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Classifying observables
An important difference

• Even if the equilibrium state is time-independent, we can classify these 
observables by how they are affected by time 

• For thermodynamics,  for an ideal fluid in its rest 
frame. In QFT , which is a local operator ( ). Then 

 (with vacuum subtraction) 

• Thermodynamics deals with operators which are local in time. As we shall 
soon see, that is a big simplification

Tμν = diag(e, p, p, p)
Tμν → Θμν Θμν(X)

p = ⟨Θii⟩/3



Dealing with local observables
The Matsubara formalism

• : used t-invariance of eq. operator 

• Now use  and identify  as a time-evolution operator in the 
imaginary direction , i.e  ( ) 
 

• The trace, when transformed into a path integral, implies 
 for bosons (periodicity) 

 for fermions (antiperiodicity) 
 

⟨Ô(t)⟩ = Tr[ ̂ρ(t)Ô(t)] = ∑
i

⟨i | ̂ρ(t)Ô(t) | i⟩

̂ρ = e−β(Ĥ−μiN̂i)/Z e−βĤ

τ it ↔ β U(t) = e−iĤt

ϕ(0, ⃗x) = ϕ(β, ⃗x)
ψ(0, ⃗x) = − ψ(β, ⃗x)
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Dealing with local observables
Lattice QCD at finite temperature

• We thus have 3D Euclidean space X compactified Euclidean time 

• Ideal (at vanishing chem. pots) for lattice 

• Non-perturbatively: compute the discretized Euclidean path integrals 
numerically with Monte Carlo techniques — see previous plot 

• Excellent for vanishing chemical potentials 

• Runs into a sign problem at finite : the action becomes complex and 
importance sampling fails (oscillations) 

• Runs into another sign problem for non-local observables in : must resort 
to non-trivial analytical continuations

μ

t
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Dealing with local observables
The Matsubara formalism

• We thus have 3D Euclidean space X compactified Euclidean time 

• Perturbatively: Euclidean field theory with discrete Matsubara frequencies 
 for bosons,  for fermions, .  

 

• Blackboard/exercise: for a theory of massless, non-interacting real scalars 

compute the pressure using dim reg. Recall that . 

Solution: 

ωn = 2πTn ω̃n = πT(2n + 1) n ∈ ℤ

∫ dω/(2π) → T∑
n

Θμν = ∂μϕ∂νϕ −
δμν

2 ∂ρϕ∂ρϕ

p = 4
3 π2T4ζ(−3) = π2T4

90
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n ≠ 0













Emergence of multiple regimes
Quantum and classical modes

• Recall that  and  the number density 

• Since  the typical interparticle separation is of order  

• for  the wavelength  is 
of the order of : quantum regime 

• for , : classical particle regime, 
Maxwell-Boltzmann tail  

• for ,  classical field  

(Rayleigh-Jeans) regime bosons only

pSB ∝ ∫ d3p p nB(p) nSB ∝ ∫ d3p nB(p)

n ∼ T3 Δx ∼ 1/T
p ∼ T λ ∼ 1/p ∼ 1/T

Δx

p ≫ T λ ≪ Δx

p ≪ T nB(p) ≈ T
p

≫ 1
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Interactions
Emergence of multiple scales

• Introduce interactions. When are they a perturbation and when are they 
not? 

• Fluctuations, as before  with  

• Thermal fluctuation . Dominated by ,  

• Sidenote: thermal fluctuations are always UV-finite. UV renormalization 
unaffected by thermal physics. Renormalisation scale typically chosen at 
multiples of 

⟨A2⟩ = ∫p

1
2Ep

(1 ± 2fp) ∫p
≡ ∫ d3p

(2π)3

⟨A2
T⟩ = ∫p

fp
Ep

p ∼ T ⟨A2
T⟩ ∼ T2

2πT



Interactions
Emergence of multiple scales

• Introduce interactions. When are they a perturbation and when are they 
not? 

