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1 Lorentz Invariants

The reaction is a + b — 1 + 2 + 3. We define 10 invariants as illustrated on the figure.
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Figure 1: Definition of the invariants.

Only 5 of them are independent. They are subject to the constraints

1 -1 0 0 1 s mZ+mi+mj —t3
1 0 -1 1 0 S12 m? +m?+m? —uy
o 1 0 1 -1 so3 | = | m24+mi+mi—ts
6o o0 1 -1 1 t m2 4+ m3 4+ m3 — uy
—1 1 1 0 0 us m%—l—m§+m§—313

The 10 scalar products are, in terms of five independent (s, t1, ug, 12, S23),
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2pq - pp = 5 — mj —my 2py - P2 = 893 + Uz — t1 — M3
2pa-p1:m2—|—m%—t1 2pb-p3:m§+m§—u3
2pa'p22812+t1—u3—m§ 2]71'172:312_7”%_7”%
2pq - P3 = 5 — S19 + Uz — M} 2p1 - P3 = 8 — S12 — So3 + M5
2Dy L= — Sz + b1 —m, 2py - Ps = S35 — M3 — My
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2 The Gram determinant

The Gram determinant of order 4 is

0 ms  So3 tl m% 1

m% 0 m% uz  S1z 1

_ Lisyy m2 0 mi s 1
A= 16|t ouz mP 0 om? 1 (4)

m? s, s m2 0 1

1 1 1 1 1 0

In the massless case we obtain

16A4 = (Stl — t1812 + $12823 — S23U3 + U3S)2 — 4St1U3(8 — S19 — 523) (5)

The Gram determinant of order 4 is at most quadratic in the invariant.

1
16A, = e — Aus, t1, m3)A(t1, mi, m2)A(t1, my, s23) sin® y sin® 6, sin® w (6a)
1
=% Mus, t1, m3)A(ty, m3, m2)A(us, mi, m3) sin® 0 sin 0, sin® w (6b)
1U3
1
= —4—2)\(312, m3, m3)A(s, s12, m3)A(s12, us, m?) sin® e sin? f sin? ¢ (6¢)
S12
1 _
= (512, m7, m3)A(us, my, m3)A(s12, us, m?) sin® 0 sin® @ sin” ¢ (6d)
4812U3
= —4—2/\(323, m3, m3)A(s, sa3, m2) (593, t1, m} ) sin® €sin® O sin? ¢ (6e)
523

The angles are computed in the next sections. €, 6, ¢ are defined in the (12) Gottfried-Jackson
frame ; €, 0, ¢ are defined in the (23) Gottfried-Jackson frame ; 6, #,, w are defined in the double
Regge frames.

The triangle function is A(a, b, ¢) = a® + b* + ¢* — 2(ab + be + ca).

3 Cross section

The cross section is

1 — d*p, d*py d>ps
= —Rs(s))_|M|* Rs(s) = 5 (pa e 7
T 3(s) ) _|M]| 3(s) / 2F, 2F, 2, (Pa +pb — P1 — P2 — P3) (7)

with i the sum over helicities, average over the initial ones and with the flux being
F = 95, m? ) (2 (5)

In the GJ frames we obtain, with ®, the polarization angle,

1 Ao stz AY2(519,m2, m2 dO=,, ;2
7= (2m)3 A(s, m2 ,m?) / / /s 32519 du3d512/ Z|M| (9a)

1 T Ao 538 A2 (593, m2, m2 9
- (27m)3 A(s, m2 ,m?) / / / 32593 dtlds%/ Z|M‘ (9b)




4 (12) Gottfried-Jackson frame

We use the invariant variables s, ¢y, s12 and the two angles 2 = (6, ¢) of particle 1 in the rest
frame of (12). The phase space can be rewritten into a product of phase space for a+b — (12)+3
and (12) —» 1+ 2:

1 T dd st2 A2(s19, m2, m2 A=, 2
7= (2m)3 A(s, m2 ,m?) / / / 32519 du3d512/ Z|M| (10)

The integration over the angle ® between the two decay planes can be done if the target and
the beam are not polarized. The boundaries are given by

1
uy =mjp +mj — % (s +mj —m2)(s — s1a +m3) F A2 (s,m2,mp)A?(s, s12,m3)]  (lla)
1
sty = s+ mi — oo [(s b mi —m)(mf -+ — us) F AV (s,mif, m)AY (ug, i, m3)] - (11b)
b

Figure 2: Momenta in the (12) GF frame. The momenta of particle 2 is not indicated, py = —p;.

