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Abstract

These notes comprise a basic course on gravitational collapse and black holes, which
is based on a series of blackboard lectures given to Ph.D students at the Theoretical
Physics Department of the University of Valencia during October 2020. The structure
and contents of these notes have been greatly influenced by [I} 2], supplemented with
some material from [3], 4} [5]. The purpose of these notes is to provide a more accessible
and direct bibliographic source for Master and Ph.D students, trying to give more
detailed and basic explanations and to fill gaps when necessary. These notes are
accompanied by a set of basic exercises, that can also be found in [indico together
with these notes, and whose aim is to provide the students an opportunity to get
more familiarized with all these topics with practical calculations, while at the same
to supplement some points not covered in the course by lack of time. While the
intention of these notes is to be self-consistent and elementary, a first course on General
Relativity is highly recommended.

The Ph.D course mentioned above was divided in 10 lectures of 2.5 hours each.
Lecture 1 covered sections — below; Lecture 2 covered sections -(11.4);

Lecture 3 section (|1.5); Lecture 4 sections (2.1))-(2.3)); Lecture 5 sections -(2.5));
Lecture 6 section (2.6]); Lecture 7 section (2.7); Lecture 8 sections (3.1))-(3.4); Lecture

9 sections (3.5)-(3.6]); and finally Lecture 10 sections (3.7))-(3.8).
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1 Stars and gravitational collapse

The central topic of this course is about black holes (BHs). What is a black hole? Different
researchers within the gravity community can conceive this notion in different ways [6].
In these lectures we will widely regard a black hole as any exact solution g, of the
Einstein’s field equations that possess a “horizon”, to be specified below. As we will see
in Sections II and III, these mathematical solutions exist and, under certain assumptions,
they are unique. Are black holes physically relevant, or just artificial predictions of General
Relativity? If they are physically relevant, how are black holes supposed to originate in
our Universe? In the first topic of this course, we will learn that astrophysically relevant
BHs result as the endpoint of gravitational collapse of sufficiently massive stars.

1.1 White dwarfs and the Chandrasekhar mass limit

An ordinary star can be thought of as an approximately spherically-symmetric, self-
gravitating distribution of matter, mainly composed of light elements such as hydrogen
atoms, that is supported by internal thermal pressure, and emitting in turn electromag-
netic radiation.

During most of its life, the star remains in an equilibrium state: both thermal pressure and
energy lost by radiation are supplied by nuclear reactions of light elements. Eventually,
however, nuclear fuel runs out (lighter elements in the star merge to produce heavier
elements, until an iron nucleus forms, which do not produce further nuclear reactions).
What happens then? What are the possible end states of the star?

Let us consider a star of mass M and radius R. To analyze the evolution of this star,
we need to study the competition between its gravitational energy F, and its internal
(thermodynamical) energy FEip:

ETotal = Eg + Eint . (1)

To carry out this study let us assume that the star can be modeled by an ideal gas, with
pressure P, temperature T" and particle density n. Thus, we know from standard courses in
thermodynamics that the corresponding equation of state is then P(T') = nkgT, where kp
is Boltzmann constant. Similarly, the energy of the gas reads Eiy; ~ cNkgT with N = nR3
the total number of particles composing the star, and ¢ a numerical factor (equal to 3/2
or to 5/2 for monoatomic and diatomic gases, respectively). On the other hand, let us
assume that we can describe the gravitational field of this star with Newtonian gravity.
In this case we can roughly estimate E; ~ —G %2 with G denoting Newton’s constant.

When nuclear fusion ends, the star loses energy by radiation (heat transfer) and con-
sequently Ei,y — 0. From above, this implies, in turn, that 77— 0 and P(T) — 0.
If the internal pressure vanishes, then there is no longer anything that can balance the
gravitational force, and the star starts contracting by its own gravitational attraction.
What happens then? Interestingly, when the temperature T" becomes sufficiently small, a
non-thermal pressure emerges by quantum fluctuations due to fermion degeneracy.

Reminder. A free fermion gas becomes degenerated when all particles in the gas occupy
their lowest energy states, which is not £ = 0 for all the particles because of the Pauli
Exclusion Principle. Because E # 0, we have a non-trivial pressure P = —g—g £ 0,
as predicted by Statistical Physics. This is a pressure of quantum origin. The fermion
gas becomes degenerated when its temperature 7' decreases below the critical (Fermi



temperature) value Tr ~ %/3, where n is the particle density of the gas, m is the mass
of the particles. Notice, in particular, that since m, << my, then T, >> T, where the
subscripts e and p refer to electrons and protons, respectively. In other words, a gas of
electrons becomes degenerated first.

A natural question: can the electron degeneracy pressure support a star from collapsing?

Let us further assume that the mass of the star M is not particularly high, say, of the
order of the solar mass M. In this case, the electrons of the star have low energy and,

consequently, we can estimate the average energy of one electron by the non-relativistic

formula (E.) ~ %. If the fermion gas is degenerated, then there must be, roughly

speaking, one electron per Compton volume: n, = % ~ /\%, SO Ae ~ N 13, Using the De
Broglie formula we can obtain ‘

- h2 2/3
pe = T ~ hné/g — Eint — n€R3<Ee> ~ :liRga (2)

where £ is Planck’s constant. Given m, << m,,, we can approximate the total mass of the
star as M = R3(neme +n,m,) npmpR3. If we consider the simplifying assumption that
the star is basically composed of hydrogen atoms, we can further claim that M ~ n.m,R>.

Therefore, the Fermi energy reads FEi, ~ % = % for some constant 8. The total
energy acquires then the following radial dependence:
o B
ETotal(R) ~ _E + ﬁ ) (3)

for some constant . The radial profile of this function can be seen in Figl[l] As we can
see, there exists an equilibrium point corresponding to minimum energy. More precisely:
dErotal (R 28  REML/3
@ Gmemy

In other words, the presence of this electron degeneracy pressure can indeed prevent the
gravitational collapse of the star. In particular, the star becomes what is known as a
White Dwarf. This is, a small (Rpyin(Mg) ~ 6000 km ~ Rpgartn), cold (T' ~ 0) and dead
(no nuclear reactions) star, supported against its own gravitational attraction by electron
degeneracy pressure. The particle density of the resulting star is considerably large:

M meG 2\2/3 ° 36, —3

For comparison, notice that the particle density of the Sun is about ng ~ 1030m=3.

Can the electron degeneracy pressure always prevent the gravitational collapse of a star? ‘

Let us recall that the non-relativistic limit assumed above requires (p.) << mec. This
implies

h é/?’ 3
<ﬁ:>N2<<c—>ne<< (mgc) : (6)
Using we obtain the inequality
1 [he\*?
M — | = .
<< 2 (G) (7)
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Figure 1: Radial profile of the total energy density of a spherically-symmetric, solar-mass
star composed only of hydrogen atoms.

In other words, our results above only hold for sufficiently low values of the star’s mass.
For higher values of M, the electrons in the star become relativistic, and we should use
instead

(Ee) ~ (peye ~ henl/? . (8)
The internal energy can thus be written as
MN\*? 1
Bt ~ neR*(E,) ~ heR3n/3 ~ he <mp> = % , 9)
and the total energy reads Ergta = —% + %. The extremization of this function yields
dETotal a—7 . . 1 he 8/2 .
iR - 2 =0 iff a=~v iff Mwm—% Yel = M,. (10)
This result allows us to rewrite
M*Y3G
ETotal = |:Mc2/3 - M2/3:| : (11)

We have two different situations.

(a) If M < M., then Erga(R) > 0 for all R > 0, so Erotal(R«) = 0 is a minimum of
energy: stability. In particular, it is a stable point and the system will evolve towards
FErotar — 0. This evolution can only occur at the expense of increasing R, which in turn
implies n. — 0, until the electrones become non-relativistic again, and we can apply the
previous study.

(b) If M > M., then Erya1(R) < 0 for all R > 0, so Epotal(R«) = 0 is a maximum of
energy: instability. In this case E(R) — —oo, or equivalently R — 0, is energetically
favorable: gravitational collapse occurs.

Therefore, if the mass of the star is sufficiently high, electron degeneracy pressure is not
enough to prevent the collapse and a white dwarf does not form. The critical mass for the
formation of a white dwarf is
M3
M, ~ —El ~ 1.85M, (12)
m
P
where Mp; = ,/% is the Planck mass. A more rigorous calculation gives M, ~ 1.46 M
(see exercise 2 of Exercise List). This is known as the Chandrasekhar mass limit.
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Figure 2: Process of neutron star formation: electrons and protons combine to produce
neutrons via inverse beta decay.

1.2 Neutron stars: need of General Relativity

In the previous section we learnt that electron degeneracy pressure can manage to support
the gravitational pressure of a star if the mass does not overcome the Chandrasekhar mass
limit M, ~ 1.46 M. What happens when the mass is higher than this critical value? Is
gravitational collapse ineludible?

Roughly speaking, a star is mostly made of electrons and protons (hydrogen atoms). When
nuclear fuels runts out and the temperature decreases significantly, T ~ 0, the star is forced
to collapse further if M > M,.. At low temperature, the gas of electrons is degenerated,
and therefore the electron energy is of the order of the Fermi energy: F. ~ Er. Since

E ne? NP (13)
" kpme  kpmeR?’
the Fermi energy increases as the star collapses, R — 0. Initially E, ~ mcc? (non-

relativistic energies). As the star collapses, E. ~ Ep will progressively increase. When
the electron energy reaches the value E. ~ 3m.c? ~ (m, —my,)c?, 3 inverse decay takes
place:

e +pon+ve, (14)

where e~, p, n and v, denote, respectively: electron, proton, neutron, and electronic
neutrino. However, the reverse reaction (n+ v, — e~ + p, with 7, an antineutrino) cannot
occur because the neutrinos v, escape from the star. Similarly, 5 decay (n — e~ +p+ )
cannot occur either because, after one electron dissappears, the Fermi levels refill much
quicker than the typical 5 decay rate (~ 10 minutes). See Fi for an illustration of this
process.

In conclusion, if a White Dwarf does not form because M > M., then the star loses most
of its electrons and protons during the process of gravitational collapse. As a result, the
star becomes primarily made of neutrons. Now, since neutrons are also fermions:

’Can neutron degeneracy pressure support a star from collapsing, and form a new star?

If we consider the same assumptions as in the previous section: (i) Newtonian gravity
and (ii) ideal gas, then the maximum mass that neutron degeneracy pressure could sup-
port would be given by 0.7Mg. This is lower than the Chandrasekhar mass limit for a
white dwarf, and consequently a neutron star could never be formed. However, these two
assumptions are naive:

(i) The collapse has proceeded further than in the white dwarf, as a result of which the
comopactness of the star is considerably bigger. As a consequence, the gravitational field



of the resulting neutron star is too strong: we need to employ General Relativity rather
than Newtonian gravity.

(ii) Densities are so high that neutrons are subject to short-range strong interactions
(typical nuclear matter densities of neutron stars are ~ 10'7 kg/m3). In other words,
they are not free anymore and the ideal gas approximation fails to accurately describe the
physics of the matter content.

Therefore, to figure out if a star can form by the degeneracy pressure of neutrons, we need
to follow a more rigorous approach. Let us model the spacetime of a star in equilibrium
by a spherically-symmetric, static metric. We can always choose a suitable coordinate
system such that this metric reads (see exercise 3 of Exercise List)

2m(r)

ds? = ggp da® @ dz® = —e’Nd? + (1 -

-1

) dr? 4+ r2dQ? (15)
where dQ? is the usual line element on the 2-sphere, dQ? = d#? + sin® 8d$?. Let us further
describe the matter content of the star by a perfect fluid. Perfect fluids are idealized fluids
with no shear stresses, viscosity (resistance under deformations), or heat conduction. They
are fully described by an energy density p, pressure p, and field’s velocity u®, the latter
being tangent to the congruence of curves describing the motion of the fluid in spacetime.
For a static perfect fluid, the corresponding stress-energy tensor takes the simple form

Ty = (p(r) + p(r))uaus + p(r)gas - (16)

Using these two expressions, Einstein’s equations Gg[g] = 871G T, (or, equivalently, the
contracted Bianchi identities V,7% = 0) leads to the following ordinary differential equa-
tions (ODEs):

dm

W o). a7
P m(r) + dnr3p(r)
T = Gt + plr) R (18)

See exercise 4 of |Exercise List| for more details. These hydrostatic equations in General
Relativity are known as TOV (Tolman-Oppenheimer-Volkoff) equations. They determine
the equilibrium configurations of non-rotating stars. Mathematically, they constitute a
boundary value problem: to get a particular solution for an equilibrium star, we need to
solve the ODEs above with boundary data {p(0) = p.,m(0) = 0} for some positive value
Pe, the latter representing the central pressure of the star. Different values of the central
pressure lead to different stars. Once a particular solution is obtained, the radius of the
star is defined as that real number R that accomplishes p(R) = 0, while the mass of the
star is defined by M := m(R). Astrophysical observations indicate that the typical radius
of a Neutron star is of the order of 10km (tiny!).

The system above contains only two equations for three variables (m(r), p(r), p(r)). There-
fore, we need one extra equation to really solve it: an equation of state of the form
P = P(p,s,X), where s is the entropy per particle, and X is the fraction of particles in
the star. For self-gravitating neutron stars we have T' ~ 0, and Nerst heat Theorem en-
sures that (i) s = 0 everywhere, as well as (ii) X = neutrons remains constant. Therefore,
the problem reduces to finding a suitable P = P(p) that accurately describes the matter
content in the interior of the staifl]

!This is not the case for ordinary stars like the Sun, since s is not uniform and has to be determined
from the equations of radiative equilibrium.
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Unfortunately, this is a difficult question. As commented above, the ideal gas equation
does not work anymore. Strong interactions at such high densities are poorly understood
and P = P(p) is largely unknown. As a result, the maximum allowed mass for neutron
stars is somewhat uncertain, of the order of 2 — 3My. Gravitational-wave observations
are expected to unravel the specific equation of state P = P(p), which will teach us about
how matter behaves for very high and low densities and temperatures, respectively.

Even though we ignore the form of the actual equation of state for neutron stars, an illus-
trative analytical example can give us interesting insights on how self-gravitating matter
behaves. A simple model is given by the incompressible fluid, for which p = p. = constant.
The solution of TOV equations can be worked out in closed analytical form, and gives
(See exercise 5 of [Exercise List):

o) = poc? V1 - Rr?/Ry —\/1 - R/Ry
3y/1— R/Ry— /1 — Rr2/R3’

(19)

where R = 2M G /c?, and Ry is the resulting radius of the star, connected with the central
1—/1-R/Ro
3y/1-R/Ro—1"
critical value M, if the body is to remain in hydrostatic equilibrium. The critical value
M, is determined when p. = oo, which yields

pressure by p. = The total mass M of the star cannot exceed a certain

M, ~5Mg, (20)

for nuclear matter density. Notice that this simple model, though highly unrealistic,
does provide a remarkably good estimate of the mass upper bound for actual neutron
stars. More physically realistic models of stars can also be considered by using Polytrope
equations of state (see section 5.6.5. of [5]).

The existence of upper mass limits is common in General Relativity and is due to the
non-linear nature of this theory. For spherically symmetric spacetimes, in particular,
Buchdahl’s Theorem states that M, = % is an upper bound for any star (see exercise 6 of
Exercise List). The specific maximum mass allowed for neutron stars provides a decisive
method for distinguishing neutron stars from actual black holes (to be specified in later
sections) using astrophysical observations. It is therefore of high physical relevance.

To conclude, if Mg is sufficiently small, the original star can reach a final equilibrium
state as a white dwarf or neutron star, supported by degeneracy pressure. However, if
Mg, is above cold matter upper mass limits, equilibrium can never be reached again and
complete gravitational collapse of the matter of the star will occur.

1.3 Brief review on test particles and geodesics

In General Relativity, a spacetime is described by a 4-dimensional differentiable mani-
fold M endowed with a Lorentzian metric g, (with det g, < 0; signature convention
—,+,+,+) that satisfies the Einstein’s field equations

1
Rab[g] - igabR[g] = 8nG Ty - (21)
Given some ggp, it is always possible to construct the Levi-Civita connection V,, which
is the unique torsion-free (V,Vyg = V,V,g for any function g) and metric-compatible
(Vaghe = 0) connection. In a given coordinate system, this connection is characterized by
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the Christoffel symbols I'}., which satisfy I'f, = I'% (torsion-free property). Then, using
this connection one defines the Riemann curvature tensor of this spacetime by the non-
conmutative property [Vq, Vilve = R, Cdvd, where vy is any co-vector on M. Taking traces
Ry =R, dbd, R := g“bRab we obtain the Ricci tensor and scalar curvature, respectively.

In this framework, gravity is the manifestation of a non-trivial spacetime curvature, pro-
duced by some energy distribution, as determined by the Einstein’s field equations. To
probe the spacetime curvature, it is useful to invoke the concept of test particles. A test
particle is an idealized body that does not influence the spacetime geometry through which
it moves (even though it may have non-vanishing mass).