• Fluctuations, as before  with  

• Thermal fluctuation . Dominated by ,  

• Def. a mode is perturbative if its interactions (fluctuations) are much 
smaller than the kinetic term 
Def.   and 

⟨A2⟩ = ∫p

1
2Ep

(1 ± 2fp) ∫p
≡ ∫ d3p

(2π)3

⟨A2
T⟩ = ∫p

fp
Ep

p ∼ T ⟨A2
T⟩ ∼ T2

Ā ≡ ⟨A2⟩ ∂μ − igAμ → pμ − igĀ



Interactions
Hard modes

• , dominate thermodynamics.  
perturbative  
 
 
 
 
 
NB the scale is , which comes from the Matsubara frequency, or 
equivalently  the typical thermal momentum.

p ∼ T pμ − igĀT

p ∼ πT
p ∼ 3T



Interactions
Soft modes

• ,    : both terms have the same size. Soft-hard 
interactions are non-perturbative. 
 
 
Resummations are needed, EFTs come to the rescue: Electrostatic QCD 
(EQCD), Hard Thermal Loop (HTL). More later 

• Soft-soft interactions remain perturbative  

     . Expansion parameter  rather than 

p ∼ gT pμ − igĀT

⟨A2
gT⟩ = ∫

gT

p

nB(p)
Ep

∼ gT2

ĀgT ∼ gT pμ − igĀT − igĀgT g αs



Interactions
Soft modes

• ,    : both terms have the same size. Soft-hard 
interactions are non-perturbative. 

• Soft-soft interactions remain perturbative  

     . Expansion parameter  rather than  

• In other words, at zero temperature (and for massless fields) 
, so smaller than . Here we can have  if 

p ∼ gT pμ − igĀT

⟨A2
gT⟩ = ∫

gT

p

nB(p)
Ep

∼ gT2

ĀgT ∼ gT pμ − igĀT − igĀgT g αs

Π(P) ∼ g2P2 P2 Π(P) ∼ g2T2 ∼ P2

P ∼ gT



Interactions
Soft modes

• ,    : both terms have the same size. Soft-hard 
interactions are non-perturbative. 

• Soft-soft interactions remain perturbative  

     . Expansion parameter  rather than  

• Again, forgetting numerical factors. At zero temperature loop expansion 
would be , here it could be  

• Both gluons and quarks can be soft, but only gluons become classical

p ∼ gT pμ − igĀT

⟨A2
gT⟩ = ∫

gT

p

nB(p)
Ep

∼ gT2

ĀgT ∼ gT pμ − igĀT − igĀgT g αs

αs/π g/(2π)



Interactions
Ultrasoft modes

• ,    and      

•   have the same size, ultrasoft self-interactions are non-
perturbative 

• They can only exist for non-abelian gauge theories and only for transverse 
gluons, as we shall see

p ∼ g2T ⟨A2
g2T⟩ = ∫

g2T

p

nB(p)
Ep

∼ g2T2 Āg2T ∼ gT

pμ − igĀg2T



The weak-coupling picture
(Quasi)particles and fields

Basic picture of weakly coupled plasma – hard particles and soft fields

Hard particle modes, P ⇠ T

Soft field modes, P ⇠ gT

↵s = g2/4⇡

• The soft fields can be treated classically since their occupation number is large

nB(!) =
1

e!/T � 1
' T

!
⇠ 1

g

Figure by D. Teaney

Hard particles, P~T

Soft field 
modes 
P~gT



Perturbative calculations
A game of modes

• When computing an observable, one will see the contribution from these 
modes. For  they are well separated and one can resort to EFTs 

• Before we do that, let’s mention that each mode will start contributing from a 
given order in perturbation theory, and that the order depends on the 
observable.  

• For the pressure  we can see that  

•  starts at order  

•  starts at order  

•  starts at order 

g ≪ 1

p ∝ ∫ d3p p nB(p)

p ∼ T g0T4

p ∼ gT g3T4

p ∼ g2T g6T4



Dealing with the soft modes
Dimensionally-reduced EFTs

• Let us concentrate on the Euclidean case and thermodynamics. Soft 
modes enter at NNLO (order ).  

