radius as expansion
of h,(t)(a) in powers of n.

Change of renormalization scale does not
change the radius of convergence.

Particle Physics Seminar, IFIC Valencia, June 29, 2023



Mathematical Perspective

Models for expansion function

Model with decreasing zeros/singuarity points: . N
m=-1: singularities at a=1/¢n

7(m _.m m
h’S}, )(a) = a"(1 —&na) m=1: zeros at a=1/&n
hi™ (a) = a™(1 £ na)™ A" (a) = a"(1 4+ na)™
28T T T T T T T OrT———T T T T T T T 1]
t 1 —— m=—-1,n=1
2.00F . b~ M —1,n=2 1
a1 F—— m=1, n=1
< 175F mETAREIY e L 1 n=5
:\_ r —— m=-lLn=2 /:_20- ’ ]
EZ 150 — m=-2n=14 ET7}
=2 [ —— m=-2,n=2 = i
1.25F - 10 2
1.00f £ : ]
[ 1 | | | | P O MR M|
0 20 40 60 80 100 0 20 40 60 80 100
k k

Expansion of a" in terms of h,(M(a) is divergent for any a !

The zeros are one reason why CIPT has good apparent convergence at low orders, but they
are likely also the reason why CIPT has the bad divergence property.

The fact that the Adler function contains IR renormalons ensures that the
inconsistency of CIPT is unavoidable.
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Renormalon-Free GC Scheme

Conclusion from the asymptotic separation: AHH, Regner 2008.00578

® Asymptotic separation/CIPT inconsistency vanishes if IR renormalons are absent
® CIPT and FOPT should become consistent for IR-subtracted perturbation theory

® Gluon condensate renormalon is mostly responsible for the asymptotic separation
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Renormalon-Free GC Scheme

Conclusion from the asymptotic separation: AHH, Regner 2008.00578

® Asymptotic separation/CIPT inconsistency vanishes if IR renormalons are absent

® CIPT and FOPT should become consistent for IR-subtracted perturbation theory

ldea: “short-distance” scheme for the gluon condensate Benitez-Rathgeb, Boito, %gfgzini 0A9|'£|5g

Original MS GC contains
pure O(A%qcp) renormalon (scale invariant)

<62>M—S,(n)

Expand
‘ perturbatively with

Y

T2MS - Adler functi
<G2>MS,(n) — <G2>(R2) . R4 Z Ng 7“2470) de(R2), er function

\_'_J {=1“——
renormalon-free renormalon norm
R-dependent (approximately known) IR factorization
scale R
1N\ c+4by (0 + 4b _
P30 _ (_) ( Al) - By s (R?) . e
2 (1 + 4b;) = = -scheme (C=0)

Boito, Jamin, Miravitllas 2016
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Renormalon-Free GC Scheme

Benitez-Rathgeb, Boito, Jamin, AHH 2202.10957

(G*)(R?) — <G2>(R/2) Renormalon-free (convergent series)

d <G2>(R2) _ Ng R* d(R2) (R-evolution equation)
d1ln R? 94by 1 _ 2815(R2) Convergent series!

We can define an R-independent ,short-distance* GC: treated like a tree-level term
(Do not expand !)

2 2\ 2\ RF _ 2 — R-invariance of scheme at
<G ><R ) — <G > +N9 CO(R ) infinite truncation order

©¢) _EL 4 _6,(12%2) ~ R 2
EQ(R2)ER4 PV/ du e RA :_R (& ] Re[e4ﬂ'b1zr(_4b17_ > )]
0 (2—u)ttih (a(Rr?))* a(R?)

<G2>RF =0 Scale-invariant “short-distance“ scheme
2
dln R for the gluon condensate

— ,true“ Borel sum value unchanged (i.e. Ng-independent)!  (,minimal scheme®)
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CIPT and FOPT: RF GC Scheme

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

Single renormalon model: Pure O(/A\*qcp) renormalon in Adler function
1 (G?) . .
B(u) ~ — +... — 5 — Gluon condensate corrections vanishes !
(2 — u>1+4b1 S
— Nevertheless dramatic impact of
Wi(z) =1 N, = % changing to the RF GC scheme
21

FOPT same as in the original GC scheme
&y =0, R=08m,, W(z)=1

0.041} * CIPTRS series is convergent

<+ CIPT = FOPT
FOPT BS FOPT BS + AS .
’”

0.040¢}

0.039F ®* CIPTRS consistent with FOPT !