The trajectory of these test particles are described by smooth curves on the spacetime’s
manifold M. A curve on a manifold is a smooth map v : I C R — M. Given a coordinate
system {z}, we can label each point of the image of the curve, y(t) € M, as

z(t) = 2*(4(t)) = (2°(t), 2! (1), (1), 2*(1)) € R*. (22)

The 4-velocity of the test particle is determined by the tangent vector to the curve,
u®(z(t)) = u® = w. The existence of a Lorentzian metric allows us to classify
curves into 3 classes:

timelike curve if Gap(z())u® (z(t))ub(x(t)) <0, Vt, (23)
spacelike curve if gap(2(t))u® (2 (t))u(x(t)) > 0, Vt, (24)
null curve if Gap(z(t))u® (z(t))ul(z(t)) = 0, V. (25)

It is easy to show that the causal character of a curve on a single point fully determines
the causal character at any other point of the curve (see exercise 7 of Exercise List).

Freely-falling (unaccelerated) massive test particles follow timelike geodesics.‘

A geodesic is a curve in a spacetime that extremizes the length between two points with
respect to the metric g, (roughly speaking, it is the “straightest path that connect two
points in a curved geometry”). Let us define the length of timelike curves between two
points A, B € M by

B AB
[ ar= [ aala)e )y @) (26)

A

where A is an arbitrary parametrizaton of the curve, and vy(74) = A, v(7p) = B. It is not
difficult to show that this notion is invariant under reparametrizations of the curve. We
call f:f d7 the proper time between A and B.

The equation of motion for test particles is obtained via the action principle (extremiza-
tion). The action for a test particle of mass m moving on a timelike curve v is simply
taken to be proportional to its proper time

B AB
Ix] = ch/T dr = —mc? /)\A d)\\/fgab(:v()\))i“(:U()\))x'b(x()\)), (27)

A

where 2% = %. The factor mc? is included to have dimensions of action. To obtain the

equation of motion for the test particle’s wordline z%(\) we extremize this action:

o1 d oL oL

A N e

(28)

9
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Working out the second equation above yields
P+ T8 abic =0, (29)

where I'}, = %g“e(abgce + Ocgbe — Oegpe) are the Christoffel symbols. This is called the
geodesic equation. The result obtained depends on a given coordinate frame x®. The
geodesic equation can actually be rewritten in a more geometric fashion by recalling that
the Levi-Civita connection acts on any vector V¢ as: V,V? = 9,V + 'y .ve. Keeping in
mind that £%9, = %, then the equation above reads

Vou = u’Vyu® =0, (30)

where u® = z%.

Freely-falling (unaccelerated) massless test particles follow null geodesics. ‘

To unify both m = 0 and m # 0 cases we need an alternative form of the action. Let us
consider now

AB
I, e] = % A AN e~ (\) %P gup — m2e(V)], (31)

where e(\) is an auxiliary function. It is easy to show that this action yields the same
equations of motion as the previous one, i.e. both are equivalent:

ol 1 1d
[2,¢] =0 — e=—\/—gupi®ibt= BN gapi®i® = —m?e? = —dr? <(3R)
de m m d\

0lx,e€]

ox?

d 1
=0 — <6_2é:bagab — e Y%y — e_lj:“d)\gab> + e 1% Dpgae = 0 (33)

2

— BT = e tedc, (34)

Combining both results we get

dzx* a)\_c_ 1

& T e me (35)
d?x° 1 O\ é . & 1 é. .
T mor <‘e2“ ) = e [}“4 ) (36)

and

d?z¢ . dz®dz®

@z ey g =0 (37)

which is the geodesic equation again.

The freedom in the choice of the function e(\) = %%\ is equivalent to the freedom in

choosing a parametrization A for the curve. A curve z%(\) is called geodesic if u® = i
satisfies u®Vyu® = f(z)u® for any function f(x). A natural choice of parametrization is,
precisely, the one that achieves

WVt = 0. (38)
A geodesic that satisfies this equation is said to be affine parametrized, and the corre-

sponding A is called an affine parametrization.

10



For timelike geodesics (m # 0), é = 0 leads to %%\ =const, so A = - + Ag. In other
words, the affine parameter is essentially the proper time of the curve (modulo an affine
transformation).

The advantage of working with the action instad of is that the massless limit
m — 0 is now available. The equation of motion for massless test particles is obtained by

extremization:
5I[$, 6] -a b 2
5o = 0 — gwt®t”=0-—ds*=0, (null curve) (39)
e
oI '
6[;?;8] =0 — uVyu = gu“. (geodesic) (40)

Again, we have a freedom to choose e(\). The choice e(\) = ey constant is called affine
parametrization.

Summary. The equation of motion for freely-falling (or unaccelerated) test particles is
given by the geodesic equation

wWVyu =0, ds® = odr?, (41)

where 0 = 0 and 0 = —1 for m = 0 (null curves) and m # 0 (timelike curves), respectively.
1.4 Brief review on isometries and Killing vectors
Let us evaluate the effect of a general coordinate transformation (diffeomorphism) on the

action (31). Under an infinitesimal coordinate transformation z% — 2% — ak®, e — e, for
some « € R, the action transforms as

1 [*B . )
I[x,e] — B dA\[e (N (&% — ak®) (&° — ak®) gap(z — k) — m2e(N)]
Aa
1[5
_1 / dA e~} (N9 g — mPe(N)]
2 /x4
1 Ap 1 ca-c b caby.c 2
+Od§ dxe™ () {—23} Tk’ gap — T2k Oegap(x) | + O(a®)
Aa
a [PB
—tfe, =5 [ DTN Lgun(a) + O (42)
Aa

where in the second equality we expanded gup(z — ak) = gap(z) — akDegap(z) + O(a?),
and in the third equality we introduced the Lie derivative,

k¢ Ok¢

Ligab = k“OcGab + Goe + gac? = 2v(ak6) : (43)

xa
As we can see, the action I [z, e] for geodesics remains invariant if and only if the coordinate
transformation is an isometry, i.e. Lrgqsp = 0. This is called the Killing equation, and any
vector k% that satisfies Lxgqp = 0 is called a Killing Vector Field (KVF). From a geometric
viewpoint, a KVF is the generator of an isometry: its local flow preserves the spacetime
metric, or equivalently g, remains invariant along the integral curves of k.

By Noether’s theorem, if the action is invariant under a 1-parameter continuous group of
transformations, then there exists a conserved charge associated to geodesics. This charge
is calculated as

OL[x]
oz®

Qn= 28550 F, (44)
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where & W = L. Since §L = 0, F is just a constant, which can be fixed to zero without
loss of generality. Thus,

da:

Qr = e "i’gap(—ak®) = m-——gab(—ak?), (45)
S0 Qr = md“" ke = p®k, is a constant of motion. It is easy to check that, indeed, Qj is
conserved along geodesics:
d dr d dT , dr , PA
- — ava — - CLV
@k k= Qr = my 2" *Va(2"pp)
dr o “
- m [(x’ Vax’ Yy + 22"V (k| = 0, (46)

where in the last equality we made use of the Killing equation as well as the geodesic
equation.

Reminder. Given a coordiante system {z®} and the associated canonical basis of vectors
{ 83:‘1} any vector field can be written as k = k“ where k% are the components of the
vector field £ in this basis.

mll?

For any vector field k, one can always choose a set of coordinates {y*} such that k = %

Then, the Lie derivative in this coordinate system reads Ligup = kOcgap = 8‘;‘“’ Thus, k
is a KVF if and only if the metric, written in this coordinates, gq.(y*), is independent of
the coordinate y°. The conservation law is simply the statement that the component 0 of
the linear momentum of the geodesic remains constant, Qi = p%k, = py0 = const.

Example. Killing vector fields of 34+1 Minkowski space (R*, 74).

In cartesian coordinates {t,z,vy, 2} the flat Minkowski metric is written as ds? = —dt? +
dz? + dy? + dz%. From the statement above, we conclude that the basis vectors %, %,

8%’ % are KVF. In fact, they are the generators of translations, which are known to be

isometries of (R*,74;). The corresponding conserved charges are, respectively, the energy

E = p, and the components of linear momentum: p*, p¥, p=.

In spherical coordinates {t, 7,0, ¢}, the Minkowski metric reads ds?> = —dt?+dr?+r?(d6?+
sin? 0 d¢2), in a frame where the angle 6, is measured from the z axis. Thus, the vector

field 8 o — T (% + y 9 js a KVF. Similarly , we can change the frame and conclude

that 8‘; —Y+= 82 + 25 8y, 82 = —z 8850 +z 59 are also KVF. These three vectors are the

generators of spatial rotations. The corresponding conserved charges are the components
of the angular momentum vector, L, = —xp, + yp:, etc.

Doing a similar analysis one can conclude that t% + x%, ta% + y%, t% + z% are also
KVF, which are the generators of boosts.

The set of all Killing vector fields on a spacetime form a vector space on the real num-
bers. For 4-dimensional spacetimes, the maximum dimension of this vector space is 10
(see exercise 8 of Exercise List). The argument above shows that Minkowski space is a
maximally symmetric spacetime.

As a final remark, if instead of test particles we consider test classical fields with stress-
energy tensor Ty, then the existence of a KVF leads to a conserved Noether current, see
exercise 9 of [Exercise List.
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1.5 Oppenheimer-Snyder gravitational collapse

The Oppenheimer-Snyder metric is an exact solution of Einstein’s field equations that de-
scribes the process of gravitational collapse of a simple stellar model and eventual forma-
tion of a black hole. It models the collapsing star as a spherically symmetric, preasure-free
distribution of matter (a “dust” fluid) with uniform density. Since no internal force is able
to stop the gravitational collapse, internal pressures and rotation effects play no essential
role, and therefore this toy model is expected to capture the relevant physics of any actual
process of gravitational collapse.

The model is obtained by matching two solutions of Einstein’s field equations, correspond-
ing to the interior and the exterior metric of the star. We therefore have to distinguish
two situations.

(a) Interior of the star.

Let u® represent the vector field tangent to a congruence of observers comoving with
the particles composing the star during the gravitational collapse, and 7 the proper time
measured by this fluid. Physically, u = % describes the fluid’s 4-velocity. We will assume
a perfect fluid of dust (p = 0) and with uniform density p. Roughly speaking, uniformity
means that there exists a particular coordinate frame {7, ¥} € R* for which p = p(7). The
stress-energy tensor of this perfect fluid takes then the simple form

Tab = puqup - (47)

Because of all these simplifications, the metric solution of the Einstein’s field equations
with this source term will be spatially homogeneous and isotropic. These two properties
constrain the form of the metric severely and can actually be exploited to extract the
general form of the metric.

First of all, the hypersurfaces of homogeneity, ¥,, = {(7,Z) € R*/7 = 10} must be
orthogonal to the fluid’s 4-velocity u®, otherwise the isotropy condition would be violated.
The metric solution g, induces a Riemannian metric hy, (i.e. positive-definite) on each
leaf ;) via hap = gap + UqUp.

Secondly, due to homogeneity and isotropy, we have 6 isometries on each Riemannian
space (X;, hay(7)). Each of them is therefore a maximally symmetric spatial hypersurface.
This allows us to write the 3-dimensional Riemann tensor as (see exercise 8 of Exercise
List).

K
*Rabed = g[hachbd — hadahue) , (48)

where K is a constant of dimensions L~ for some length scale L. As we can see, the spatial
geometry of each (X, hap(7)) is severely restricted. As a result, the metric solution of the
Einstein’s field equations can be written in the form

ds?nterior = _dTQ + a2 (T)dQ%( ) (49)
for some function a = a(7) known as scale factor. We have three possibilities for d2%:
(1) flat space K = 0, (2) three-dimensional spheres K = 1/L? and (3) 3-dimensional
hyperboloids K = —1/L?. The freedom to reescale the spatial metric hy, — —_hgp, and

VK]

to absorb a constant in a = a(7), allows us to restrict to the cases K € {—1,0,1}.
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Notice that the most general solution to the interior of the star is of the form , where
only two unknowns, a(7) and K, remain. These two unknowns are then determined by
using Einstein’s equations. There are only two independent ones:

a> 81G K
Grr = 87GT., — 2= g3 P (50)
VoI =0 — p(r)a’(r) = p(0)a*(0), 1 (51)

where one dot means derivative with respect to 7, and 7 = 0 is the time when gravitational
collapse begins. If the star is initially at rest, and has a finite radius, then a(0) = 0 implies
K =1 from the first equation above. Furthermore, the same equation tells us that the
constant p(0) is which, together with the second equation above, tells us that

p(r) ~ 1/a’(7).

Since K =1 in , we are dealing with a closed Fridman-Lemaitre-Robertson-Walker
(FLRW) spacetime metric. In suitable coordinates, it can be expressed as

3
8ma?(0)’

ds? = —dr? 4+ a2(7')(dX2 + sin? XdQQ) , (52)

interior

where dQ? is the line element on the homogeneous sphere S2. The specific form of the
scale factor a(7) can be solved in full closed form from the Einstein’s equations above, and
is given in parametric form:
0 0
a(n) = a(2)(1 +cosn), where 7(n)= a(2)(1 +sinn) . (53)
This solution tells us that the collapse begins at n = 0, with a(0) =, /#p(o)’ and ends

at n =m, with 7 = 71'0,2(0)7 when the scale factor vanishes, a = 0.

(b) Exterior of the star.

We are interested in a spherically symmetric, vacuum (7}, = 0) solution of the Einstein’s
field equations that can differentiably match the solution found for the matter of the
collapsing star.

Birkhoff’s theorem (see exercise 10 of Exercise List)): if (M, gqp) is a spherically symmetric
solution of the vacuum Einstein’s field equations, then it is locally isometric to a portion
of the Schwarzschild solution.

In coordinates {t,7,6,¢} adapted to a static observer u = % at spatial infinity, the
Schwarzschild metric takes the form

2M dr?
2 2 2 1002
dsexterior = — (1 — r) dt + @ +7r dQ) y (54)
T
for some positive constant M, and where d? = df? + sin? #d¢? is the line element of the
homogeneous sphere in standard spherical coordinates. The domain of these coordinates
ist € R, (0,¢) € S, but r > R, where R represents the radius of the star.

(c) Matching.

Can and be joined smoothly (or at least C?) at the surface of the collapsing star?
The matching conditions impose non-trivial constraints on the fluid of the star and not
necessarily all models may be successful. To give an example, a perfect fluid with uniform
density but non-vanishing pressure in the interior of the star is not allowed, see exercise
32.4 of [7] for more details.
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A sufficient condition for the matching to be differentiable is

hlnterlor — hexterior’ K;Ill)terior — Kaez(terior’ (55>
where K, = %Enhab is the extrinsic curvature of the timelike hypersurface ¥ representing
the surface of the star (£,, denotes the Lie derivative with respect to the normal vector
n). These are called junction (or Darmois-Israel) conditions.

Let us fix coordinates {7, 6, ¢} on X, where 7 is the proper time of observers comoving with
the star’s surface, u = %. In the coordinate frame adapted to observers comoving with the
fluid of the star, {7, x, 8, ¢}, the surface of the star is characterized by the hypersurface
¥ = {x = xo}, while for the coordinate frame adapted to inertial observers at spatial
infinity, {¢,r,0, ¢}, the surface of the star is the hypersurface ¥ = {r = R(t),7 = T(t)},
for a pair of unknown functions R, T'. To determine these two functions, we apply the
joint conditions above.

(c.1) First joint condition.

The induced metric on ¥ from is
ds% = —dr? + a*(7) sin® x0dQ? . (56)

Let us consider now a generic coordinate transformation ¢ = (7, x), r = r(7, x) to write
the exterior metric (b4)) as

—(fi* = fN)dr? = 2(fE — f e drdy — (7 — fT)d + (7, x)dQP L (57)

where f(7,x) :=1— ( x); and dot and prime denote a derivative with respect to 7 and
X, respectively. Then, the induced metric on ¥ takes the form

ds? = —(FT? — F1R*)dr? + R*(1)dQ?, (58)

where we defined the functions T'(7) := ¢(7, x0), R(T) := r(7,x0), F(7) := f(7,x0) and
R(7) := r(1,x0). To obtain the matching we need to find explicit expressions for the
coordinate transformations R(7) and T'(7). The result of imposing the equivalence between
the two expressions above yields

R(t) = a(r)sinxo, (59)
FT? - F'R? = 1. (60)
We see that R(7) is fully determined, while 7" is fixed by FT = v R2 + F = B(R, R).
(c.2) Second joint condition.

