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Non-analytic Reconstruction Method

Hypothesis

Let us consider of a 2 point Green’s function, a form factor or more generally

a complex function II:

Imz

Rez

@ Il is analytic on a disk |z| < 1: TI(z C(n
y E ‘MZ

n=0
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Hypothesis

Let us consider of a 2 point Green’s function, a form factor or more generally
a complex function II:
Imz

Threshold
——AAAAAAAA—
T Rez

o Ilis analyticonadisk |7l < 1: II(z) = Z C(n) Z'
|z]<1 —o

@ IT admits a branching cut [1, co[ and has the threshold expansion:

(2 ~ > A™(pK) (1-2)"log'(1-2)

z—1
p,k
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Hypothesis

Let us consider of a 2 point Green’s function, a form factor or more generally
a complex function II:
Imz

<OPE " Threshold
——% Rez

o Ilis analyticonadisk |7l < 1: II(z) = Z C(n) Z'
|z]<1 —o

@ IT admits a branching cut [1, co[ and has the threshold expansion:

@ ~ S A™(pK (1-2Plog (1 - 2)
p,k

@ II has the OPE expansion:

0@~ S B (p.k) 3 log(—42)

z——00
p.k
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Problem
How to do analytic continuation ? J
From the infinite number of Taylor coefficients: this is mathematics
= S C(n) 7'
|7 <1 = (n)

Re »z By resumation or by construction order
by order, with an infinite number of
C(n) the analytic continuation can be
easily obtained.

-

From the finite number of Taylor coefficients

There is no way from a finite number N* of

e
(z) = ZC(”) 2 C(n), one needs the threshold and/or the
|2l<1 <= OPE.
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Problem
How to do analytic continuation ? J
From the infinite number of Taylor coefficients: this is mathematics
= S C(n) 7'
|7 <1 = (n)

Re »z By resumation or by construction order
by order, with an infinite number of
C(n) the analytic continuation can be
easily obtained.

-

From the finite number of Taylor coefficients

There is no way from a finite number N* of

e
(z) = ZC(”) 2 C(n), one needs the threshold and/or the
|2l<1 <= OPE.

@ Padé approximants under certain conditions.
@ Mellin-Barnes reconstruction, the method that we propose.
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The Non-Analytic Reconstruction

o It is an analytic reconstruction of the function.
o It is systematic and convergent order by order.
o It is a controlled approximation.

o All is based on a mathematical theorem.
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The method assures that

The approximation

2= 2"+ () [aeli®(p,w) = Bee Li®(p, ~w)] + E(NG, )
n=0 p,£

. 1Tz ;
O w= V= (conformal variable)

@ N” is the number of known Taylor coefficients.
@ The reorganization of the Taylor coefficients is given by

e GO AT )
AN = (V"2 T 1o p)

. d [ w Lodt 1 (1 =
) I s—1
® Lif(sw) T dst [F(S)/o l—wtlog < )] \w\<1 Z::

@ the error function £(Ng,w) is systematic and known.

C(p)
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Main result provided by the Converse Mapping Theorem

0@ = Y- e + Y ()" [aweLi(p,w) = Bee LI (p, —w)] + E(NG, )
n=0 p,¢

ax,e is only alinear function of A™(p, k) threshold coefficients

Bk,e isonly alinear function of B%F(p, k) OPE coefficients

The reconstruction converges order by order
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A perfect application example: Heavy-Quark Correlators

The correlators (s = ¥, p = i s, Vi = Py, eta, = Pyuysy)

¢ I°°(¢) = / d'x 0|T{ E)S E ;] 0)
(o) 1@ 00 = 1 e [0

may be decomposed as

() = TO(P) + (2) TP+ (2)" 1@(@) +(2)" 1) +0(ad)

™

IT obeys an once-subtracted dispersion relation

o o [dE 1 1 .