• Exploit scale separation between hard (T) and soft (gT) modes: integrate 
out the former to obtain an EFT for the latter, valid for  ( ) 

• Dimensional reduction, as for  we expand around the zeroth order, 
.  We obtain a 3D IR EFT!

g3T4

p ≪ T x ≫ 1/T
τ ≪ x

τ = 0
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Dealing with the soft modes
Dimensional reduction

• Take a massless scalar field,  Euclidean action 

• See blackboard 

• Laine Vuorinen chapter 3 for extra details

ℒE = 1
2 ∂μϕ∂μϕ + λ

4! ϕ4











Dealing with the soft modes
Electrostatic QCD

• This EFT is called EQCD  
Braaten Nieto 1995, Kajantie Laine Rummukainen Shaposhnikov 1995 

• Degrees of freedom 

• Quarks have no zero modes 

• Zero modes of the gauge bosons 

• Symmetries: what happens to gauge symmetry?



Dealing with the soft modes
Electrostatic QCD

• This EFT is called EQCD  
Braaten Nieto 1995, Kajantie Laine Rummukainen Shaposhnikov 1995 

• Degrees of freedom 

• Quarks have no zero modes 

• Zero modes of the gauge bosons 

• Symmetries: what happens to gauge symmetry? 

 

There is no time (derivative), so  is no longer a gauge field but an 
adjoint scalar (adjoint Higgs). What are the consequences?

Aμ(X) → U(X)Aμ(X)U†(X) − i
g

(∂μU(X))U†(X)

A0



Electrostatic QCD
The action

• The  field can now have a mass term. Rename it  

• Sticking to relevant and marginal operators, the action reads 
 

• It contains a mass term and a quartic coupling for the adjoint scalar field 

• The covariant derivative is .  has mass dimension 1/2 and 
 mass dimension 1. EQCD super-renormalizable! 

• Tree-level matching 

A0 A0 → Φ T

Di = ∂i − igEAi gE
λE

g2
E = g2T(1 + 7(g2))

SEQCD = ∫ d3x{ 1
2 Tr FijFij + Tr DiΦDiΦ+m2

ETr Φ2+λE(Tr Φ2)2}



Electrostatic QCD
Matching the mass term

• One-loop QCD matching results in  
 
 

• Diagrammatic evaluation yields  

• The  propagator resums this hard-soft interactions to all orders!

Π00(ωn = 0,p → 0) = m2
E

m2
E = g2T2 ( Nc

3 + Nf
6 )

Φ



Electrostatic QCD
Consequences of the mass term

• The  propagator resums these hard-soft interactions to all orders! 

• Recall that in QCD the chromoelectric field is . In EQCD it 
reduces to .  

• As this field has become massive, electrostatic fields will be Debye 
screened ( ) at distances , the so-called Debye radius.  

• No long-distance electrostatic interactions

Φ
Ei = Fi0

Ei = DiΦ

∝ e−mEr r ≳ 1/mE



Electrostatic QCD
Matching the quartic term

• One-loop QCD matching gives λE = (6 + Nc − Nf)
g4T
24π2 + 7(g6)



Towards the ultrasoft scale
Magnetostatic QCD

• EQCD can be used to obtain the soft contribution to the pressure starting 
from order  

• See my review for other applications of EQCD 

• But what about the ultrasoft scale and the breakdown of perturbation 
theory? EQCD has two dynamical scales, the soft and US ones 

• If they are separated, we can apply again the EFT paradigm and integrate 
out the soft scale. The resulting theory is called Magnetostatic QCD 
(MQCD)

g3T4



MQCD
Degrees of freedom and action

• The adjoint scalar  lives at the soft scale, because of its mass . It will 
be integrated out 

• Only surviving d.o.f.s are US spatial gauge fields 

• Sticking again to relevant and marginal operators only 
 
 

• To first order  MQCD has a dimensionful coupling and no 
other dimensionful or dimensionless parameter. No expansion parameter!