Let ng, = aVgx be the unit vector normal to X. Indeed, using it is easy to see that
nen® = 1 and that it is orthogonal to the tangent vector u = %, gapyn®u’ = 0. The
extrinsic curvature can be calculated from

Kap = hShiV.ng, (61)

where hgp = nenp + gap is the induced metric on 3. In the interior region I, using ,
we can obtain:

K;. = u“ubKib = uuVany = uava(nbnb) —unpVeub = —aPny, = 0, (62)
K}y = hgh)Vany = Vong = Ogng — [}a = asinx cos x (63)
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Ké(z) = hghgvanb = Vgng = Opng — F%a = asin? fsin y cos x , (64)

which produces K;’e = gegKelg = %cot Yo and Ki’qb = g‘z"z’Kéq5 = %cot Xo- The last
equality in follows from

abny, = npuVau® = npu®(9gu’ + T u) =T _ny = al’X, = 0. (65)

On the other hand, in region II, we have

Kl = —d'm, (66)
K} = -Tgn,=-Thy=(—2M + R)T = RFT, (67)
Kil = -T4yng =T} =(-2M + R)sin®>0T = RF sin* 0T, (68)

which produces K, o o = % Imposing
now the equality of the results found above for both regions I and I yields

1,6 _ eeKég _ FT _ B .nd Kém _ g¢>¢>KI£S _ FT _

aly, = 0, (69)
B cot Xo

ro_ X0 70
I . (70)

The constraint (| . ) tells us that the surface of the collapsing star follows a geodesic also
from the viewpoint of the exterior metric. If u® is a geodesic, since k = 9/t is a Killing
vector field of the Schwarzschild metric, L;gep = Otgap = 0, then E := —gabu apb — gttT =
FT = B is a constant along the geodesic. This is actually evident from (7 , which requires

B = cos xq after using . Recalling the definition F T =+vVR2+F = =E we solve
oS X0

2M
1 - TN
a(T) sin xo

T = (71)

This formula can be integrated numerically to give the coordinate transformation 7" = T'(1)
up to an irrelevant constant of integration.

(d) Physical interpretation of the OS solution.

(d.1) What is the physical meaning of the free parameter M in the exterior Schwarzschlld
metric? Usmg and the definition B F T, we can get B2—R? = F, or cos? yo—R? =

and 1 — F' = sin X0+R2. Using now ,
.9 _R2+sin2X0_ 1-F  2M _2Ma2
a®+1= ) = T 9 = ) = 3 - (72)
sin“ xo sin®xo  Rsin” xg R

Finally, using , we get
M = —-p(r)R*(r). (73)

Thus, the parameter M is just the mass of the collapsing star, which happens to remain
constant during the entire evolution (this is because, in spherical symmetry, there is no
energy loss by gravitational wave emission).

(d.2) The matching condition requires that particles initially at rest on the surface
of the star must move along timelike geodesics in the Schwarzschild geometry. How does
the gravitational collapse of the star look like to exterior, static observers?
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Recall that the proper time of inertial observers at spatial infinity is t. Using and
doing a coordinate transformation we get

. . E2?
E? - F = R? =T*O,R)* = ﬁ(f)tR)Q. (74)
Solving this equation for 0y R yields
1 2M 2M
=—={1-— -1+ FE2,
PRV NO T, -

where the negative sign is chosen so as to physically describe the contraction of the star,
0;R < 0. Equation is a nonlinear ODE. We can use standard techniques to infer the
qualitative behaviour of the solutions. More precisely, the equation has two fixed points,
R =0: (i) R = Rmin = 2M and (ii) R = Rmax = 12 The latter is unstable, while
the former is stable. Thus, the solution of will tend to Ruin, regardless of the initial
condition. The time of reaching this point, from the viewpoint of inertial observers at

infinity, is

oM
At = / (—O,R)"LdR = oo! (76)
In other words, the collapse begins at R = Ryax = % with zero velocity, then R

decreases monotonically and approaches R = Ry, = 2M asymptotically as ¢ — oo.

The above result can be somewhat surprising. A static observer at spatial infinity sees
the star contract at most to R = 2M but no further. Does the gravitational collapse of
the star really end here? To really understand what is happening, we need to change to
a frame adapted to an observer on the surface of the star. In particular, let us measure
time now with the affine parameter 7 of ingoing radial and timelike geodesics, u = 8%. It
is straightforward to see that provides

. 2M max
R=—\F ~1+E2=—/1-F 1<0. (77)

Notice that now there is only one single fixed point at R = Rax, which is unstable. Since
R < 0, the star will contract until R = 0, as perceived by observers on the surface. In
particular, an observer on the surface of the star will see the star falling from R = Ruyax
through R = 2M in finite proper time. Moreover, it reaches R = 0 in about

Ar— /0 ™ . (78)

PRy /Rmx (1— E2)32

When R = 0 the OS star’s density becomes infinite and geodesics followed by dust particles
inside the star cannot be extended beyond A7 in ([78). They are said to be “incomplete”
geodesics, and that the spacetime reaches a singularity. Moreover, we will see in later
sections that at this point the spacetime curvature blows up.

1.6 Emergence of singularities after collapse

As we have just seen, the fate of gravitational collapse in the Oppenheimer-Snyder model
happens to be the development of a singularity in the form of geodesic incompleteness.
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Figure 3: Phase diagrams of the nonlinear ODEs (75| (left) and (right).

One may wonder whether this singularity is simply a consequence of the high symmetry
assumed in the model. Does the effect of including rotation in the star, or a more physically
realistic equation of state, avoid the emergence of this singularity? After the publication
in 1939 by Oppenheimer-Snyder, this was a major concern in general relativity. Since
the emergence of a singularity is physically absurd, it was generally believed that more
realistic physical models of gravitational collapse would result in a more reasonable picture.
This was the dominant view until 1965, when Penrose proved the celebrated singularity
theorem, which asserts that the development of singularities is in fact the general result
for any gravitational collapse, and actually quite common in general relativity.

Singularity Theorem (Penrose, 1965)....

This theorem establishes that, for “normal” matter satisfying the (classical) “energy condi-
tions”, if a trapped surface forms (we will see in more detail what this is in later sections),
then the formation of singularities is unavoidable in General Relativity. In a sense, this
theorem establishes the limits of validity of Einstein’s theory of gravity. Since singularities
are not physically real, it is widely expected that this problem will be smoothed out only
when quantum effects of the spacetime are taken into accountE] This is still today an open
problem.

Note: as mentioned in the previous section, the OS model is just a toy model that captures
the main physical ingredients of gravitational collapse by using a simplified stellar model.
More physically realistic models are given by scalar fields [g].

2As a matter of fact, the classical energy conditions are known to be violated in the quantum regime,
so this bypasses the assumptions of the theorem above.
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2 The Schwarzschild black hole solution

2.1 Birkhoff’s uniqueness theorem

Birkhoff’s theorem ensures that the unique spherically symmetric solution of the vacuum
Einstein’s equations is the Schwarzschild metric:

2M dr?
2 2 2 7002
ds ——<1— . )dt + (1 2M) +7r2dQ*, Raplg) =0. (79)

r

For a proof, see exercise 10 of |[Exercise List. As illustrated in the previous subsection
with the Oppenheimer-Snyder model, this metric describes the endopoint of gravitational
collapse of non-rotating (spherically-symmetric), sufficiently massive stars, therefore it is
physically relevant. Despite the apparently simple form, it displays a non-trivial causal
structure, which is manifested in the existence of spacetime horizons. In this second section
we will address this topic in detail.

2.2 Eddington-Finkelstein coordinates: future and past event horizons

The Schwarzschild line element is singular at » = 2M. Therefore, it can only describe
the exterior of the collapsing star until the surface’s radius reaches the value R = 2M.
However, an observer on the star’s surface will claim that “nothing special happens when
the radius of the star reaches R = 2M, the collapse continues until » = 0 in finite time”.
In other words, from the viewpoint of the interior of the star, the spacetime is perfectly
well-behaved at » = 2M. What is going on here?

The exterior spacetime of the star after crossing r = 2M is not defined by . Let us
attempt to extend the spacetime across r = 2M by following ingoing geodesics. Take
radial (d2? = 0) and null (ds? = 0) geodesics for infalling observers. These null geodesics
determine the light-cone structure, i.e. the causal structure of the spacetime. Then (79)
implies
2

dt? = LZ: dr? > d(t+r,) =0, (80)
(1-2%)
where r, = r+2M log !ﬁ — 1‘ is the Regge-Wheeler (“tortoise”) coordinateﬂ This result
shows that the combinations ¢ £, remain constant along radial null geodesics. Motivated
by this result, let us define the advanced time coordinate v :=t + r, € R. With this new
coordinate the metric takes the form

2M 2M
ds® = (1 — =—=)(—dt* +dr?) +r?dQ* = — (1 — > dv? + 2drdv 4 r2dQ*.  (81)
r r
Interestingly, the new metric is non-singular at » = 2M. Then, the range of the
radial coordinate r can now be analytically extended to all » > 0, in contrast to the
original Schwarzschild metric which was initially defined only for » > 2M. The set of
coordinate functions {v,r,0, ¢} is called ingoing Eddington-Finkelstein coordinates.

In Schwarzschild coordinates, the spheres {r = 2M } were merely a coordinate singularity.
However, we have just found that the spacetime can actually be extended beyond the

31f r € (2M, 00), then 7, € (—00, 00).
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Figure 4: Finkelstein diagram illustrating the causal structure of the Schwarzschild space-
time around r = 2M in ingoing Eddington-Finkelstein coordinates.

original Schwarschild manifold El Let us then investigate in detail the causal structure of
the spacetime around r = 2M.

Proposition. No future-directed (dv > 0), timelike or null worldlines (ds? < 0) can ever
reach the exterior region r > 2M from the inner region r < 2M. Proof:
2M
2drdy = — [(—dﬁ) + < - 1> dv? + r2dQQ] <0. (82)
r
Then, since dv > 0 we must have dr < 0, with dr = 0 iff it is an ingoing radial null
geodesic (ds? =0, dQ2 = 0) at r = 2M.

This result shows that nothing can prevent the star from collapsing to r = 0 after it has
crossed the surface » = 2M. This is illustrated in the Finkelstein diagram of Figure [4
More precisely, a particle entering » < 2M will never be able to escape to the exterior
region r > 2M and will approach the singularity » = 0 in a finite proper time (see exercise
13 of Exercise List). Because of this, the region < 2M in ingoing Eddington-Finkelstein
coordinates is called a black hole, and the corresponding boundary r = 2M is called the
future event horizon. The hypersurface r = 2M is a one-way membrane.

Is this result compatible with the property of time reversibility of Einstein’s field equations?
Let us define now the retarded time v = ¢t — r, € R. The set of coordinate functions
{u,r,6,¢} is called outgoing Eddington-Finkelstein coordinates. The Schwarschild metric
takes now the form:

2M
ds® = — (1 — ) du? — 2drdu + r?dQ? . (83)
r

Again, the metric can be analytically extended to all » > 0, as with . However, the
region r < 2M in outgoing Eddington-Finkelstein coordinates is not the same as the region
r < 2M in the ingoing Eddington-Finkelstein coordinate system. This is clearly seen from
the fact that:

4 Alternatively, we could have considered timelike geodesics to extend the spacetime beyond the original
Schwarzschild manifold. This leads to so-called Painlevé-Gullstrand coordinates.
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Figure 5: Finkelstein diagram illustrating the causal structure of the Schwarzschild space-
time around r = 2M in outgoing Eddington-Finkelstein coordinates.

Proposition. All future-directed (du > 0), timelike or null worldlines (ds?> < 0) will
always reach the exterior region r > 2M from the inner region r < 2M. Proof:

2M
2drdu = (—ds*) + ( - 1) du® + r?dQ* > 0. (84)
T
Then, since du > 0 we must have dr > 0, with dr = 0 iff it is an outgoing radial null
geodesic (ds? =0, dQ2 = 0) at r = 2M.

In other words, a particle in r < 2M will always escape to the exterior region r > 2M,
crossing the hypersurface r = 2M. This is illustrated in the Finkelstein diagram of Figure
which can be thought of as the time-reversed diagram appearing in Figure [d Because
of this, the region r < 2M in outgoing Eddington-Finkelstein coordinates is called a white
hole, and the corresponding boundary r = 2M is called the past event horizon. The
hypersurface r = 2M is again a one-way membrane, but with opposite direction. A white
hole is just the time-reverse of a black hole. A star with surface in r < 2M would expand
through r = 2M.

Both black hole and white hole are exact solutions of general relativity (consequence of
time-reversibility of the field equations). However, white holes do not have a physical
counterpart, unlike black holes which are the result of gravitational collapse.

2.3 Kruskal-Szekeres coordinates: eternal black holes
In the previous subsection we argued that the Schwarzschild coordinates {¢,r} only cover

the exterior region r > 2M of the spacetime manifold. Because of this, we introduced two
new time coordinates to extend the manifold beyond r = 2M:
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Figure 6: Pictorial diagram illustrating manifold extensions by analytically extending the
range of certain coordinate functions.

a) Ingoing EF coordinates (v, r), with advanced time v = ¢ 4 r,, uncovered the black hole
interior {v € R,r < 2M}, but did not cover the white hole region.

b) Outgoing EF coordinates (u,r), with retarded time u = t — r,, uncovered the white
hole interior {u € R, < 2M}, but did not cover the black hole region.

Is it possible to uncover more hidden regions of the spacetime? What is the maximum
spacetime that we can reveal by changing coordinates?

Let us first work with both advanced and retarded coordinates, {u,v,0,¢}. In these
coordinates the Schwarzschild line element reads

2M
ds* = — (1 — ) dudv + r?dQ? . (85)

r

Now, let us introduce a set of two new null coordinates by

U = —e /UM g (86)
Vo= VUM 5, (87)
Then can be written as
oM _ .
ds? = —32M s quav + 12402 (88)

The set {U,V, 6, ¢} is called Kruskal-Szekeres coordinates. The old radial coordinate is
now a function r = r(U, V) defined implicitly by
rx(r) r—2M -

UV = —e2md = Wi e2M (89)

Notice that, by definition, U < 0 and V' > 0. However, the metric is actually regular
for any U € R and V € R. Therefore, the spacetime can be analytically extended to both
U > 0 and V <0, and reveal new spacetime regions not covered by Schwarzschild. Again,
the extended metric will still be a solution of the vacuum Einstein’s equations, Ry, = 0,
since a mere change of coordinates does not spoil a tensorial equation.

In this new set of coordinates, the horizon, originally located at the points {r = 2M},
is equivalent to the condition UV = 0, or U = 0 and V = 0. This leads to 4 causally
distinguished spacetime regions, as illustrated in the Kruskal diagram of Figure[7] These
are:

Region I. This is the spacetime originally covered by the Schwarzschild coordinates
{t,r,0,¢} (because U < 0 or V > 0 can be converted back to ¢,r via and )
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Figure 7: Kruskal diagram of the Schwarzschild black hole. The {¢ = const} hypersurfaces
of the original Schwarschild metric correspond to U/V = const, thus straight lines in the
diagram. The {r = const} hypersurfaces correspond to UV = const, thus hyperbolas. In
particular, the curvature singularity » = 0 corresponds to UV = 1. From we infer
that regions I and IV contain the points {r > 20} while regions II, III contain the points
{r < 2M}.

The {U = const} const and {V = const} hypersurfaces represent outgoing and ingoing
radial null geodesics: 0 = ds? = —%—M?’e*ﬁdUdV + 0 — U = const, V = const.

Region I U II. This is the region covered by the ingoing EF coordinate system {v,r, 0, ¢},
and which is relevant for describing gravitational collapse. In particular, region II is the
black hole, and timelike geodesics terminate at the curvature singularity.

Region I U III. This is the region covered by the outgoing EF coordinate system
{u,r,0,¢}. In particular, region III is the white hole.

Region IV. This is a new spacetime region not covered by any coordinate system used
before.

The region III U IV does not exist physically: in realistic scenarios this is replaced by a
regular metric describing the interior of the collapsing star, with R, # 0. The mathemat-
ical existence of regions III and IV is a consequence of the time reversibility in Einstein’s
equations, however realistic black holes formed by gravitational collapse are not time-
symmetric. In contrast, in the picture of Figure [88] the black hole has not been produced
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Figure 8: Gravitational collapse as seen by different observers. The blue line denotes the
trajectory of a static observer, thus uniformly accelerated (non-freely falling). The orange
curve denotes the trajectory of a freely falling observer, comoving with the star. The freely
falling observer communicates with the static observer at infinity by sending light signals.
The time measured by the freely falling observer in reaching r = 2M is finite, but this
process takes an infinite amount of time according to the static observer. More precisely,
a light-ray emitted by the freely falling observer just before r = 2M reaches the static
observer asymptotically in the limit { — oc.

as the result of a collapse. It has always existed (Ry, = 0 everywhere in the spacetime):
it is an eternal black hole.

The Kruskal spacetime is the maximal analytical extension of the Schwarzschild spacetime
(cannot be extended further). Furthermore, it is unique (maximal Cauchy development),
up to diffeomorphisms.

Despite that most of the Kruskal diagram is not physically realizable, it is still useful to
depict the causal structure of actual black holes. For instance, Figure [§] illustrates how
a static observer at infinity sees the process of gravitational collapse. According to this
observer, the star takes an infinite amount of time to cross the surface r = 2M (this is a
geometric interpretation of the formula (76])).

Light-rays emitted by a freely falling observer (see figure [8]) are redshifted and attenuated
exponentially in time: v(t) ~ vge ", I(t) ~ Ipe /M. In practice, the surface of the star
turns effectively black in a finite amount of time (exercise: Zeldovich-Novikov).

2.4 Null hypersurfaces
As shown above, the event horizon {r = 2M } plays a distinguished role in the Schwarzschild
geometry. Mathematically, it is a null hypersurface. What does this mean?