To define the angle (0, ¢), we place the z axis along the direction of the beam and choose
them as the angle of particle 1. In that case the momenta are (their norm are |p;|? = E; — m?)

Pao = |pa|(0, O, 1) Ea = (812 + mz - ’LL3)/2\/812 (12&)
Py = |Pp|(—sin&, 0, — cos &) Ey = (519 +mj —t3)/21/512 (12b)
p3 = |p3|(—sine, 0, — cose) B3 = —(s519+mj3 — 8)/21/512 (12¢)
p1 = |p1|(sinf cos ¢,sinfsin ¢, cos ) By = (519 +m? —m3)/2y/512 (12d)
P2 = —|p1|(sin b cos ¢, sin @ sin ¢, cos 0) Ey = (519 +m3 —m3)/2v/512 (12¢)
We get Ej, = (s + ug — m2 —m3)/2,/s12. The angles are
2|pal|py| cos € = s — 2B, By — m2 — mj (13a)
2|pa||ps| cose = s — 2E,FE3 — mj — 512 + u3 (13b)

All energies and the angles ¢ and e depend only on s, s15 and us. The angles § and ¢ must
depend on the remaining invariants s,3 and ¢;. Indeed we have

t1 =m2 +m? — 2E,E; + 2|pa||p1| cos b (14a)
S93 = m3 + mj + 2F,E3 — 2|p1||ps| (sin € sin 6 cos ¢ + cos e cos 0) (14b)



5 (23) Gottfried-Jackson frame

We use the invariant variables s,t;, s»3 and the two angles Q = (6, ) of particle 3 in the rest
frame of (23). The phase space can be rewritten into a product of phase space for a+b — 14(23)
and (23) — 2+ 3:

1 T AP st A2 (593, m2, m2 A=, 2
(27T)3 A(s, m2 ,m?) / / / 32593 dt1d323/ Z‘Ml (15)

The integration over the angle ® between the decay planes can be done if the target and the
beam are not polarized. The boundaries are given by

1
tf=m?+mi — % [(s+m —mi)(s — so3 +mi) F A2 (s,m2 m2)AY2 (s, 593, mi)]  (16a)

1
sh =85+ mi — 5 (s +mZ —mi)(m2 +mi—t;) F M2 (s, m2 m2)AV2 (L, m?, mi)] (16b)
1

Figure 3: Momenta in the (23) RF. The momenta of particle 2 and 3 are outside the zz plane.

To define the angle (0, ¢), we place the z axis along the direction of the target and choose

them as the angle of particle 3. In that case the momenta are (their norm are |p;|> = m?)
Py = |pb|(0, 0, 1) Eb = (523 + m% — t1>/2\/823 (17&)
Pa = |Pa|(—sin&, 0, — cos§) E, = (93 +m2 — uy)/2+/523 (17b)
P1 = |p1|(— sin E’ 07 — COS E) E1 = (S — S93 — mf)/?ws% (17C)
P2 = —|p2|(sin f cos ¢, sin § sin ¢, cos 0) Ey = (33 +m3 —m3)/2+y/523 (174d)
p3 = |po|(sinf cos ¢, sin fsin ¢, cos f) = (593 +m3 — m3)/2/523 (17e)
We obtain E, = (s + t; — mi —m?)/2,/s23. The angle are
2|pal|py| cos € = s — 2E,E, — m2 — mj (18a)
2|p1||py| cos€ =5 — 2B By — m2 — 593 + 1 (18b)

All energies and the angles y and € depend only on s, ss3 and t;. The angles § and ¢ must
depend on the remaining invariants s;5 and u3. Indeed we have

uz = mj +mi — 2E3Ey, + 2|ps||py| cos O (19a)
$12 = m; + mj + 2E1E — 2|ps||p1| (sinésin 6 cos ¢ + cos € cos 6) (19b)



6 (13) Gottfried-Jackson frame

We use the invariant variables s, ts, s13 and the two angles ' = (¢, ¢') of particle 3 in the rest
frame of (13). The phase space can be rewritten into a product of phase space for a+b — 2+(13)
and (13) — 1+ 3:

1 2T 4D s AL2(s13, m2, m2) dey
7= (27)3 A(s, m2 m? / / / ?1);5131 ; dtzdslg/ 47 Z|M|2 (20)
b

Compared to (V.5.6) in Particle Kinematics, the integration over the angle between the decay
planes has been done since the target and the beam are not polarized. The boundaries are
given by

1
ty =m2+m3 — % [(s+mi —mg)(s — s13+m3) F A2 (s,m2 m2)ANY2 (s, 513, m3)]  (21a)

1
s =s5+ms — 5 [(s+ m2 —m2)(m2 +m2 — ty) T ANY2(s,m2, mHNY2(ty, m?, mg)] (21b)
5

Figure 4: Momenta in the (13) RF. The momenta of particle 1 and 3 are outside the zz plane.

To define the angle (€', ¢’), we place the z axis along the direction of the target and choose

them as the angle of particle 3. In that case the momenta are (their norm are |p;|? = E; — m?)
Py = \pb|(0, O, 1) Eb = (813 + m% - tg)/Q\/Slg (22&)
Po = |Pa|(—sin&’ 0, —cos &) E, = (513 +m2 —uy)/2\/513 (22b)
P2 = |p2|(—sin€, 0, —cos¢) Ey = (s — 813 —m3)/2:/313 (22¢)
p1 = —|ps|(sin@ cos ¢', sin @' sin ¢, cos §") By = (s13+m3 —m3)/2y/513 (22d)
p3 = |ps|(sinf cos¢’,sin @ sin @', cos ) = (513 +m3 —m3)/2:/513 (22e)
We obtain E, = (s + t; — m} —m3)/2./s13. The angle are
2|pallpy| cos &’ = s — 2B, B, — m2 — mj (23a)
2|pa||py| cos € = s — 2B, Fy — m2 — 513 + to (23b)

All energies and the angles X’ and ¢’ depend only on s, s;3 and t,. The angles # and ¢’ must
depend on the remaining invariants s;o and uz. Indeed we have

uz = mj +mj — 2E3Ey, + 2|pa||py| cos 0 (24a)
S12 =m; + mj + 2E1E> — 2|ps||p1| (siné€sin 6 cos ¢ + cos € cos f) (24b)



7 Double Regge Kinematics

In the double Regge limit with the central particle 2,
the system is described by two invariants ¢; and wug, the
invariant mass squared of the Reggeons, and three angles.
In the rest frame of b3 — 2(al), 6y is the angle between
2 and b. In the rest frame of (b3)2 — al, 6; and w are
the polar and azimuthal angle of 1 when 2 is along the 2
axis with b and 3 in the 2z plane.

For crossed particles, the momentum is flipped pz; = —p,.
In the J; rest frame, the z axis in the ps direction. We
choose y =p, X p; and ¢ = y X z.

The momenta are

AY2(ty, ug, m2)

ty +m3 —ug

3 = P2/ (0,0,1 3 = By=—2 2 (25

D2 |p2|( ) |p2| 2\/5 2 2\/E ( a)
/\1/2(t1,823,m§) . tl —|—m§ — S923

= — si 0, — = E, =
Py = |py|(—sin&y, 0, —cos&y) |l o b SN
(25Db)

AV2(t, ug, m2) t1 +m2 — usy
3= |P3 in e, 0, 3| = P28 Fy=———3 = (25
ps = Ipsl( sines cos€) [ps| 2V/t; ’ 2/t (25¢)

)‘1/2 (tb m?w m%)

2Vt

tl—l—m%—mZ

2Vt

p1 = |p1|(sin6; cosw,sinb; sinw, cosby) |p1| =

(25d)

2 2
t1 +m, —m7

2Vt

Pz = —|p1|(sin b cosw, sin 0 sinw, cos ;) E, =
(25e)

One can check that Fs + Ey + E5 = \/t;.
The scattering angle 6, is related to s;2 = (p1 + p2)* = (p1 — pa)®. The angle &, the angle

between p, and py = —p3 = Py + P3 is obtained by evaluating m3 = [(ps +ps) — pp]>. The angle
€1 of p3 is obtained similarly. We obtain