Im II(¢ < 4n?) = 0, where mis the heavy quark pole mass.
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1V : a warming-up example

Introduction

The function IV is known explicitly, as

HV(O) (Z)

The Method Heavy-Quark Correlators

2 VT g (YT
3 |20 4 41-2@+27 T Vive O\ iy
T 1672 |9 3z 3z <\/1_—1/Z_1)2 ]
Vi-1/2+1

It is the easy to obtain some terms atz= 0, z=1and z= —oc, and then

generate

11 9 1
n
Qne = 0and ﬂn,l = (—1) |:__27r2 ﬁ + —3271_2 ﬁ + ...
-G
B
\
oo
1074}
1079} \\\\
~—_
10 15 —=—n
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v

Taylor Expansion

30 2

'@ = > cn? N* =30 and z=

n=1

Threshold expansion

0~ 220 1 fa02) 1071 -2 +A@D loga -2+ K@}

+ {A(%,l) log(1 — 2) +A(%70)} Vi-z+...

K@ is unknown.
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OPE expansion

'@z -~ {B(O, 2) log?(—42) + B(0,1) log(—42) + B(O, 0)}

Z— —0o0

n {B(—l, 2) log?(—42) + B(—1,1) log(—42) + B(—1, 0)} %
+ {B(—Z, 3) log’(—42) + B(—2,2) log?(—42)

+B(=2,1) log(—42) + B(—2, 0)}2—12 4o
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From the Threshold and the OPE expansions, one can obtain easily

AS 1 1 1 .
Q(n) = ao0 + {al,o + a1 Iogn}ﬁ = Oéz,oﬁ + O (E log™ n)

+(=1)" Hﬁl,o + B1,1log n}:—r: + {Bg,o + Bs,1log n}n—l3

1 1
+ {BS,O + fBs,1l0gn + /35,2|0g2 n}E +0 <ﬁ |0g22 n):|

where the o’s and the §’s are known analytically by identification

a00=2A(—3,0) ~ 3.44514

Bro ~ 0.33723 Ba1 =~ —0.620598
a1,0 ~ —0492936
295 and ,3171 ~ 0.211083 ,3570 ~ —1.89016
o111 = 2.
’ ~ 0.183422 ~ 1.38684
az0 ~ 3.05433 Pso P2

and we estimate the error,

. [ +1) log-n n log’2 n
[Coef. &(N ,w)]n>N*(:30):{ i } gn3 + (—1)"0 ?]7
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Introduction

The Method Heavy-Quark Correlators

In the case of IT2 we know N* = 30 terms in the Taylor expansion.
QAS(n)
= am
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Remembering that I1Y® (z) = 11V® (iﬁvi:i) one can reconstruct the

imaginary part, (into velocity /1 — 1/2)

1
12ﬂvlm1'[<2’(—)
1-V2

80r

60r

20r

—20¢

—60F
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From this analytic expression of I1"®, one can extract the value of the
constant K

K@ = 200, +E+ o +7T—2a —¢'(2) az1 — Brolog2
= 2 12 2 Y1 1,1 6 2,0 2,1 1,0
log? 2 3 3)log2  3¢'(3
+<— J +wE|ogz)ﬁl,1 RGP +<C( JoaZ , 44())53,1
15 ¢(5)log2 | 15('(5)
~ 16 (5) Bs,0 + < 16 + 16 Bs.1
¢(5)log?2 ¢'(5)log2 15<”( s .
+< 16 8 552+Z[ -Q )]+5(N71)
K® = 3783 1300
A H Hoang et al., Nucl. Phys. B 813, 349 (2009). 3.81 +0.02

P. Masjuan and S. Peris, Phys. Lett. B 686, 307 (2010) 3.71 4 0.03
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All channels at order a3

D.G, P. Masjuan and S. Peris, hep-ph 1104.3425, Phys. Rev. D 85, 054008 (2012)

It is easy to apply the method to all the channels at order o, and obtaining
the following a’s and f’s for each:

‘ N ‘| v I a I P I s |
Qug | n =3 | n =4 || n =3 | n =4 || n = | n =4 || n =3 | n =4 |

aljo 10.5456 10.5456 0 0 10.5456 10.5456 0 0

QSC,O -11.0769 -12.6382 0 0 -6.4835 -8.0448 0 0

aafl 31.0063 28.7095 0 0 31.0063 28.7095 0 0

afo 36.3318 33.0585 1.4622 1.4622 40.6575 36.7189 2.1932 2.1932
afl 37.1514 33.8404 0 0 51.8488 48.3155 0 0

ai)l<2 10.1250 8.6805 0 0 10.1250 8.6805 0 0

61,0 -0.1819 -0.0555 -0.1819 -0.0555 9.9493 6.9861 9.9493 6.9861
Bfl -2.4852 -2.1312 -2.4852 -2.1312 -43.1187 -39.6735 -43.1186 -39.6735
sz -0.8795 -0.7444 -0.8795 -0.7444 1.6381 1.6688 1.6381 1.6688
Bf3 0 0 0 0 5.1027 4.6298 5.1027 4.6298
6;0 -10.4385 -9.7282 26.2458 22.9826 3.1298 1.1687 93.7790 83.0590
6;1 -4.7750 -4.2501 -19.8617 -18.4878 -53.4944 -50.0465 -137.2835 -129.2810
6;2 3.8270 3.4724 -6.8349 -6.1103 0.8960 1.1335 -24.9630 -22.4605
B§f3 0 0 2.5513 2.3149 5.0337 4.6960 15.1011 14.0879
Bgfo -70.9277 -63.8573 100.2171 89.1103 -115.8498 -108.3750 440.1394 399.7520
Bgfl 56.3093 53.6862 -72.4918 -68.9185 62.1988 60.2675 -512.9781 -487.4843
Bgfz 20.9951 19.0619 -29.3263 -26.2676 38.4395 35.8466 -129.9058 -118.3556
6?3 -7.5506 -7.0439 10.1019 9.3589 -9.9903 -9.4668 60.1732 56.5763
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Part 2

Application to the determination of
the c quark mass
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State of the art

MARKI 1986:S; — =

6 | PLUTO:S: .

L] ChrystalBall 1990:Ss
MD-1 1996:85 =

5 CLEO 2007:S§7 ——— 4
BES 2002:Sg o
BES 2006:S9
4 |
5
Rexp.
g |
2 i
4
1t i
0 Il Il
5 10 25
/s (in GeV)

How to extract m; from the data ?
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Fitting procedure at order o2

With the theoretical expression at order o2

o= [(8) (3) + (5) ]

2 2
+ 127 g Im |T1© + ‘_1015_(5)1_1(1) + as(s) n®
3 3 s e

1+ aST(S) +1525 (ais))z

We use a x? regression for

. FET ()

; Ml} +<Rexp-<jt>l—_Rm (a))z

{ H]HW {Hﬂ {1 { and "
i %Hmﬁ I W}} |
T b= zsng m [(asﬁ )25(2) (N;,w)]
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VERY Preliminary results

One finds for considering all data (except MARK 1) for the range 5 to 11 GeV
with x2;,./d.o.f. = 1.5 and as(mz) = 0.113

ﬁ'b(7 )’pert_ =093 (i0~04)stat.+ syst.

To compare to

m(m)‘pen, = 0.95 (£0.02)pert. + stat. syst.
in B. Dehnadi, A. H. Hoang, V. Mateu and S. M. Zebarjad, arXiv:1102.2264
4.2 . : . ; i
Xain/d.0f =15 ChrystalBall 1990:Ss s
4.1 + MD-11996:S5 —e— |
me(m) = 0.93 + 0.04 GeV CLEO 2007:S7 ——
F Reconstruction
39
38 4
Reg 37 B
36 } } m ] l[ w [
6t L : T -
T
= [
34t
il
32 L L L L
5 6 7 8 9 10 11

/S (in GeV)
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Conclusion
Conclusion

@ We proved that it is possible to reconstruct in a systematic way a full
function with a located cut from its Taylor expansion around 0, its
threshold and OPE expansions.

@ We show that it is possible to control the systematic error.

@ Regarding the application to the heavy-quarks correlators, one can apply
it to control in a systematic way the evaluation of the mass of the ¢
quark. But we need to understand better the way to implement the
contributions from the non-perturbative contributions and the influence
on the selected window

@ This method is general enough to be applied to other situations (with
similar analytic structure):
- Symbols S and integrals involved in ' = 4 SYM theories.
- Applicable since one has partial information and need for local
constraints.

o
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