50

0.038

* CIPTRS compatible with standard OPE !
0.037f

0.036 f ®* CIPTRS Borel sum = FOPT Borel sum

® CIPTRS converges much faster than FOPT
(oscillating behavior absent)
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CIPT and FOPT: RF GC Scheme

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

Single renormalon model: Pure O(/A\*qcp) renormalon in Adler function
1 (G?) . .
B(u) ~ — +... — 5 — Gluon condensate corrections vanishes !
(2 — u>1+4b1 S
— Nevertheless dramatic impact of
Wi(z) =1 N, = 12 changing to the RF GC scheme
21

FOPT same as in the original GC scheme

0.041F | |, cpT m FOPT @ sub.CIPT 1 * CIPTRS series is convergent
[ FOPT BS FOPT BS + AS ]

®* CIPTRS consistent with FOPT !

* CIPTRS compatible with standard OPE !

®* CIPTRS Borel sum = FOPT Borel sum

® CIPTRS converges much faster than FOPT
(oscillating behavior absent)
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CIPT and FOPT: RF GC Scheme

Realistic Multi renormalon model: GC, O(A*qcp, Neqcp) + UV renormalons in Adler function
Beneke, Jamin 2008
W(x)=1-2z+22% — 24 — GC suppressed
5 1
S0 = m: , §§£§2, Ny = 0.64
Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957
ey = —22/81, W(z) = (1 —2)*(1 +2) ey =—22/81, R=0.8m,, W(z)=(1-2)*1+x)
T H T T T T T ] [ T T H T T T T T
0.24l FOPT = CIPT ] 0.24] ® sub. FOPT i sub.CIPT
FOPTBS | L 1 - FOPT BS §< G2>RS
! 2\ MS ] [ o
0.22f : (asG7) 1 0.22} 1
1 1 [ 1
0.20} ! 0_20-_ ————— L
: | / : ‘V
0.18} : 0.18} i
1 [ 1
1 [ 1
0.16] i 0.16} i
0 0 2 4 6 8 10 12 14 0O(a?)

New RF GC Scheme !
® Discrepancy between CIPT and FOPT removed

® CIPT becomes consistent with FOPT (which is only slightly modified)
® Higher precision for ag determinations from hadronic tau decays achievable
° Additional uncertainty from uncertainties in N4
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5

CIPT and FOPT: RF GC Scheme

Realistic Multi renormalon model:

GC, O(A*qcp, Noqcp) + UV renormalons in Adler function

W(z)=(1-2)° — GC enhanced

0.28]

020f .

Beneke, Jamin 2008

0.26}
0.24}

0.22}

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

| @ sub.FOPT & sub.CIPT

FOPTBS !

n

Y S S S TR TR FE Ol
New RF GC Scheme !

®* FOPT and CIPT expansions both get improved substantially

® Spectral function moments with high sensitivity to the GC can now be used
for high-precision determinations of the strong coupling and the GC
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GC Renormalon Normalization

Benitez-Rathgeb, Boito, Jamin, AHH: 2206.xxxxx

GC Norm in the Adler function‘s Borel function:

2 — 225(— e (112 .
BiD($)ecw) = 2N L =gaCa] L et B

3 (2-u)ltih im LT op2
Multi-renormalon model approach Beneke, Jamin 2008
. 2 N [1 = 225(—
B[D(S)]mr(u) = b(o) + b(l)u + 2m g [ 81a(A S)} N6 — + N_2 —
3 (2 — u)l+4b: (3 —w)146b1 (1 4 y)2-2h
Cp,1 = C11 = 1, 21 = 1.640
C31 — 6371
cq1 = 49.076 > Ng — 064 1 027
05,1 = 280 £ 140
Conformal mapping approach ) Lee 2012
~ 3 (2 . u)1—|—4bl R
B(u) = B[D(s)](u) GC renormalon-free
T Jit 2
U — _u -
w(u,p) = - u=2 closest to the origin in the w plane Ng = B(w(2, p))
1+u+ 1—%
Use c1,1 to ¢51 and w-expansion T Ng = 0.71 +=0.26
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GC Renormalon Normalization

Benitez-Rathgeb, Boito, Jamin, AHH: 2206.xxxxx

GC Norm in the Adler function‘s Borel function:

2 — 225(— v (12 .
B[D(S)]Gc(u) _ 272 Ny [1 81CL( S)] a(12) Bo as(u?) b, = ﬁ

3 (2 —u)ltth Anr ~ 232
Optimal subtraction approach New |
Use quantiative measure for improvements for GC suppresed and
GC enhanced moments in the RF GC scheme
X (Ng) = X, cs(Ng) + Xom,cor(Nyg) Good convergence of 5 GC
T A enhanced moments
Small discrepancy for 5 GC supressed moments
QCD, ¢ =2, /50 = m,, R*=n’s
14+ | | | |
Can precisely "2 !
determine N, for the ;: 1.
Beneke-Jamin model < " | | | || + L v v oy —» Ny;=0.57+0.23
“IRER
02 (take O(al) result)
T 10 O(al)
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Strong Coupling Determinations

We repeat (in detail!) two state-of-the-art determination methods in the RF GC scheme:

Truncated OPE approach: Pich, Rodriguez-Sanchez 2016
Duality Violation model approach: Boito, Golterman, Maltman, Peris, Rodriguesz, Scharf 2021

—> Include uncertainties: Ny =0.57+0.23 0.7m, < R <m,;

MS GC scheme RF GC scheme
0.35 0.35
® FOPT ® FOPT
0.34- e CIPT 0.34- e CIPT
@® average
— 0.33} —~ 0.33F+
[ N =
S £
C? 0.321 + é’J 0.321 + +
0.31 * 0.31 \ *
0.3 L L L 0.3 L L L
Pich et al. (V + A) Boito et al. (V) Pich et al. (V + A) Boito et al. (V)

®* FOPT-CIPT for GC suppressed moments remedied
® Taking average of FOPT and CIPT results now meaningful

® Spectral function moments with high sensitivity to the GC can now be used
for high-precision determinations of the strong coupling and the GC

® Uncertainties due GC renormalon norm Ny and R variations very small !
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Summary and Conclusions

CIPT Borel representation different from FOPT Borel representation in the presence of IR
renormalons. — Asymptotic Separation

— CIPT expansion NOT consistent with standard OPE approach
Mathematica reason for CIPT inconsistency identified
— General mathematical criterion applicable for other non-standard expansions

— Zeros in CIPT functions: reason for apparent good behavior AND OPE inconsistency

Problems of CIPT resolved largely in renormalon-free RF gluon condensate (GC) scheme.
— CIPTRF “cured” and still useful

We have devised such a GC scheme in the most minimalistic and transparent way.
(Additional uncertainty from Ny (GC renormalon norm), and factorization scale R.)

RF GC scheme: Disparity between CIPT and FOPT strongly suppressed

RF GC scheme: Moments with high sensitivity to the GC can be used for high precision
analyses

Excellent prospects for new high-precision determinations of the strong coupling

Particle Physics Seminar, IFIC Valencia, June 29, 2023



CIPT Borel Sum Contour Integration

The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the Borel-u-integral first:

_ 5(0,CIPT

0),FOPT
A, 2,77:50) = 80"y ) Boret(50) = O z)m 5y}, orel (50)

- ,<Asymptotic Separation”
1 d _
= 51y P (-0 sigllmla(—2)]] (a(~2)' e T
Ca
! ! o
Cut along the negative real s-axis! Power-suppressed ~ <QSCD>

Remaining contour integration must be deformed (to negative real infinity in the x-plane)
X

\/ Contour along the unit circle
X_
JXJ{

Deformed contour for the

asymptotic separation
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Computation of the CIPT Borel Sum

An analytic continuation is mandatory to compute the CIPT Borel sum for m>p

~ ™ _ ,CIPT JFOPT
W(:U) X A(mapa’)/a 30) = 5?())—56)7”,}7,'7},B0rel(80) — 5?())—13)"",1),'7},B0re1(30)
1
B u) 1 dzx m . __r>
W pmwy - s P (o) sglimla(~a)] (a(~2) e
Ca T T
~Y x_p

Properties of the asymptotic separation:

® Renormalization scheme invariant

® Much larger than canonical FOPT Borel sum ambiguity estimate if the
Borel function has a sizeable gluon condensate cut

® Fully analytic results

® Properties of CIPT Borel representation imply that OPE corrections for
CIPT do not have the common standard form C x <condensate> / s*p
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