Definition. A hypersurface ¥ is a n — 1 dimensional submanifold of a n-dimensional
manifold M.

The implicit function theorem on manifolds tells us that a hypersurface can be specified
by setting a differentiable function equal to a constant. Some examples:
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i) Let ¢t : R* — R be the usual time coordinate function in Minkowski space. Then
Y, = {p € RY/t(p) = tg = const} = {t = to} = R* C R* is a hypersurface, and
R* = U;crY;. We say that R* is foliated by the hypersurfaces ¥;.

ii) Let r : R? — RT be the usual radial coordinate function in an Euclidean space. Then
Yoo = {% € R®/r(&) = ro = const} = {r = ro} = S? C R? is a hypersurface, and
R3 —{(0,0,0)} = U,~0X,. We say that R? (minus a point) is foliated by the 2-spheres X,..

Let S = S(x) be a smooth function on our spacetime manifold M, and consider a fam-
ily of hypersurfaces S(x) = const. Let us also consider the vector field ¢ = ¢° 82‘1 =
h(x)g®VS+2:, with h(z) # 0 an arbitrary function. Then

oxa?

gk’ = k*V,S =0, (90)

for any tangent vector field k to the S(x) = const hypersurfaces. Therefore, ¢ is a normal
vector to the hypersurfaces S(z) = const.

Example. In Minkowski space, £ = % is normal to the {t = to} hypersurfaces, n = %
is normal to the {r = o} hypersurfaces, etc. In components, we can write (¢ = —n®V,t,

nd = n“bvbr.

Causal classification:

If ¢ is timelike (£*(x)€q(x) < O for all x), the hypersurface is spacelike.
If ¢ is spacelike (£(x)lq(x) > 0 for all x), the hypersurface is timelike.
If ¢ is null (¢*(x)l,(x) = 0 for all z), the hypersurface is null.

Since (*(x)l, () is a scalar, the causal character is a coordinate invariant, it is a geometric
property.

Example. Let us consider the Schwarzschild spacetime (M, gqp) in EF ingoing coordi-
nates, {v,7,0,¢}. The metric g, is given by . Let us consider the hypersurface

Ny ={z* € M/S(z%) =r—2M =19 — 2M}. (91)

The corresponding normal vector has the formﬂ

2M
0= h(r)g“bVaS% — h(r)g"0,50, = h(r) {(1 - T) 9, + av] , (92)
and satisfies
oM
0%, = gV ,STVSh? = ¢""h? = (1 — T> h. (93)

This is, Najs is a null hypersurface (€*44|—2ps = 0) and £ = h(QM)a% is its normal.
Let NV be a null hypersurface with null normal ¢. Since:

(i) A vector field k* is tangent to N iff k%, = 0,

(i) £*4, = 0,

then, ¢ is actually tangent to A/ (because it’s orthogonal to the normal). By Frobenius

theorem there exists an integral curve in N, say with a parametrization x*(\), such that
0o — dz? )
dx

®In matrix notation, [gas] = and the inverse is [g*°]
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Proposition. A curve parametrized by z%()), with null tangent vector ¢* = %, is a

geodesic (although A might not be an affine parameter).

Proof. Let N/ be the member S = 0 of the family of (not necessarily null) hypersurfaces
S = const. If £* = hg®V;,S, then

OV 00 = 19V4(h)g?V .S + hg®°V V.S (94)
= %09V, log |h| + hg®l°V,V.S (torsion — free connection) (95)
= éb‘“(:li’h' + heVP(h~,)  (chain rule) (96)
- ebdl(;i’h 4 obe, — 0,9 log B (97)
= sz“‘;‘iW + %Vb(é%) — 00,V 1og Al . (98)

If AV is null then £%/,|ns = 0 and the last term vanishes. Notice however that V°(¢¢¢.) # 0
in general unless £,¢* = 0 for all hypersurfaces S = const, i.e. if they are all null. We can
write

Va(l6l,) = c1ly + cotl + cst? + cqt3 (99)

where {tfl}i:l,zg is a basis of tangent vector fields on N. Since (%4, |n = 0, £*4, is constant
on N, so t3V,(¢4,) = 0 for i = 1,2,3. This leads to co = c3 = ¢4 = 0. Therefore, we
conclude that 2V ,£°|x o £°, and consequently z%(])) is a geodesic with tangent vector £2.
O

Remark. The arbitrary function h(z) can always be chosen such that £4V¢°|»r = 0, and
so that A is an affine parameter.

Definition. The congruence of null geodesics () with affine parameter A, for which the
tangent vectors £* = % are normal to a null hypersurface N, are called the generators of
N. The union of all these geodesic spans the hypersurface N (i.e. for each p € N, there

exists one —and only one— geodesic passing through p).

Example. Let us consider the hypersurface N' = {U = a}, a € R, in Kruskal spacetime
covered with coordinates {U,V, 0, ¢}. The normal vector reads

h(p)r - 0
_ ab _ Uby _ UVa _
0= Nh(p)g*VaS0h = h(p)g "0 = hip)g”" Oy = —3-rme> o7 (100)
Since U = 0 implies » = 2M, on the future event horizon the normal vector has the form
h(p) 0
Upy = ——5e—. 101
o =~ 5y (101
On the other hand, the norm gives
(9, =g"Vh: =0 (4"V =0), (102)

so N, is a null hypersurface for any a € R. As a consequence, V,(¢°4;) = 0 and from the
calculation given in the proof above we infer

dlog |h|

0OV 0 =t —=>— 103
Va Ve (103)
Therefore, if we choose h = —8M?e~! then /|y, = 8% is a null vector field normal to

{U =0}, and V is an affine parameter for the generators of Ny = {U = 0}.

Similarly, one can see that (i) {V = const} are all null hypersurfaces, (ii) n = % is a null
vector field normal to {V = 0}, which is the null hypersurface of the past event horizon,
and (iii) n®V,n® = 0, i.e. U is an affine parameter for the generator of {V = 0}.
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Figure 9: Illustration of trapped surfaces in the Kruskal diagram. Each point of the
Kruskal diagram is a 2-sphere. Those in region II are trapped surfaces (both ingoing
and outgoing null rays have negative expansion parameter) while those in region I are
not (outgoing light-rays have positive expansion parameter). The 2-spheres on the future
event horizon are only marginally trapped surfaces because 6 = 0 for outgoing light-rays.

2.5 Event horizon vs Apparent horizon

In the previous subsection we saw that the event horizon is a null hypersurface. Another
important property of the r = 2M surface has to do with the behaviour of outgoing
light-rays.

Proposition. The expansion 6 of a congruence of outgoing light rays (i.e. null curves
with U = const in the Kruskal spacetime) changes sign at r = 2M.

Proof. As we have seen in the example above, the affinely parametrized tangent vector
field to outgoing light-rays is given by ¢, = —V,U (the minus sign is required to obtain
= %). The expansion parameter is computed as
1

0= Vaga = \/7—796&(\/ _gga) . (104)
The metric determinant gives \/—g = |gyv|r?sind, and (¢ = g0, = —¢®V, and ¢V =
’ng|_1. Thus

_ 20yr U

_ v 105
P 20 (105)

which is positive (negative) in the Kruskal region I (II). O

Proposition. The expansion 6 of a congruence of ingoing light rays (i.e. null curves with
V' = const in the Kruskal spacetime) is negative, 6 < 0.

Proof. Just change U <> V in the proof above and you will find 6 = —% < 0 in both
Kruskal regions I and II. O

This result motivates the notion of apparent horizon.

Definition. A trapped surface S on a spacelike hypersurface . is a closed, 2-dimensional
surface, such that for both ingoing and outgoing congruences of future-directed null
geodesics orthogonal to S, the expansion 6 is negative everywhere on S.

Example. Each 2-sphere {U = Uy, V = Vp} in region II of the Kruskal diagram, for a
pair of fixed positive numbers Uy > 0, Vp > 0, is a trapped surface. See Figurd9| for an
illustration.

Definition. The collection of all trapped surfaces S in X is called a trapped region R,
and its boundary 9R is called the apparent horizon.
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We also say that the apparent horizon is a marginally trapped surface, in the sense that
the expansion paramter § = 0 for the congruence of outgoing null geodesics.

Example. Any 2-sphere at » = 2M in the Kruskal spacetime is an apparent horizon.

Definition. The union of all apparent horizons from all ¥ C M in the foliation froms a
3-dimensional hypersurface, which is also called apparent horizon (or trapping surface).

In the Schwarszchild eternal black hole, both event and apparent horizon coincide. This
is because of the underlying stationarity of the spacetime. For more general black hole
spacetimes, the two hypersurfaces can actually differ.

Example. Vaidya spacetime (non-stationary black hole spacetime). In EF ingoing coor-
dinates, the metric can be written as

2
ds? = — (1 - "j@) dv? + 2dvdr + 1r2dQ? (106)
where
my, v < vy
m(v) = < mia(v), v <v < g (107)
ma, vy < v

and mjs is a monotonically increasing function. This metric is a solution of the Einstein’s
field equations with a given source term Ty, see exercise 14 of [Exercise List!.

Proposition. The apparent horizon in the Vaidya spacetime is the hypersurface AH =
{(U7T707¢) €ER xR x Sz/r = 2m(v)}

Proof. Outgoing null geodesics are parametrized by u = const, where u = v — 2r, so the
tangent vector is

ke = —fVou=—fVau+2V,r, (108)
for some function f. It is easy to see that k%k,|ag = 0, EPVike = ... = 2";751’)13“ = kk®. The
latter equation tells us that k% = dd%\a is not affinely parametrized. However, k¢ = e T k®
with % = k(A) is affinely parametrized:

kVkd = (kkS — VI EPk%)e T = 0. (109)
We can now evaluate the expansion parameter using the traditional formula:
a I a a -T a ar -T a
0 =V,ki=e" (Vok* —T k") =e Vo k* — )= (Vo k® — k). (110)
It is easy to see that V k% = ... = M, SO
r2
0=e" —(r—2m(v)), (111)
r

so the marginally trapped surface § = 0 corresponds to r = 2m(v). O
Proposition.

The apparent horizon is null for v < v1, v > vo, and spacelike for v; < v < vs.
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Figure 10: Apparent horizon vs Event horizon in a Vaidya spacetime of metric ([106]).
The event horizon is always null, while the apparent horizon migrates, during a transitory
period, from a null hypersurface to another one.

Proof. The function ¢(v,r) := r — 2m(v) defines the location of the apparent horizon.
The causal character is determined from

dm {—0, v < vy, v>v2D (112)

9" VapVyp = —4—~ =
v <0, 1 <v<wy

Remark. Since the formal definition of the event horizon (to be given in later sections)
requires it to be null, one concludes that the notion of event horizon disagrees with the
notion of apparent horizon (although the apparent horizon lies within the event horizon).
See figure [I0] for an illustration.

The apparent horizon is a quasi-local notion of a horizon, while the event horizon is a
global notion (“teleological”, it requires knowledge of the full spacetime, including the
future, to be defined).

2.6 Killing horizons and surface gravity

Before moving on, let us briefly review some basic concepts on differential geometry:

Definition. A 1-parameter group of diffeomorphisms on a manifold M is a smooth map
¢:Rx M — M, such that

b M — M

(a) Vt € R, the map T o ot )

is a diffeomorphism.
R — M

o
(b) Vax € M, the map E oS o(ta)

satisfies ¢,(0) = z (thus ¢(0) =1).

(c) Vs,t € R, the composition map is given by ¢s 0 ¢y = Psit.

Proposition. Given any smooth vector field X on the manifold M, there exists a (local)
1-parameter group of diffeomorphisms for any x € M, which is constructed from the
integral curves of X. This is called the flux of a vector field.

Definition. Given any point € M, the set ¢,(R) = {¢,(t) /t € R} C M, is called the
orbit of the vector field X that passes through z € M.
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In general relativity, a 1-parameter group of diffeomorphisms is physically relevant when
it leaves the spacetime metric invariant, i.e. when it corresponds to an isometry.

The vector field k = (% is a Kiling Vector field (KVF) of the Schwarzschlld metric |.i
Ligab = Orgap = 0, and it is timelike for r > 2M: gpk®k? = gy = 22 — 1 < 0. Physically,
the associated 1-parameter group of diffeomorphisms represents the time translation sym-
metry of the spacetime metric (i.e. the invariance under t — t+ ¢, ¢ € R). More precisely,
if 2% = (t,r,0,¢) is a generic point of the spacetime in Schwarzschild coordinates, an in-
finitesimal “displacement” in the spacetime of the form z¢ — 2% + ck® + O(c?), driven or
“generated” by the KVF k% = (1,0,0,0), leaves the spacetime metric invariant. Because
of this property, k% is called the infinitesimal generator of this isometry.

This isometry extends to the entire Kruskal spacetime, and it is generated by the vector

field
k= i (Va - U0> , (113)

which satisfies £ ga, = 0. To see that k is indeed an extension of k to the entire Kruskal
spacetime, let 2% = (U, V, 0, ¢) be a generic point in the Kruskal spacetime. An infinites-
imal transformation along the integral curves of k produces 2% — z% + ck® + O(c?). 1If
o0t = ¢, then
c c
oU = —mU, oV = mV, (114)
60 =0, 0p=0, (115)

L_17,0,0). Thus, in region I of the Kruskal spacetime

and we can read off k% = (—+:U, 14

we can write
1 0 0 0 0 ot 0 ot 0 0

klp = — — =4 === . 11
Hlr =107 (910 v ~ dlog—0)| ~ 0 T ou ovot Towar ot ¢ (10

Geometrically, time translation is described by the flow of k. To determine the in-
tegral curves y(\) of k% we have to solve the equation k:( (A) = 3. Ifyv(\) =

U(N),V()N),0,0), this equation produces — = U and ;7 = = V. which can be solved
4M
to give
UN) = Upe MM (117)
V) = VeeiM, (118)

In particular, the solution satisfies U = > for some constant ¢ € R. These integral curves
can be consulted in Figure The orientability of the flow is determined by dA > 0 (in
particular, all curves tend to U(X) = 0, V() = £00).

Notice that the causal character of the KVF (113)) does not remain constant:

~ ~ -~ 16M3 -U Vv
a _ alb uVo __ —r/2M
= =92 =2 —— — — 11
k%ka = gapk™k guvk"k < — > (4M> <4M> (119)
2M 2Mr—2M 2M
eTIPMyy = 2 —(1-=22)) . 12
vv r  2M ( T ) (120)
Therefore:

k is timelike in regions I and IV (r > 2M).
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Figure 11: Integral curves of the Killing Vector field (113]).

k is spacelike in regions IT and IIT ( < 2M).
k is null on {U = 0} and {V = 0} (r = 2M).

In other words, the stationary KVF (113)) changes its causal character whenever we cross
the event horizon (a null hypersurface). This motivates the following definition.

Definition. Let (k,N) be a vector field and a hypersurface, respectively. If k is a killing
vector field, it is normal to A/, and it becomes null at precisely A/, then we say that A is
a Killing horizon of k (in particular, the hypersurface A is null).

The notion of killing horizons play a fundamental role in the context of stationary black
holes, as it provides a quasi-local notion of a black hole in equilibrium.

To every killing horizon we can associate a quantity called surface gravity. Let £ be the
normal vector to a null hypersurface N'. By a previous proposition, ¢ is tangent to a
geodesic in N: 19V £* = 0 (assume affine parametrization for simplicity). If A is a killing
horizon of a KVF k, then k* = f(x)¢* on N for some function f(x) (since it must be
normal to N'). Then,

kAN kb = (PkOV o f + fEOV 0 = kPkV  log | f| = kk®, (121)

where in the second equality we used the geodesic equation to get rid of the second piece.
The quantity x := k*V,log |f| is called surface gravity.

Proposition. The surface gravity of a killing horizon (k, N'), defined by the geodesic
equation k®V kb = kb, satisfies k2 = —%V“kbvakbw.

Proof. First of all, k% is normal to A/, so by Frobenius theorem:
ko Vikgln =0. (hypersurface orthogonality) (122)
Now, for any killing vector field we have

Vaky = V(akp) + Vieke) = Vigky) , (123)
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SO
kaVkeln + (kyVeka — keVika) |y = 0. (124)
Multiply now by V°ke:
kaVPkeVkelnr = —2(VPkO)kyVeka|yr = —26EV kol = =262kl - (125)

Therefore, for any p € A/ with non-vanishing k%(p) # 0, we must have 2 = —%V“kbvakb\ N-
O

Note: it will turn out that all points at which £%|x»r = 0 are limit points of orbits of k% for
which k% # 0, so by continuity this formula is valid even when k%|zr = 0.

Lemma. For any KVF k% we have V V3 k¢ = Rcbadk‘d, where R¢,; is the Riemann tensor
of the spacetime.

Proof. See exercise 8 of [Exercise List). O

Proposition. Given a killing horizon A with killing vector field k%, the surface gravity
k is constant along the integral curves of k“.