Φ mE

g2
M = g2

E + …

SMQCD = ∫ d3x{ 1
2 Tr FijFij}



MQCD
Degrees of freedom and action

• MQCD is thus inherently non-perturbative. Though classical, it is still 
confining! 

• Confinement implies that no long-range magnetic forces can exist, they 
are screened by the lightest glueballs in 3D Yang-Mills 

• The  ultrasoft contribution to the pressure can be obtained by 
solving MQCD on the lattice 

• In cases where the hard and soft scales are well separated, but the soft 
and US are not, one can solve EQCD on the lattice

7(g6T4)

SMQCD = ∫ d3x{ 1
2 Tr FijFij}



The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• Can we understand the zeroth-order term?

g = g(2πT)
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The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• Can we understand the zeroth-order term? 

• Multiplicity counting: 2 polarisation x  colors for bosons (gluons) 

7/8 for the fermionic integral . 2 spins for    and 

g = g(2πT)

dA

∫
∞

0
dpp3nF(p) NcNf q q̄
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The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• Which scales are responsible for which terms? 

g = g(2πT)
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The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• Which scales are responsible for which terms? 

• Hard, soft, ultrasoft

g = g(2πT)
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The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• The hard contribution to  is at present not fully known. The soft and US 
conversely are known 

• Logs signal IR divergences in the naive evaluation at the harder of the two 
scales

g = g(2πT)

c6,3
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The QCD pressure
Perturbative summary

• With  all RG logs disappear and we have 

• NB alternative expansion scheme (HTLpt) not shown, see review

g = g(2πT)
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The QCD pressure
Perturbative summary

��� ��� ��� ��� ���� �������

���

���

���

���

���

T [MeV]
�
/�
id
ea
l

�B = 0 MeV

�	
��


���

��

Figure 39: The QCD pressure and trace anomaly at µB = 0. In both panels we compare the
perturbative results with lattice data from the Wuppertal-Budapest (WB) collaboration [293].

crucial extra ingredient is the resummation proposed in [247, 248]. This resum-
mation amounts to presenting the result as a function of the EQCD parameters,
and not expanding it in powers of the full-theory coupling, which has been seen
to significantly improve its convergence properties.

In connection with the QCD pressure, we note that the g
6 ln g term in the

weak coupling expansion of the quantity has been determined in [240], and even
certain parts of the full four-loop result of O(g6) are known by now [242, 243,
246]. We have, however, decided to not use these terms in our results, owing
to the ambiguity related to choosing the “constant inside the log” within the
g
6 ln g term that has a sizable impact on the result. It has been demonstrated

in [248] that fitting this single parameter to lattice results at low temperatures
leads to excellent agreement with lattice data over a wide temperature range,
and to this end, the DR results we display may be rightfully considered to not
represent the current state of the art. The upshot of our convention is, however,
that no optimization of the result is required — or even possible — and that
no complications arise when proceeding to nonzero density or quark number
susceptibilities. In this respect, our results di↵er from those presented in [292],
and are in fact presented here for the first time.

In fig. 39, we display the two most important quantities characterizing the
bulk thermodynamic properties of zero-density QGP: the pressure and trace
anomaly as functions of temperature. We observe that the HTLpt and DR pre-
dictions are in remarkably good agreement with each other, and furthermore
that they correctly capture the behavior of the lattice results of [293] down to
temperatures of the order of 200 MeV. The midpoint values of the renormaliza-
tion scale even turn out to reside extremely close to the datapoints for a wide
temperature range, but this is likely a fortuitous coincidence and should not be
given too much weight.

94

• Large scale-setting uncertainty 
from varying the renormalisation 
scale between  and  

• Midpoint value  in good 
agreement with lattice

πT 4πT
2πT



Intermediate summary
Thermodynamics, the Euclidean formalism and EFTs

• Introduced the Euclidean formalism, best suited for the evaluation of 
thermodynamics 

• Explained how for non-abelian gauge theories, even at arbitrarily small 
couplings (think about  super Yang-Mills) the pressure contains an 
inherently non-perturbative contribution 

• Showed how a tower of EFTs allows to factor the contribution of the 
different scales

: = 4