2t1(812 — m% — m%) + (tl + mf — mz)(tl + m% — U3>

0 26

cos tq A2(t,m2,m2)ANY2(us, t1, m3) (26a)

cos g, = s —mp — ug) + (b + s — m3) (1 +mi; — 53) (26Db)
1 A2 (t1,m2, s93) N2 (ug, t1,m3)

cos €] = 2ty (us +m3 —mp) — (b +ug — m3)(t + m3 — uy) (26c)

)\1/2<t1, m%, UQ>>\1/2(U3, tl, m%)

They satisfy the relation |ps| = |ps|cose; — |pp| cos €. The azimuthal angle, or Toller angle, is
obtained by expressing s = (p, + p»)? = (pa — pp)*

1
s=m>+mi— g(tl +m2 —mi)(t; +mj — s93)
1
1
+ g/\lm(tl, m2, mAHNY2(t, m2, s93) (sin & sin 6y cosw + cos & cos 6;) (27)
1



Figure 5: The vectors in blue are in the xz plane. The plane formed by ps, p1 and p; has an
angle w with the xz plane.

We now boost to bring (b3) to its rest frame, the J, RF. The boost is along the z direction:

(E) _ (cosh X sinhx) (E) coshy = (6 + s —m)/ (V) e

P, sinhy coshx/ \p. sinhy = AY2(ty, us, m2)/(2/t1us)
After the boost, the momenta become (particle 2 has been crossed p; = —ps)
2 _ 4 A2 (¢ 2
Dy — usz +mj 1’0’0, _ (1, uz, m3) (29a)
2« /U3 2« /U3

~ (us+mi—m}

p3 = <—2 NGE

_ [us+ mg — mz
(e

The norm of the momentum in the J, rest frame is |p| = [p}| = A2 (uz, m3, m?) /2/us.
The scattering angle in the J, rest frame, 0y, is related to se3 = (p2 + p3)? = (p2 — p3)*:

,|p3|sin e, 0, E5sinh y 4 cosh x|ps| cos 61)

) |p%| sin 927 07 ’p%| COS 82) (29b)

2u3(s93 — m3 — m3) + (ug + m3 — m?)(uzg + m3 — 1)
A2 (ug, mz, m3)AV2(ug, t1, m3)

cosly = — (30a)

The component perpendicular to the (b23) plane is invariant |pf|sin 6y = |p3|sine; = |py|sin&;.
We thus obtain

X . tl /\1/2(u3,m§,m§) . . tl )\1/2(U37m2am§)
sin&; = sin 92@ / u_3 \1/2 and sine; = sin 6, u_3 N2 2 ) (31)

(t1,m2, $23) (t1,m3, us)

which proves that cosw sin #, sin s is free from kinematic singularities in s, s;3 and s3. The
singularities in so3 cancel in Eq. (27). There are still singularities in ¢; and ug in cos w sin #; sin 6s.
The kinematical factor K = eaﬂm,pgpf pipy is

1
K = TAI/Q(Ug, t1, mHNY2(t, m2, m2)AY2(t, m2, 593) sin & sin 0y sinw (32a)
1
1
- 8 /t1U3 AI/Q(UB? t1, mg))‘l/Q (th m%v m3>/\1/2(u3, mg, mg) sin ‘91 sin ‘92 sin w (32b)
= /= D4(pas Py, p1, P2) (32¢)



In the double Regge limit, s, s93, $10 — 00 with ¢1, uz and n = s/(s12823) > 0 fixed we obtain

DRL 25124/ — 1% DRL  2v/—tius (33a)

g DRE ing =
P T N mR mE) N (g, o, m3) ne AV (ug, tr, ms3)

DRL 2503/ —U3 DRL  2v/—tiug (33D)

sin 0y — s —
oz )\1/2(u3,m§,mZ))\l/Q(u3,t1,m§) lnfl /\1/2(u3,t1,m%)

which yields

s prp 2\/tiuzcosw +m3 —t; — ug
==
2
512523 A(us, ty, m3)

(34)

Rewriting A(us, t1, m3) = (m3 — t; — u3)? — 4t u3, we obtain the condition, in the high energy
limit,

[m3 —t1 —us + 2\/t1u3]_1 << [m3 —t1 —us — 2v t1“3]_1 (35)

512523

in agreement with Humble Eq. (2.2.5) p.17.