Proof. For any tangent vector field t* to N, we have

VK2 = —VU%V Vaky|y  (tangency) (126)
—Vekb Ry, k4. (Lemma) (127)

The killing vector field k£ is tangent to N because it is both normal and null on N. If we

take t* = k® = ?—; as a particular case in the formula above, then

dK’2 a 2 abi.c d
da = kV ok = =VE°k°Rpgeak® =0, (128)

where the last equality follows from antisymmetry. O

In the following we will always restrict to non-degenerate killing horizons, for which s # 0.
These are the physically realistic scenarios. Thus, the integral curves of k% on N are
geodesics not affinely parametrized, and so they are not the generators of N. In other
words, they do not necessarily span N completely. Is x constant on all N'?

Proposition. Let k be the surface gravity of a killing horizon (k% N). Suppose k # 0
on one orbit of k% in N, then this orbit coincides with only half of an orbit of the null
generator z%(\) of NV.

Proof. Let k% = Cfi% and consider a generator x%(\) of N with tangent vector ¢* = %. By
definition it satisfies the affinely parametrized geodesic equation, £2V £ = 0. If a = ()
on an orbit of k%:

d\ d
k’orbit - kaaa‘orbit - @a‘orhit = fﬁ, (129)
where f := % and (20, = %. Using k = %log |f| and % = 0 (see proposition above),

then % = f(a) = foe"™™. The constant fy can be fixed by using the freedom to shift « by
a constant, a — a:
d\  dA

— = tre™. (130)

f(@) = fla+r " ogl|k/ fol) = £re™ — ==
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Figure 12: Bifurcate killing horizon of the Kruskal spacetime.

Solving this equation yields A = £e"*+C, for some constant C. We can set C' = 0 without
loss of generality. Then A(a) = £e"*. As « ranges from —oo to co we cover the A > 0 or
A < 0 portions of the orbit of z%(A) in A, but not both at the same time. O

The proof of the previous proposition shows that A = 0 is a fixed point of the orbits of the
KVF k®. We call it a bifurcation 2-sphere (Boyer-Kruskal axis in Kruskal spacetime).

Definition. The set comprised by the bifurcation 2-sphere and {U > 0,V =0} U {U <
0,V=0}U{U=0,V >0} U{U=0,V <0} is called a bifurcate killing horizon.

We proved in one of the propositions above that the surface gravity k is constant in each
of these 4 branches of A/. Is the same constant value for the 4 branches?

Proposition. If N is a bifurcate killing horizon of k%, with bifurcation 2-sphere B, then
k2 is constant on the full A.

Proof. As we saw in one of the propositions above, k2 is constant on each orbit of the

killing vector field k%, and the value of this constant is the value of x? at the limit point
of the orbit on B, so x? will be constant on N iff it is constant on the 2-sphere B. Since
k% = 0 we infer from equation that t*V,x2 = 0 on the full bifurcation 2-sphere
B. And because t* can be any tangent vector field on B, x? is indeed constant on this
2-sphere. Hence it is constant on the full bifurcate killing horizon A, as just argued. O

Example. The bifurcate killing horizon in the Kruskal spacetime is given by N' = {U =
0} U {V = 0}. This is a null hypersurface, as we have previously checked. The associated
KVF is given by (113)), which is the generator of time translations. On N we have

V& U=0
k=T on { } = e, (131)

where
1%
)z on {U=0}
/= {—4[]{/[ on {V =0} (132)
and
0
N W on {U = 0}
t= {a% on {V =0} (133)
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Therefore, k is normal to NV. In conclusion, N is a killing horizon of k®.

If x*(\), with A € {U,V'}, are the generators of N, then (% = df; and 2V ¢* = 0. Then
the surface gravity can be calculated as

1y .0 1% 1
w7V 5 1og T = 17 U=0
k= k%0, log | f| = {4M1 ov 081 = ar OF =0 (134)
so K2 = ﬁ is indeed a constant on /. The orbits of k% lie either entirely in {U = 0} or

in {V = 0}, and are fixed points on B. This is the reason behind the two different signs
obtained for x on the two branches of N.

Remark 1: on the normalization of k.

If NV is a killing horizon of the killing vector field k* with surface gravity x, then N is
also a killing horizon of the killing vector field ck® with surface gravity cx, where ¢ € R is
any constant. This shows that the surface gravity x is not only a property of the killing
horizon A alone, but it also depends on the normalization of the killing vector field k°.
In general spacetimes, there is no natural normalization of k%, since k%, = 0 on AN by
definition. However, in asymptotically flat spacetimes (to be specified in detail in the
next subsection), there is a canonical normalization at (spatial) infinity, r — oo (keeping
t,0, ¢ constant). To give an example, in Kruskal spacetime the time translation KVF k¢
is normalized according to k.k*(r — oo) = —1. This is, k = %. It is easy to check that
this gives kK = ﬁ. See also exercise 20 of Exercise List.

Remark 2: Event horizon vs Killing horizon.

The notion of killing horizon differs from the notion of event horizon (to be given in
more precise terms in the next subsection). Hawking Rigidity Theorem: “in a stationary,
asymptotically flat black hole spacetime, the event horizon is a killing horizon for some
killing vector field”. However, we can find killing horizons not related to any event horizon.

For example, in Minkowski space (R?*, ds? = —dt? + d#?) there are no event horizons, but
the null hypersurfaces Ny = {z +¢ = 0} are killing horizons of the KVF that generates
boosts in, for instance, the x-direction, y = x% + ta%. Indeed, x%xq = —22 + 2, so:

x® is timelike for |z| > ¢,
x“ is null for |z| = ¢,
x® is spacelike for |z| < t.

This is not even the unique killing horizon that we can find: k = % + 8% is null everywhere
and is a killing vector field, so {x +t 4 ¢ = 0} are all killing horizons for any ¢ € R.

2.7 Asymptotic flatness and Carter-Penrose diagrams.

In several instances during this section 2 we have mentioned that the Schwarzschild metric
is “asymptotically flat”, i.e. that for sufficiently large distances away from the horizon,
the metric approaches, in some vague sense, the metric of Minkowski spacetime. This
property was easy to identify here because we worked in a particular coordinate system
that is easy to interpret physically. This intuitive notion can actually be formalized in a
more geometric manner, independently of the choice of coordinates, and is in fact useful
to study any isolated source, such as stars, black holes or binary systems.

In astrophysics one is often interested in describing the individual gravitational field of
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isolated sources in order to, for instance, analyze the gravitational wave flux emitted by
the source at, ideally, infinity. For this purpose, a rigorous mathematical and geometri-
cal scheme is needed in general relativity that ignores the influence of distant matter on
this spacetime, and that manages to approach smoothly the Minkowski spacetime without
knowledge of any preferred coordinate system. This is precisely the framework of asymp-
totically flat spacetimes, for which the metric becomes flat at large distances from the
source in a precise and controlled manner. These class of spacetimes represent, ideally,
isolated systems in general relativity.

What does “large” distance mean? A notion of asymptotic flatness (AF) necessarily
requires knowledge of the global picture of the spacetime. Therefore, to study these class
of spacetimes, we need to provide first of all a precise definition of the notion of infinity.

Let (M, g.) be a generic spacetime. Intuitively, infinity can be thought of as those
points that can be asymptotically reached by following geodesics () of infinite affine
parametrization, so that we can asymptotically reach these points by making A\ — oo.
In practical calculations, to work around infinity it is convenient to bring these points to
a finite location. Since the causal structure of the spacetime, determined by the causal
character of curves, remains invariant under conformal transformations (see exercise 16 of
Exercise List)

Jap(%) = Gap(x) = A% (2)gap(x), Alx) #0, z€M, (135)

the key idea is to build a new (unphysical) metric by choosing A such that all points that
are at infinite affine length following null geodesics in the original metric, are located at
finite affine parameter in the new metric.

This can be done as follows. Consider a null geodesic 7 with respect to the unphysical
metric gqp, with affine parametrization A. In coordinates the geodesic equation reads

d?x® -, daxbdxt

— + c 7 = — O . 136
a2 dN dh (136)
It is not difficult to see that
5. = Th+ AT (2V(AY — g VA), (137)
dz® d\ dx®
- ——, 138
dA d)\ dX\ (138)
2,..a 2 a 2 12 .a
dat A Adet | pdh )\ diat (139)
d)\2 d)\2 dA d\| d\?
therefore
d%z® da® dxt 1[N AT da® 1 dlog(NA?) dx®
—_— Fa’ _— —_— 27 - = . 14
d)\2 + hbe d\ d\ N {X + A} d\ N d\ d\ (140)

Notice how null geodesics for g, transform to null geodesic for gqp, but this is not true in
general for timelike or spacelike geodesics. If we now impose A to be an affine parameter,
then

a_ e
dx A%’

for some constant ¢ € R. The solution is

(141)

~ A €T
AN = ¢ / A‘EJ: . (142)
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To identify the points z*(\) of “infinity” we need to take A — oo while keeping A < oc.
This requires A(z%(\)) — 0 as A — oo. Since A(z) # 0 for all x € M by construction,
these points are not part of our original spacetime manifold. Therefore, we will define a
new set of points, p € 7, called “the points of infinity”, that will be characterized by the
property A(p) = 0. These points are not part of the original spacetime manifold, p ¢ M,
but can be attached smoothly to form a larger (unphysical) spacetime manifold M. We
call this a conformal compactification of the spacetime:

Physical spacetime Unphysical spacetime
(M, gab) — (M =MUJ,ja = Nga)

This mathematical operation brings the points of infinity to a finite distance, and attaches
them to the physical manifold as a boundary. The points of infinite actually constitute a
hypersurface of M:

J={peM/Ap) =0}=0M. (143)
The new manifold M is called the conformal extension of the physical spacetime manifold

M, and the new metric gu is smooth in all M.

Notice that curvature tensors are not preserved by conformal transformations in general
(R“bcd # R%.,), with the only exception of the Weyl tensor. Consequently, (M, Gap) is
an unphysical spacetime, it is only a good representation of the causal structure of the
physical spacetime (M, gqp).

Since the process of conformal compactification may look abstract at first glance, we will
illustrate how it works with basic examples.

Example 1: conformal compactfication of Minkowski spacetime (R*,7,;).

Let us write the spacetime metric in spherical coordinates
ds? = —dt? + dr? 4 r*(d6* + sin® 0d¢?) , (144)

where t € R, r > 0, (,¢) € S%. Since radial null geodesics follow u,v = const curves,
withu=t¢t—7r € Rand v =t + v € R the retarded and advanced times, respectively, let
us write the metric in these coordinates:

N2
ds? = —dudv + (“4”)d92 , (145)

where dQ? is shorthand for d6? + sin? d¢?. To bring infinity to a finite location, let us
compactify these null coordinates via the coordinate transformation
~ i ~
u=tanU — —§<U< (146)

(147)

(YR

v:tanV — —g<f/<

Because the domain of the coordinate functions U , Vis bounded, we call them “compact-
ified null coordinates”. Since r > 0, we have v > u, tanV > tan U and therefore V > U
in (—g, g) Doing some algebra we can find:

dUdv

S S (148)
cos2V2cos2V

—dudv = -— <1 + tan? [7) (1 + tan? V) dUdV = —
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w—v = tanD —tan¥ — sin U cos V~— sm~V cosU _ sm({] — V~) 7 (149)
cos V cosV cosU cos V'

so the metric takes the form:

ds®> = !

= | —4dUdV +sin*(U — V)dQ?| . (150)
4cos?U cos?V

Approaching infinity in the original spacetime, © — +00 or v — 400, implies here |ﬁ | =5
or HN/] — 5, which is at finite distance in the compactified coordinates. However, in this
limit the metric blows up because of the prefactor. If we build a new metric o = A2gap
and choose a conformal factor A((? , f/) = 2cosU cos V, we will be able to bring points of

infinity to a finite affine parameter distance in the new metric gGup.

d3? = A%ds® = —4dUdV + sin®(U — V)dQ? . (151)
Notice that this new unphysical metric is smooth when |U],|V| — 5. Therefore, it can be
extended smoothly to a larger manifold that includes the points of infinity.

Let us add now the “points of infinity” to the original manifold R*. Due to the inherent
causal structure of the spacetime, we have different types infinities: (keep in mind that
V>U,r="%"% and t = “fY)

(szgvzg)«a (u — —00,0 — +00) +— (r — 0o, ¢ finite) (152)
(U:i%,f/:i%) s (u— £00,0 — £00) «— (r finite, £ — £00) (153)
(ﬁz—g,ﬁ/ﬁéig) +— (u— —o0, v finite) +— (r — oo, t — —o0)/ r + t firlits4)

(|(~J|7§g,f/:g) +— (wu finite,v = 00) +— (r — 00,t — 00)/ r — t finite(155)

The point indicated in equation is called spatial infinity (and denoted by ig), the two
points of are called future(+)/past(-) timelike infinity (denoted by i¥), the set of
points in are called past null infinity (denoted by J ™), and finally the set of points
in are called future null infinity (denoted by J7).

The process of conformal compactification consists then in embedding Minkowski space-
time (R*,7,) into the larger (but unphysical) spacetime (R*, 7j,) = (R*UJTUJ Uit U
i~ Ui, A’ngp). Infinity in (R*,74) is now the boundary A = 0 of (1@4,%;,), and can be
reached by geodesics in finite distance.

Now the spacetime is compact. This, together with the underlying spherical symmetry,
implies that the full causal structure of the original spacetime can be faithfully represented
on a 2-dimensional, bounded picture. To see this, let
Ti=V+U, (156)
x:=V-U, (157)

kge new coordinates, with domain in —7 <7 <7 and 0 < x < 7, respectively (recall that
V > U). The unphysical metric is

ds? = A%ds? = —dr? + dx? + sin® xdQ?, (158)

with A = cosT + cosy. Since the metric is periodic in x, x ~ x + 27, x can be thought
of as an angular variable instead of a radial one. Equation (158)) is the natural metric on
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Figure 13: Isometric embedding of the compactified Minkowski space in the Einstein static
universe.

the Einstein static universe (ESU), given by the manifold R x S, where R stands for time
7 and S? stands for spatial sections coordinated by (x,#, ¢). In other words, there exists
a conformal isometry of Minkowski space (R*,17,;) into the open region O of the ESU
(R x S, Gup) given by . The conformal infinity of Minkowski space can be therefore
identified with the boundary of this region O in the ESU.

It is possible to construct useful diagrammatic representations of this idea. First, notice
that 2-spheres of constant 7 and x in have radius |sin x| (except for x = 0 and
X = m, which are simply two points). If we represent each of these 2-spheres as points on
a two-dimensional surface, we obtain the so-called ESU cylinder, see left figure of Figure
l On this cylinder, the compactified Minkowski spacetime (R*,7,3) is isometric to the
region —m < 7 <7, 0 < x <, see right figure of Flgure_

If we now flatten this portion of the cylinder, we arrive at the Carter-Penrose diagram of
the compactified Minkowski spacetime, see Figure [[4] In this picture, each point except
the vertical line (corresponding to the origin » = 0) and the points i*, ig (recall that
x = 0,m, i.e. zero radius for these cases), represents a 2-sphere. Some characteristic
properties are:

(a) Ingoing null geodesics begin at past null infinity 7, while outgoing null geodesics end
at future null infinity 7. They always travel at 45 degrees of inclination in the diagram.
If they pass through the (arbitrary) origin of our frame r = 0, they intersect the vertical
line in the diagram.

(b) Both past and future null infinities are null hypersurfaces, as can be checked from their
normal vector field: 7%V, QV,Q|r—o = 0. They are diffeomorphic to R x S2.

(c) All (inextendible) timelike geodesics begin at past timelike infinity i~ and end at future
timelike infinity 7. There can be non-geodesic timelike curves that end at null infinity, if
they become asymptotically null.

(d) All (inextendible) spacelike geodesics both begin and end at spatial infinity i, though
physically they are irrelevant.

(e) i, T are actually points, not 2-spheres (since they correspond to y = 0,7 in the

Einstein static universe, which are the north and south poles of S3). Spatial sections of
the compactified spacetime are diffemorphic to R? Uiy ~ S3, and are therefore compact
without boundary.

The boundary of this conformally compactified spacetime, consisting of the points ig, i+

and the null hypersurfaces J*, defines a precise notion of infinity for Minkowski space-
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Figure 14: Carter-Penrose diagram for Minkowski spacetime.

time: it is called conformal infinity.
Example 2: conformal compactfication of Kruskal spacetime.

Following the same line of thought as with Minkowski, we start out by writing the
Schwarzschild metric in Eddington-Finkelstein coordinantes (u,v,,¢), where now u =
t—r. € R, v=1t+r, €R, with r, the tortoise radial coordinate. The line element was
given in , and we recall that it only covers the exterior region outside the event horizon
r > 2M, region I in the Kruskal diagram. This is enough, as we are only interested in the
asymptotically far region away from the horizon.

Again, null geodesics follow u,v = const curves. We introduce compactified null coordi-
nates as before:

T T

—tand — -~ <a< 159

U an i 5 U 5 (159)
T '

=tanyv — ——<U< —. 160

v an? 5 v 5 (160)

Since r > 2M, we have r, > 0 and therefore ¥ > 4. Doing a similar calculation as in the
previous example, the Schwarzschild line element reads

1 2M
ds’ = ——————— | -4 (1 — =— ) dadv + 472 cos® @i cos® 2dQ2?| | (161)
4 cos? @ cos? v r
with r, = 5% = % We define the conformally related metric by
2M 2
5% = A%ds® = —4 <1 - > did + <T> sin? (9 — @) d2. (162)
r Ty

This expression approaches the conformally compactified Minkowski metric (151)) as r —
00. As a consequence, we have an identical structure for conformal infinity. Namely, we
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Figure 15: Carter-Penrose diagram for the exterior Schwarzschild black hole (region I in
the Kruskal diagram). The asymptotic structure (in purple) is identical to Minkowski
spacetime.

have a point for spatial infinity i), two points for past and future timelike infinities iit,
as well as two null hypersurfaces corresponding to past and future null infinities, jli. All
these new points can be attached to the original Schwarzschild manifold in exactly the
same way as we did in the example above for Minkowski. The result can be seen in Figure
Notice that, in contrast to Minkowski space, not all timelike geodesics terminate at
if, as some of them penetrate through the horizon.

Figure [15] only covers the exterior of the Schwarzschild horizon. To get a full picture, we
need to move to Kruskal coordinates (U,V,0,¢), where U,V € R. The Kruskal metric
takes the form given in with , and covers all regions in Kruskal diagram |7} i.e.
r > 0. Again, let us introduce compactified coordinates:

U=tanlU — —g<0< : (163)

(164)

MR

V =tanV — —g<‘7<

Note that, in contrast to the previous case, now V < U is allowed! The Kruskal line
element in these coordinates is now:

1 32M3

ds®> = = — |-
cos2U cos?2 V r

e~ dUdV + r? cos® U cos® V dQ?| | (165)

and the conformally related metric d3? = A2%ds? is obtained with the conformal factor
A =cosUcosV.

The Killing horizon is located at r = 2M, i.e. at points where UV = 0. This corresponds
to points where U = 0 or V = 0. In the compactified coordinates, these points satisfy
U =0orV =0. On the other hand, the curvature singularity is located at r = 0,
Le. at points for which UV = 1. This leads to tanUtan V' = 1, which is satisfied iff
sinUsinV = cosU cosV, or, equivalently, cos(U + V) = 0. Takmg into account the
domain of U and V, the solution is U + V = +3.

As in Minkowski, the points of infinity correspond to |U| = 5 V| = 5, but unlike
Minkowski space, V' < U is allowed. Therefore, conformal infinity is “larger” in the
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Figure 16: Carter-Penrose diagram for the Kruskal spacetime.

Kruskal spacetime. A similar analysis as in Minkowski, where V>U, yields the points at
infinity

L P R N T (e
ﬁ:{ﬁ:mvzg} q:{ﬁ:-%?: b (167)

On the other hand, the new points of infinity allowed by the condition V < U, and not
present in Minkowski, are given by (exchange V < U)

T O T e N
qz{vzaﬁzg} g:{vz—gﬁzo}. (169)

What do these points correspond to? Recall that region IV in the Kruskal diagram [7] is
isometric to region I. The isometry is provided by a time reversal transformation: (U, V) —
(V,U). Thus, the second set of points at infinity obtained above constitute, precisely, the
conformal infinity structure of region IV in the Kruskal diagram. The full Carter-Penrose
diagram for Kruskal spacetime is displayed in Figure [I6] Note that the singular points
r = 0 are not part of the boundary of the unphysical manifold.

Example 3: conformal compactification of a spherically-symmetric gravita-
tional collapse.

Due to Birkhoff’s theorem, the exterior spacetime is determined by the Schwarzschild line
element. This is the only relevant part of the manifold needed for analyzing the asymptotic
distant structure. We already studied this case in the previous example. Therefore,
the structure of conformal infinity can be borrowed from the Carter-Penrose diagram of
Kruskal, in Figure On the other hand, the interior region depends on the particular
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Figure 17: Carter-Penrose diagram for a spherically symmetric gravitational collapse. The
exterior diagram is isometric to region I of the Kruskal diagram in Figure

physics underlying the star, but it is nevertheless causally equivalent to Minkowski space.
The Carter-Penrose diagram for the gravitational collapse is displayed in Figure
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3 The Kerr black hole solution

The Penrose-Hawking singularity theorems show that gravitational collapse is a generic
feature of general relativity, not simply a peculiarity of spherical symmetry. Consider a
body which undergoes complete gravitational collapse and forms a black hole. We can
have two different cases:

(a) Non-rotating body: spherically symmetric case.

By Birkhoff’s theorem the spacetime outside the collapsing body is always the Schwarzschild
spacetime. Therefore, the final state of the collapse is always a Schwarzschild black hole,

i.e. a stationary, non-rotating vacuum solution R, = 0 with an event horizon. This is the

case studied in detail in section 2.

(b) Rotating body: non-spherical case (as rotation breaks spherical symmetry).

No analogous theorem exists: the spacetime outside the collapsing body will in general
depend on the details of the collapse and can in fact vary with time. Despite that, the
spacetime should settle down at some point to an equilibrium state. What is this final
stationary state after the collapse?

Since the spacetime has some degree of rotation, the answer cannot be another Schwarzschild
solution. This indicates that there should be additional black hole solutions within general
relativity. Our goal in this section is to find stationary, rotating black hole solutions of
the Einstein’s vacuum field equations.

3.1 The Kerr-Newmann solution. Black holes uniqueness theorems.

We assume no spherical symmetry anymore. Since solving the vacuum Einstein’s field
equations without any hypothesis is actually a highly non-trivial problem, we will restrict
to stationary solutions with axial symmetry around the axis of rotation.

Definition. An asymptotically flat spacetime is said to be stationary iff it admits a
timelike killing vector field £ (timelike, at least, near spatial infinity).

A stationary spacetime admits a coordinate system where k = %, where ¢ is a time
coordinate. If it is asymptotically flat, there is furthermore a canonical normalization
k%q|r—00 — —1. By imposing this, ¢t becomes the natural proper time measured by static
observers at spatial infinity. Since k% is a KVF, Lrgw = %gab(t,f) = 0. Therefore, a
stationary metric has the general form

Jap(t, T)dzda’ = gy (T)dt* + 2g,;(F)dtda’ + gi;(F)dax'dz? . (170)
Definition. A spacetime is said to be static if it is stationary and furthermore there exists
a spacelike hypersurface Y which is orthogonal to the orbits of k°.

If the spacetime is static, it must be invariant under time reversal ¢ — —t. Imposing
ds?(t,Z) = ds?(—t, %) leads to gyudtdr® = —gydtdx' and therefore g; = 0. Thus, the
general form for a static metric is

Jap(t, T)dxdab = gy (T)dt?* + gi;(T)da'da? . (171)
Definition. An asymptotically flat spacetime is axisymmetric if there exists a spacelike

KVFE m® for which all integral curves are closed. Such vector field m?® is called an axial
KVF.
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An axisymmetric spacetime admits a coordinate system such that m = a%, with the equiv-
alence relation ¢ ~ ¢+27 (reflecting the closedness of the orbits of m?). Again, if the space-
time is also asymptotically flat then we have a canonical normalization, m®mg|,—co — r2.

Israel’s theorem. If (M, g,) is an asymptotically flat, static, vacuum spacetime that is
non-singular on and outside an event horizon, then (M, g,p) is the Schwarzschild (Kruskal)
black hole solution, and therefore it is spherically symmetric.

This theorem shows that the static property is actually a quite strong requirement to
study horizons with rotation. We must therefore give up with static spacetimes. We can
relax this condition and still find interesting results:

Carter-Robinson theorem. If (M, g,) is an asymptotically flat, stationary and ax-
isymmetric vacuum spacetime that is non-singular on and outside an event horizon, then
(M, gqp) is a member of the 2-parameter Kerr family:

2M ¥ 2Mra? sin? 6
ds? = — (1 - Er) dt* + Sdr® + Nd® + (r2 a2+ m;m> sin® fd¢”
_4Mrasin® 0

dtd 172
S Cdedgt(172)
where the metric is written in so-called Boyer-Lindquist coordinates {¢,r, 0, ¢}, with t € R,
r € (0,00), (0,¢) € S?, and

Y = r?+a’cos?h, (173)
A = r*—2Mr+ad®. (174)

This is a 2-parameter { M, a} solution of the vacuum Einstein’s field equations: Rg[g] = 0.
The parameter a = J/M, with dimensions of length (when G = ¢ = 1) is called the Kerr
parameter, while M is the ADM mass. Without loss of generality, we can restrict to a > 0
(the transformation ¢ — —¢ changes sign of a), with a = 0 recovering the Schwarzschild
solution.

The Carter-Robinson theorem (valid for vacuum solutions R,, = 0) can be generalized
to the Einstein-Maxwell field equations (Gg = 87TTaEbM): stationary electrovacuum black
holes must belong to the 3-parameter family {M, a, e} of Kerr-Newman solutions:

A — a?sin? 0 2 L E e N (r2 4+ a?)” — Aa?sin® 0
by A by

r2+a2 - A
)y

ds? = —

sin? 0d¢? + £dO? — 2asin® 0 dtde

s er(dt — asin® 0dg)
= S ,

where A is the electromagnetic potential 1-form, and
Y = r’4a*cos’h, (175)
A = > —2Mr+a®+é2. (176)

The 2-paramter Kerr family is obtained as a particular case when the electric charge
vanishes e = 0, i.e. {M,a,0}. Similarly, the 2-parameter Reissner-Nordstrom family is
obtained when there is no rotation, a = 0, i.e. {M,0,e}.
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It is difficult for any astrophysical body to get or maintain net electric charge. To see this,
let us evaluate the ratio between the gravitational and electric forces:

|~

E ~ 4#% — qe Ni1018ﬂ (177)
F,  m T mM M-

If |e| ~ M, F. dominates over Fy and the astrophysical body selectively attracts particles
of opposite charge until it becomes neutral. If |e|/M ~ 10718, then F, ~ F, but this case
is essentially e ~ 0 (1 single electron) for solar-mass objects M = M), which is a negligible
electric charge for such a body.

The Carter-Robinson Uniqueness theorem ensures that if a black hole forms after grav-
itational collapse of a rotating star, then the spacetime is uniquely determined by the
total mass M and angular momentum J of the original star. This is known as the
no-hair theorem. In other words, all multipole moments of the gravitational field of the
original star are radiated away in the form of gravitational waves during the collapse,
except for the mass M (which is the electric-type monopole ¢ = 0) and the angular mo-
mentum J (which is the magnetic-type dipole ¢ = 1).

The Kerr metric has not been matched smoothly to any known form of matter T,; for
the interior of a physically realistic star (unlike the spherically symmetric case, i..e the
Oppenheimer-Snyderl collapse of section 1). Still, the Ker metric is a good approximation
to the metric outside a rotating star for large distances away from the star, where all
multipole moments of the star, except the £ = 0 and ¢ = 1, are negligible. Therefore, it is
astrophysically important!

Properties of the Kerr solution:

(1) The Kerr metric is a vacuum solution of the Einstein’s field equations, i.e. it is possible
to check that (172)) satisfies R,5[g] = 0. This is however a rather tedious calculation. We
recommend the student to check it using a software algebra like xAct.

(2) The Kerr metric (172)) is asymptotically flat. More precisely, ga» — 7ap as we follow
either outgoing/ingoing null geodesics to future/past null infinity; future/past-directed
timelike geodesics to future/past timelike infinity; or spacelike geodesics to spatial infinity.
To give an example, in Boyer-Lindquist coordinates it is easy to check that the limit » — oo
while keeping {¢,0, ¢} constant recovers the Minkowski metric in spherical coordinates.

(3) Near spatial infinity, for 7 >> M, a, the metric takes the approximate form

2M 2M
ds* = —|1— - + O(T_Q)] dt* + [1 + W + O(T_Q)] dr* + [r* + O(r")] d?

- [4‘] sin?0 4+ O(r2) | dtde .
.

This is precisely the gravitational field exterior to a spinning sphere of constant density
in the weak-field limit (so-called Lense-Thirring metric). The parameters M and J are
identified with the total mass and angular momentum of the source.

(4) In Boyer-Lindquist coordinates, the Kerr metric is independent of {¢, ¢}. This implies
that {k = %, m = %} are two killing vector fields. Therefore, the Ker metric is stationary
and axisymmetric.

The Ker metric is further invariant under a reflection with respect to the equatorial plane,
0 — m—0. It is also invariant under the transformation (¢, ) — (—t, —¢), which indicates
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that it is a spinning source. These are all symmetries expected for the geometry of a
rotating body, not a spherically symmetric spacetime.

(5) The Kerr metric becomes static (i.e. invariant under ¢t — —t) iff J = 0 (no rotation).
Therefore, the Kerr metric becomes the Schwarzschild black hole solution with mass M
when a = 0 (no angular momentum and thus not rotating).

(6) In Boyer-Lindquist coordinates, the Kerr metric is singular when ¥ =0 or A = 0.

(6.a) £ = 7%+ a?cos?d = 0 iff r = 0 and § = Z. It is possible to see that curvature

invariants blow up on these points:

48 M?(r® — 1542 cos? Ort + 15atr? cos? 6 — ab cos® 0)
36

R®R e = — oo! (178)
Therefore, these points constitute a real singularity, with a ring shape, analogous to the

Schwarzschild r = 0 curvature singularity (for a — 0 this ring reduces to the single point
r=0).

6b) A=(r—ry)(r—r_)=0iff r =ry = M ++M? — a?. We have to distinguish two
situations: (i) if M? < a? then r1 € C, so there are no singularities in the spacetime. This
spacetime is unphysical for several reasons (existence of naked curvature singularities;
existence of closed timelike curves, which is a global violation of causality; etc). (ii) if
M? > a2, the metric is singular at r = r4 € R, but curvature invariants do not blow
up, these points just lead to coordinate singularities. As in the Schwarzschild case, this
indicates the presence of an event horizon!

3.2 Principal null congruences and extension across the event horizon.

Since Boyer-Lindsquest coordinates are singular at points where A(r) = 0, we need another
coordinate system to extend the Kerr metric beyond A = 0. As for the Schwarzschild
black hole, we can tailor this coordinate system by analyzing the behaviour of ingoing null
geodesics.

Let u® = 2% = % = (t,7, 0, qb) represent the tangent vector field of geodesics in the Kerr
spacetime, with affine parameter A\. The geodesic equation for null curves produces (see
exercise 19 of Exercise List)

2 2
Y% = —a(aEsin?6 — L)+ L Za [E(r? +a®) —al] , (179)
52 = +£\/[EG? +a2) — oL — A[(L — aB)? + Q], (180)
20 = i\/Q + cos2 6 <a2E2 — Siﬁ;g) , (181)
2 L a 2, 2
Yo = —[aE—M]—i—A[E(r +a*) —al] . (182)

In this system of equations there are 3 constants of motion: (i) F, which is a measure
of the energy of the test particle, derived from the stationary KVF k = %, (ii) L, which
measures its angular momentum, derived from the axial KVF m = %, and (iii) @, called
the Carter constant, which is related to the existence of a Killing tensor (see exercise 19
of Exercise List| for details).
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To solve these equations, let us choose L = aFEsin?0, Q = —(L — aF)?. Then

E 2 2 . . E
(7":“), F=+E, 0=0, ¢=a. (183)

t= A

We can now redefine A — \/FE to get rid of the constant E. The tangent vector fields for
ingoing/ principal congruence are then

oo orad 900 960 12+a®2d 9 a d

(= oy e e T s 202 184
oot T onar Toxod T onas - A ot or T rag U184
L 00 00 %0 000 a0 0 a0 o
O ONOt  ONOr  ONOH  ONOp A Ot Or Ado’
Motivated by this result, let us introduce ingoing null coordinates {v,r, 8, x} by
v=t+r., x=0¢+ry, (186)
as well as outgoing null coordinates {u,r, 6,1} by
u=t—re, YP=¢—ry, (187)
where dr, = T2Z"’2 dr and dry = xdr. It is easy to see that in the Schwarzschild limit

a = 0 these coordinates reduce to ingoing and outgoing Eddington-Finkelstein coordinates,
respectively.

Proposition. In the coordinate system {v,r, 6, x} the Kerr metric (172)) takes the form
A —a?sin? 6 2 +a?)? — Aa®sin? 6
g5t = Dm0 g L ) ]
b)) b))
2asin? 6 (r2 +a%— A)
b))

sin? Ody?

+2dvdr —

dvdy — 2asin® Odrdy . (188)

This metric is not singular for points that satisfy A(r) = 0, therefore r = r1 are mere
coordinate singularities in Boyer-Lindquist coordinates (analogous to the coordinate sin-
gularity » = 2M of the Schwarzschild metric). Consequently, the Kerr metric can be
extended across the (future) event horizon.

Proof. Using dv = dt + "% dr and dy = d¢ + Ldr we find

2 2\ 2 2 2
9 5 ™ +a 2 2 (r +a )
dt* = dv”+ < X ) dr N dvdr (189)
9 9 a® 9 2a
A9 = A+ T5dr® — Tdxdr, (190)
2., 2 2, 2
dtdé = dvdy + o +a) o g e drdy . (191)

A2 A A
Therefore, the metric (172]) reads

24in20 — A 2 2\ 2 2 (12 2 >
dsQZ“S% dv2+(r Z“) er—(T;a)dvdr + dr? + Td6®

22 A 2 2 2, .2
—2a sin? 9% (dvdx + CL(TA?t)dT2 — %dvdr ! Za drdx)
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(r2 + a2)2 — Aa?sin?6
P

+sin? 9 (dx2+ Asz - Ad)(d?“) . (192)

The terms in red simplify as

A —a?sin?0 , , a 5 . 9 _2(r2+a2) a?sin? 0

QT(T +a)+2ﬁ[r +a —A}Sll’l 0— 2 -2 2
_2(r2+a20082«9)_2
— S =2.

The terms in blue simplify as

: 5 .
2a sin® 0 (T2 +a’ - A) (T2 + a2) _ 2asin® 0 [(Tz + 02) — Aa? sin? 9}
AY Ay
s 02
- % [=A (r® + a?) + Aa?sin® 6] = —2asin®6.

and finally the terms in green provide

(a?sin?@ — A) (r? + a2)2 —2a?sin? 0 (r? + a?) [(r? + a?) — A} + a?sin? 0 [(r? + a?)? — Aa®sin? §]

A2Y
—-A (r2 + a2)2 + 2a2 sin® 0 (7”2 + a2) A — Aa*sin? 0
N A2y
—A(r2+a2)(r2+a — a?sin 9)+a2Asm 9( a®sin® 6 + r? +a)
- AZY
pM 1
=2~ al

Plugging all these results in (192)) we obtain (208]). O

3.3 Killing horizons and surface gravity

Given the isometries of the Kerr metric mentioned above, a notion of killing horizon is
available.

Proposition. The hypersurfaces {r = ri = M + \/Ta?} are killing horizons of the
killing vector fields &4 = k4 7 oM = at + =t +a2 6 5. with surface gravities .y = %
Proof. See exercise 20 of [Exercise List.

Corollary. By Hawking’s Rigidity theorem, {r = r,} is an event horizon.

In the last part of this section we will see that {r = r_} is another type of horizon, called
Cauchy horizon.

3.4 Maximal extension of the Kerr spacetime

Because the Kerr spacetime has no spherical symmetry, Carter-Penrose diagrams are not
particularly useful. To study the causal structure we would actually need a 3-dimensional
diagram. Nevertheless, a 2-dimensional Carter-Penrose diagram can still be useful for
the {§ = 0} or {# = 5} submanifolds, because these submanifolds are totally geodesic
(meaning that geodesics always remain tangent to them).
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Figure 18: Carter-Penrose diagram for the totally geodesic submanifold {# = 0} of the
maximally extended Kerr spacetime.

A Carter-Penrose diagram of the maximally analytical extension when M? > a? for the
submanifolds {# = 0} and {6 = T} can be found, but details will be omitted. The result
can be consulted in Figure The diagram can be infinitely extended in both time
directions. The hypersurface {r = r; } denotes the event horizon, while the hypersurface
{r = r_} indicates the location of the Cauchy horizon (to be explained in later sections).

The case M? = a? is called the extreme Kerr black hole, and it is unstable. It has
degenerate killing horizons at 7+ = M (the surface gravity vanishes, k+ = 0, as can easily
verified), with KVF given by &x = k + Qgm, Qp = ﬁ This case is unphysical: the
third law of black hole mechanics shows that is impossible to spin up a black hole to the
extreme Kerr configuration.

3.5 Dragging of inertial frames and ergoregion

The fact that the Kerr black hole is rotating introduces a whole series of new phenomena
that were absent in the non-rotating, Schwarzschild black hole. One of these effects is the
dragging of inertial frames by the rotating body sufficiently close to the horizon, in the
strong-field regime. We will explore this topic and its physical implications in this and
next sections.

Let 71 (t) represent the integral curves of the vector field k = %, where ¢ is the time coordi-
nate in Boyer-Lindquist coordinates. These curves represent the orbits of static observers.
In particular, their azimutal variable remains constant along these curves:

¢ =k"Vaep=0— &(11(t)) = ¢po = const. (193)

These observers must be held fixed by an external agent, otherwise they would fall into the
black hole by the gravitational attraction. Consequently, the motion of static observers in
the Kerr black hole cannot be geodesic (i.e. they are not in free fall). The parametrization
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t is the time measured by the static observers at spatial infinity.

t2 t2 2Mr
lim dt'\/ —gap (Y ) ke (v () kb (y(')) = lim dt'\[1— =ty —t1. (194
Jim [\ g @R GG ) = lim a1 - = )

Let us switch now to observers moving with 4-velocity £¢ = k% + Qm?®, with ) a constant
real number. One can check that £ is indeed timelike, £%¢, < 0, at least in the exterior
of the horizon r > r,. From a physical viewpoint, what class of observers do the integral
curves of £% represent? On orbits v2(A) of £* = a% we have

£V (p— Q) = —Q+Qx1=0— d(12(\) = Q) + o . (195)

Therefore, particles following the orbits of the vector field £* rotate with uniform angular
velocity 2 around the black hole as measured by static particles located at spatial infinity
(those on orbits of k* which measure in time t), and hence relative to a static frame
at spatial infinity. Because the radial coordinate function of these particles still remains
constant, r(v2(A)) = const, we call them stationary observers, as they follow periodic
motions in a coordinate plane with constant angular velocity 2. A stationary observer
with € = 0 reduces to a static observer.

It is easy to see that the null (geodesic) generators of the Killing Horizon {r = r;}

follow the orbits of £€* with Q = Qp = ﬁ See exercise 20 of Exercise List| for details.
+

Consequently, the Kerr black hole horizon is rotating with angular velocity {25 as measured

by static observers at spatial infinity. We call 2 the angular velocity of the horizon.

Static observers in the Kerr spacetime have a 4-velocity given by u® = \/%, normalized
to u*u, = —1. However, similarly to what happed in the Schwarzschild case, they cannot

exist everywhere as timelike vector fields in the spacetime since a static limit exists when
k%, = 0:

A — ar?sin?6

kK'kq = git = — >

(196)

Thus, the vector field k% is timelike iff A — ar?sin?6 > 0 (notice that ¥ > 0), which is
satisfied iff (r — r%)(r —r¢) =r% — 2Mr + a® cos? § > 0, where

2M £ /AM? — 4a? cos? 0
re = v 5 TV _ M+ /M2~ a2cos?. (197)

Since r¢ > r¢, then the vector field k% is timelike iff > r¢ (or 7 < r¢, but this case is
physically irrelevant and will not be considered here). The hypersurface {r = r¢} where
the static vector field £ becomes null is called the ergosphere, and it represents the “static
limit surface”. The ergosphere lies outside the event horizon:

re =M+ \VM?—a?cos?0 > M+ M?—a?=r,. (198)
Notice the sharp contrast with respect to the Schwarzschild spacetime: the KVF k% is

timelike at spatial infinity but can become spacelike in a region outside the event horizon!

Definition. The spacetime bounded by the event horizon {r = r;} and the ergosphere
{r =%} is called the ergoregion, {r; <r <r%}. See Figure

What is the physical meaning of this ergoregion? Does the ergosphere represent a notion
of horizon, in some sense? To answer these questions, let us consider circular, null curves,
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Figure 19: Tllustration of the ergoregion in the Kerr spaceetime. The ergosphere (in green)
lies outside the event horizon (in black), and the spacetime in between defines a region
where dragging of inertial frames is unavoidable.

parametrized with the time ¢ measured by static observers at infinity. In coordinates
2o(t) = (t,r(t),0(t), ¢(t)), with 4-velocity u® = Z-, we require 7* = § = ds?> = 0. The null
condition u®u, = 0 gives

0 = gudt? 4 2gspdtde + gssde® , (199)
or, equivalently,
do do\*
0= 20— — . 200
gu + gt¢dt+g¢¢<dt) (200)

Let us define ) := %. Then the solutions of this equation are

—Gt¢ £/ 935 — 9196
¢ . (201)

QL =
Go¢
Given that
2M
Gto = —asinQGTT <0, (202)
5 9 9 . 9 2 2 2 2
+ — a’sin® 0 +a“) +2Mra*sin” 0
- ((r a) a” sin )g a) ra” sin .y
2Mra®sin® 6
= (P +a?) + T sin? g > 0, (203)

by

we conclude that 4 > 0. In other words, a photon orbits the black hole in the same
direction of rotation as the horizon does.

~9t6—1/9is—9tta.
Proposition. The angular velocity 2_ = @ g;;b 999 of circular null curves satisfies
Q_<0iff r > rg.

Proof. We have 0 < 0 iff —g;y < 1/gt2¢ — st iff gfd) < gfd) — 9es9tt it ggpgn < 0 iff
gt <0 iff r > 1.
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Corollary. If r < r¢ (inside ergosphere), then the angular velocity of circular null curves
satisfies Q4 > 0.

Consequently, particles are forced to orbit the black hole in the direction of rotation
of the horizon as measured by static observers at infinity. This phenomenon is called
“dragging of inertial frames”. Particles at r = r{ attempting to orbit against the black
hole direction of rotation must travel at the speed of light v = ¢, and they can only manage
to remain static (relative to a static frame at infinity) at most. Notice that observers with
mass (not traveling at the speed of light) cannot remain static inside the ergoregion, even
if an arbitrarily large force is applied to them, because the dragging of inertial frames
compels them to rotate with the black hole.

We have seen that inside the ergosphere observers must move in the same azimutal direc-
tion ¢ as the black hole horizon does as seen by static observers at infinity. However, it
is important to keep in mind that these observers are still free to move radially towards
or away from the event horizon. In other words, they are not “radially trapped”, they are
only “azimutally trapped”.

On the other hand, stationary observers have 4-velocity u® = \/_énga, normalized to
u®u, = —1. They cannot exist everywhere in the Kerr spacetime as timelike vector fields

either. A stationary limit exists when £%¢, = 0, which imposes a constraint on the allowed
values of €. This is, precisely,

Q_(r,0) < Q< Qy(r,0). (204)

As r decreases, Q)_(r, 6) increases while Q4 (r, 0) decreases. A critical point is reached when
Q_ = Q = Q4, which is satisfied iff » = r,, which we identify with the event horizon.
In conclusion, stationary observers cannot exist inside the black hole region, as expected
since they must necessarily fall inwards radially. In fact, any arbitrary observer/curve
inside must satisfy 7 < 0 (exercise).

3.6 Energy extraction: Penrose process and superradiance

The existence of an ergoregion leads to rich and interesting phenomenology of physical
interest. In particular, when there is an ergosphere, energy can be extracted from a black
hole in different ways. In this subsection will study two mechanisms that illustrate this
effect.

Let us consider a particle that propagates from infinity towards a Kerr black hole. The
initial energy of the particle is Fy = —p®k,, where k = % is the timelike KVF of static
observers at infinity, and p® is the causal curve representing the particle’s trajectory. Since
both k and p are future-directed (around spatial infinity), Fy > 0. Furthermore, since k
is killing and the particle follows a geodesic (free fall), Ey is constant along the trajectory.

Suppose that when the particle gets in the ergoregion it decays into two particles, one
of which falls inside the horizon with energy FE7, while the other escapes to infinity with
energy Fs. See Figure[20] By local conservation of energy, Fy = F1+ FEs, so Fs = Ey— F;.
Typically, in most physical situations one has £; > 0 so Fy < FEjy, i.e. the outgoing particle
has always less energy than the ingoing one (because part of the energy is carried away
by the second particle of the decay). However, By = —p{k, is not necessarily positive
when r < r¢ since k£ becomes spacelike. Therefore, E1 < 0 is allowed, which leads to
amplification of energy: FEs > FEy. This is called the Penrose process: energy can be
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Figure 20: Penrose process. A particle enters the ergoregion and decays into two particles,
one falling through the horizon with negative energy F; and another one escaping to
infinity with energy FEo greater than the energy Fy of the original particle.

extracted from the black holelf]

How much energy can be extracted from a Kerr black hole? Are there any limitations?
Particles with E < 0 also have negative angular momentum L := p*m, < 0. Given that (i)
" = k% + Qym? is a future-directed null vector field on the horizon r = r, (see previous
subsection), and (ii) p® is a future-directed timelike or null vector field, then we must have
—pa&® > 0, which gives E — QgL > 0, OTE]
E

L< O (205)
If the particle inside the ergoregion falls into the horizon with negative energy, £ < 0,
then it must also carry negative angular momentum L < 0. Therefore, the black hole’s
angular momentum is also reduced in the Penrose process. More precisely, an initial black
hole in the state (M, J), with mass M and angular momentum J, transitions to a state
(M +0M,J + 6J) after absorbing the particle, with 0M = E < 0 and 6J = L < 0. In
particular, §.J < ?T]\g during the Penrose process. Once the black hole reaches the limit
J = 0, there is no ergosphere anymore, and there is no further energy extraction. This is,
energy can be extracted only until all the angular momentum of the black hole is gone. In
other words, in the Penrose process the outgoing particle extracts only rotational kinetic
energy of the black hole, not its mass.

The constraint §.J < ?T]Z mentioned above during the Penrose process has a simple geo-
metrical interpretation. Let us perturb the quantity M? + M1 — J2:

1

S(M? + /M4 — J2) = 2MM +
2v/ M4

= (4M3SM —2J6J) . (206)

If we demand this result to be equal or greater than 0, we obtain

M 2M
s MY T M) 2 ) < ST ) + M) e

6Note that both E; and E> cannot be negative at the same time since Fy > 0.
Qi > 0 without loss of generality.
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This last equation shows that the inequality dJ < 6M is equlvalent to §(M2+v/M* — J2) >

0. Consequently, the particular combination M2 —|— \/ — J? must increase in a Penrose
process!

Proposition. The quantity A := 47(r% + a?) = 87(M? + vV M* — J?) is the area of the
event horizon for a Kerr black hole.

Proof. The area of a 2-dimensional surface in the spacetime is given by the integral
A= fS2 Vdet h dfd¢, where hgp is the induced 2-dimensional metric on the sphere S2.
The sphere of interest is the intersection H* N {v = vy} for any constant vy € R, where
HT = {r =r,} is the null hypersurface corresponding to the event hOI‘lZOIl The induced
metric can be read off from the full Kerr metric in ingoing coordinates .

0 —a®sin?6 [(r? + a?)? — 0a” sin” §]

2 2 .2 a \2
dS ‘{v:’l}o}ﬂ{r:rl_]} == —?0 + Zde + D S1n a(dgb + ZO)

2a sin? 6 (r2 +a2— 0)

20dr —
+20dr >

0dy — 2a sin? H0dx(208)

Then,

det h = E(T+ —;a 0k sin? @ — Vdeth = (r} +a*)sind, (209)

and the area formula gives
2 ™ 2m 1
A= / d¢/ dfvdet h = / d¢/ dcosO(ry +a?) =4n(r? +4d%). O  (210)
0 0 0 -1

Corollary. Energy extraction by Penrose process requires 64 > 0.

This last result shows that the Penrose process is just a particular case of what is known
as the 2nd Law of black hole mechanics H More precisely:

Hawking’s area theorem. Under certain reasonable assumptions (weak energy condi-
tion plus cosmic censorship), the area of the future event horizon of an asymptotically flat
spacetime is always non-decreasing.

Although the Penrose process is physically possible and plausible, it is actually not an
efficient extraction mechanism of rotational energy from astrophysical black holes [10].
Fortunately, there is an analogue mechanism using classical waves instead of particles:
this is known as super-radiant scattering. This is a simpler energy extraction mechanism.
We will illustrate this idea here with a simple example.

Superradiance of a massless scalar field by a Kerr black hole. The stress-energy
tensor of a minimally coupled, massless scalar field reads

1
T = VadVod = 59abV eV 0, VT =0. (211)

8 Black holes in general relativity satisfy a mechanical analogue of the 4 laws of (equilibrium) thermody-
namics if one interprets the surface gravity x and horizon area Ag as a notion of temperature and entropy
for them, respectively [9]. The zero law is just the statement that the surface gravity (temperature) is
constant on each point of the event horizon. For a proof in a Kerr black hole, see exercise 20 of Exercise
List, The first law claims that a small perturbation of a black hole of mass M and angular momentum
J satisfies 8%6AH = 0M — QudJ. For a proof in a Kerr black hole, see exercise 21 of Exercise List.
The second law is the statement that area (entropy) cannot decrease in any physical dynamical process.
Finally, the third law is the statement that it is impossible, by any procedure, to reduce the surface gravity
K (temperature) to zero by a finite sequence of operations.
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Given the timelike stationary KVF k = 8t, we can construct a conserved energy current
given by the formula (see exercise 9 of Exercise List)

1
j = —T%kb = V% kbVyo + VOV (212)
It is easy to check that this current is future-directed:

k“kz kL
CVGVeh = (K"Vag)? +

—kaj* = (k*Va¢)? — “Te > 0, (213)
where the last inequality follows from the timelike nature of k%, k%k, < 0, and from the
classical energy conditions applied to the trace T}

Let 31, 39 be two spacelike hypersurfaces within a foliation of the exterior spacetime of
the Kerr black hole, as illustrated in Figure and let N denote the portion of the event
horizon bounded by ¥; and 5. Let n represent the timelike normal to this foliation. The
null vector normal to the horizon is £* = k% 4+ Qpm®. If the spacetime volume bounded by
these three hypersurfaces is denoted by S, the energy-flux conservation V,j* = 0 implies,

0 = /d%xﬁ—gvaja:/ dS“ja:/ dSaj“—/ dSaj“Jr/ S, j°
S oS Yo 1 N

= EQ—E1+/ dSaja, (214)
N

where in the second equality we used Stokes theorem and the identity V,j = \/%—gé?a(\/ —gj%).
Above, E; is the energy of the scalar field on the spatial hypersurface ;. The energy flux
across the event horizon is calculated as

AE =FE,— Ey = / dS.j" = —/ dAdvE,j* (215)
N N

where in the last equality we noted that —£% is the outward-directed normal to the hyper-
surface N (this is determined by continuity of the normal vector —\/% g™Vyr, see Figure

. The energy per unit time v gives

_dE o a b _ 9¢ 9¢ | 0
_dv__/§2dA§aJ _/S2dA(§ Vau9)(k vb¢)_/SQdA |:(:)+QH6X:| o’ (216)

where we used £%k,|n = 0 in the third equality, and k| = %\N, & = av +Q Hax 1%
in the last equality. To obtain a more explicit result, let us assume a monochromatic
scalar wave of constant frequency w, azimutal number m, and constant amplitude ¢,
¢ = ¢o cos(wv — my). The integral above is trivial and we obtain:

P = (Z;%AHw(w —mQy). (217)

For field modes with w > mQy the energy flux crossing the event horizon is positive, and
therefore Fs < Fj, i.e. the monochromatic scalar wave loses energy after the scattering
off by the Kerr black hole. However, if w < m£y then the energy flux across the horizon
is actually negative, P < 0. This is, a wave mode (w, m) that satisfies this condition gets
amplified by the black hole. This can only occur when there is rotation, g, so the scalar
wave extracts rotational energy from the black hole in this process.
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Figure 21: Analysis of the energy flux conservation of a classical field in the exterior
spacetime of a Kerr black hole. The presence of an ergoregion lying outside the event
horizon can make some waves to produce a negative energy flux across the event horizon,
leading to the phenomenon of superradiance. If the transmitted energy flux is negative,
then the reflected wave amplitude is greater than the incident wave amplitude.

Similar conclusions apply for electromagnetic and gravitational waves, but the calculation
is technically more involved. The scalar case provides a simple example to illustrate the
main point of superradiance.

In conclusion, if a scalar, electromagnetic or gravitational wave is incident upon a black
hole, the transmitted wave will be absorbed by the black hole and the reflected wave will
escape back to infinity. Normally the transmitted wave carries positive energy and the
reflected wave has, as a consequence of energy conservation, less energy than the incident
wave mode. However, if the black hole is rotating, and if the wave mode satisfies the
superradiant condition 0 < w < mf2, then the transmitted wave will carry negative energy
to the black hole horizon, and therefore the reflected wave will return with more energy!
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Figure 22: Example of a non time-orientable spacetime.

3.7 Predictability and Cauchy horizons

In previous sections we identified the hypersurface {r = r;} as the event horizon of the
Kerr black hole. What is the physical or mathematical significance of the hypersurface
{r =r_}7 In this section we will see that it is connected, from a PDE viewpoint, with the
limit of predictability of the theory. In this sense, it represents another type of “horizon”,
one beyond which the physics cannot be determined by fixing initial data on a spatial
hypersurface.

Before getting into specific details on the topic of predictability, it will be convenient to
review basic aspects on the causal structure of spacetimes.

Basic definitions on causal structure

Definition. A spacetime (M, gq) is time-orientable if a continuous assignment of future
lightcones can be made across M. An example of a non-orientable spacetime is displayed
in Figure [22] (although the underlying manifold M is orientable).

Proposition. A spacetime (M, gq) is time-orientable iff there exists a smooth non-
vanishing timelike vector field ¢* on M. For a proof, see [3].

Definition. Let (M, gqp,t*) be a time-orientable spacetime. A timelike/null vector v®
lying in the future/past light cone of ¢* will be called future/past directed. This happens
whenever gqpt®v® < 0/ gapt®® > 0.

Definition. Let (M, gu,t*) be a time-orientable spacetime. A curve v(t) is a future-
directed causal curve if V¢ € I the tangent vector v?(t) is future-directed timelike or null.

Definition. Let (M, gqp, t*) be a time-orientable spacetime. We define the chronological
past(-)/future(+) of a point p € M or of a subset S C M as the following subsets:

It(p) = {qg€ M /3y:[0,1] — M future-directed timelike curve withy(0) = p, (1) = ¢}
I"(p) = {q€ M /3y:[0,1] = M past-directed timelike curve with~y(0) = p,v(1) = ¢}
=) = |JI*o

peS

Definition. Let (M, g.p,t*) be a time-orientable spacetime. We define the causal past(-
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Figure 23: Causal past (J~) and future (JT) of an arbitrary point p € (R?,7,;) (left) and
of a set [a,b] € R (right).

///f("’)//"gr 17
:[_ ‘,e:\,d’ ALvaoved
P

Figure 24: An example in (R? — {0}, 74) where J*(S) # J*(9). The point removed in
the figure represents “0”. Although ¢ ¢ J*(p), we do really have ¢ € J(p).

)/future(+) of a point p € M or of a subset S C M as the following subsets:

JH(p) = {g€ M /3vy:[0,1] — M future-directed causal curve withy(0) = p,v(1) = ¢}
J (p) = {q€ M /3y:]0,1] = M past-directed causal curve with(0) = p,vy(1) = q}
THs) = U W)

peS

Example. In (R?,74), J¥(p) is the interior and surface of the future/past lightcone of
p, including the point p itself. See Figure

Proposition. Let J*(S) be the union of J*(S) and the ‘limiting points of S” (more
precisely, the topological closure of the set JE(S)). J(S) = J(S) iff J*(S) is closed (as
happens in the full Minkowski space).

For a general spacetime (M, gu), J¥(S) might not be closed. An example is given in

Figure

Proposition. The following properties hold:

(a) I (p) C J*(p)

(b) If ¢ € J™(p) — I'*(p), any causal curve connecting p to ¢ must be a null geodesic.

(c) J*(S) C IT(S). This, together with IT(S) C J*(S), implies IT(S) C J*(S) C IT(9),
or IT(S) = JH(9).
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Figure 25: Examples of achronal sets (left) and non-achronal sets (right) in 141 dimen-
sional Minkowski space.

(d) I™(S) = interior[J*(S)] (topological notion of interior).
(e) IT(S) = aJ™(9).

Basic definitions on predictability

Roughly speaking, we can say that predictability is the notion by which a collection of
physical events can be “entirely determined” from a set of events X located “in the past”.
This is basically the initial value problem in the theory of PDEs. To define all these
concepts in precise terms, we need the following:

Definition. A subset ¥ C M is called an achronal set if no two points are connected by
a timelike curve in M, i.e. IT(X)NYE = 0 (it is a hypersurface if edge(X)= 0).

Examples.  The left panel of Figure shows two achoral sets in Minkowski space
(R2,745). The right panel of Figure 25 shows three sets in (R2,743) that are not achronal
because two points can be connected by timelike curves.

Definition. The future (+) and past (—) domain of dependence of an achronal set ¥ are
the sets

DT (X) = {p € M/every past-inextendible causal curve through p intersects ¥} ,
D™ (¥) = {pe€ M/every future-inextendible causal curve through p intersects ¥} .

The full domain of dependence of ¥ is D(X) = D*(X)U D~ (X). Note that ¥ ¢ D*(X) C
JE(D).

A picture that illustrates the significance of the future domain of dependence is given in
Figure Given initial conditions on some achronal set X, we should be able to predict
what happens at p € DT(X). If p € IT(Z) but p ¢ DT(X), it is still possible to send a
signal to p without influencing the data on ¥, so initial conditions on ¥ do not suffice to
determine what happens at that p. In other words, D(X) represents the complete set of
events for which all information can be entirely determined by a knowledge of conditions
on Y. The behaviour of solutions of hyperbolic PDEs outside DT (X) is not determined
only by initial data on 3.

Example. Let us consider Minkowski space (R?,17,,) and the achronal set ¥ = {(0,z) €
R?/z > 0}. It is easy to see that the future and past domain of dependence of ¥ are given
by

DF(®) = {(t,x) eR?*/0<t <z},
D= (%) = {(t,z) eR*/0< —t<z}.
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Figure 26: Example of a domain of dependence of the achronal set X.
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Figure 27: Future (4) and past (-) domain of dependence of ¥ = {(0,z) € R?/z > 0} in
Minkowski space (R?,7,s).

N

These sets are drawn in Figure

Definition. A Cauchy surface ¥ is a (topologically closed) achronal set with D(X) = M.
Since ¥ is achronal, we may informally think of 3 as representing an ‘instant’ of time in
M.

Definition. A spacetime (M, g,p) is called globally hyperbolic if it contains/admits a
Cauchy surface.

In a globally hyperbolic spacetime the entire future (past) history of the Universe can
be predicted (retrodicted) from conditions at the “instant of time” ¥. In a non-globally
hyperbolic spacetime, we would have a breakdown of predictability, i.e. knowledge of con-
ditions at a single “instant of time” would never suffice to determine the complete history
of the Universe. Physically realistic spacetimes are expected to be globally hyperbolic, to
ensure a notion of predictability (incidentally, global hyperbolicity also ensures that no
closed timelike curves exist, which constitute a clear violation of causality).

Examples. See Figure
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Figure 28: Top left: {t = 0} is a Cauchy surface for Minkowski spacetime (R*,7,p),
therefore it is globally hyperbolic. Top right: ¥ = {U + V = 0} is a Cauchy surface for
Kruskal spacetime, therefore it is globally hyperbolic. Bottom left: a spherical, pressure-
free gravitational collapse is globally hyperbolic, as either ¥ or Yo are Cauchy surfaces.
Bottom right: (R% — {(0,0)},74) is not globally hyperbolic, because D(X) # R2.

Theorem. Suppose (M, gqp) is a globally hyperbolic spacetime. Then:

(a) There exists a global time function, ¢ : M — R, such that —g®V,t is a future-directed
timelike vector field.

(b) %y = {p € M / {(p) = t} are Cauchy hypersurfaces and ¥; ~ %y = X for all ¢, € R.
(c) M ~R x X.

In particular, notice that X; U Xy = ) for ¢t # ', and M = [J,cp X¢. Because of this, we
say that the spacetime M is foliated by ¢t = const Cauchy hypersurfaces.

Proof. See Theorem 8.2.2, Theorem 8.3.14, and Proposition 8.3.13 of [3].

Example 1. Let us consider Minkowski space (R*, 14;) covered by global cartesian coordi-
nates {t,x,y, 2z}. The coordinate function ¢ : R* — R is such that t* = —n®V,t is timelike
(t%, = n'* = —1 < 0) and future-directed (# = —n' = 1). Furthermore, {t = const} = R?
are Cauchy surfaces and R* ~ R x R>. See Figure ??.

Example 2. Let us consider Kruskal spacetime (M, gqp) covered by Kruskal coordinates
{U,V,0,¢}. There exists the function 7' : M — R, defined by T'(p) = U(p) + V(p), which
allows to obtain the vector field 7% = —¢®V,T, which is timelike (T°T, = 2¢VV < 0)
and future-directed. Then {U + V = const} = R x S? are Cauchy surfaces and M =~
R x (R x §?) ~ R? x S2.

If a spacetime (M, gp) is not globally hyperbolic, then Dt (X) and/or D~ (X) will have a
boundary in M for any ¥ C M, that we call the Cauchy horizon.
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Figure 29: Examples of future Cauchy horizons H*(X) in 141 dimensional Minkowski

space (R, nap).

Definition. The future (+) and past (-) Cauchy horizons H*(X) of a (closed) achronal
set X are

H'(Z)=D*(¥) - I"[D"(D)],
H (X)=D-(%)—-IT[D (2)].
The full Cauchy horizon is H(X) = HT(X)U H~(X).
Proposition. The Cauchy horizon is given by the boundary of the domain of dependence:
H(X) = Front[D(X)].
Proof. See proposition 8.3.6 of [3].
Examples. See Figure
Corollary. If M is connected, a (closed) achronal set ¥ is a Cauchy surface for (M, gup)
iff H(X) =0.
In other words, H(X) measures the failure of ¥ to be a Cauchy surface.

Example. The maximal analytical extension of the Kerr spacetime is not globally hyper-
bolic. See Figure

We are now familiarized with the domain of predictability of a given achronal set. The re-
maining question is: how can we formulate an initial value problem for General Relativity?
We will summarize the discussion in [3] (page 255).

Einstein’s equations Gy, = 871y, can be viewed as an initial value problem. Consider
a 3 dimensional Riemannian submanifold > C M with metric hg,, unit normal n® and
extrinsic curvature Ky, = %Enhab = %hab, with trace K = ¢®K,. Let D, denote the
Levi-Civita connection of h,,. Then:

Gunn® = 8rTypn®n® = R® — K%K, + K2 = 167T,,n"n’, (Hamiltonian constraint)
Garbhglnb = 87rTarbhg/nb — Dy K, 3 - DK = 87rTarbhg/nb ,  (Momentum constraint)
Gawyh W = 81Tyuyh®hY — LonKay = —DaDyN + N{PR+ KK — 2K K¢, + 47(...)} .

(evolution equation)

Theorem (Choquet-Bruhat, Geroch 1969). Given initial data (3, hap, Kap) satisfying
the vacuum constraints, there exists a unique (up to diffeomorphism) spacetime (M, gqp),
known as the maximal Cauchy development of (X, hqp, Kqp), such that:

(a) (M, gap) obeys the vacuum Einstein’s field equations, Ry[g] = 0.
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Figure 30: Carter-Penrose diagram for the totally geodesic submanifold {# = 0} of the
maximally extended Kerr spacetime. The achronal surface ¥ is not of Cauchy surface
for the maximally extended Kerr manifold because the domain of dependence has the
boundary H*(X)UH ~(X). Even if we fix initial conditions on X, there occurs a breakdown
of predictability beyond H* ().

(b) (M, gap) is globally hyperbolic with Cauchy surface X, D(X) = M.

(¢) The induced metric and extrinsic curvature of ¥ are, precisely, hq and Ky, respec-
tively.

(d) Any other spacetime obeying (a)-(c) is isometric to a subset of (M, gap).

Furthermore, the solution for g,, on M depends continuously on the initial data (hqp, Kap)
on .

Proof. See Theorem 10.2.2 of [3].

This theorem ensures that general relativity has a well-posed initial value formulation.

3.8 Inextendibility and Strong Cosmic Censorship

The theorem by Choquet-Bruhat and Geroch ensures that there always exists a maximal
Cauchy development (M, gqp) of some given initial data (X, hep, Kqp). However, it does
not guarantee that (M, g,p) is inextendible, so that a well-defined notion of predictability
exists. In other words, the maximal Cauchy development given by the theorem may still be
extendible, in the sense that it may contain a Cauchy horizon. In that case, the extension
is not unique outside D(X) = M, as those points are not determined by the initial data on
Y (i.e. the extension cannot have 3 as a Cauchy surface) and the resulting spacetime fails
to be predictable beyond the Cauchy horizon. What conditions should the initial data
(3, hap, Kap) satisfy in order to get an inextendible maximal Cauchy development?

To begin with, we will first give a simple example where, indeed, the maximal Cauchy
development given by the Theorem of Choquet-Bruhat and Geroch fails to be inextendible.
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Example. Let us consider the initial data (X, hqp, Kqap) given by

Y = {(x,y,2) eR* /2 >0}, (218)
hav = Oap, (219)
Kug = 0. (220)

The maximal Cauchy development (M, g,5) obtained from this initial data is

M = {(t,z,y,2) e RY/|t| <z}, (221)
Gab = MNab - (222)

This M can be isometrically embedded in Minkowski space (R?*,17,), therefore M is ex-
tendible to all Minkowski space.

In this previous example (M, gq.) was extendible because (X, hyp) is extendible. Is the
maximal Cauchy development always inextendible if we restrict to inextendible initial
data? Let us see a counter-example:

Example. Let us consider the Schwarzschild spacetime with negative mass M < 0. The
manifold is R x RT x S?, and the metric reads

2| M 2 M\ !

ds* = — <1 + H) dt* + <1 + H) dr? + r2d0? . (223)
r r

This spacetime contains a naked curvature singularity at = 0 (there is no event horizon

anymore). Take the following initial data

Y = {(r,0,0) € RxS*/r >0} = {t =0}, (224)
2| M
hay = <1 A |> VarVpr +12dQ2, (225)
T
Kay = Lpha, with n® = —g®V,t. (226)

This initial data (X, hgp) is inextendible. Does the maximal Cauchy development cover
the full manifold R x Rt x S?? Let us study the domain of dependence of ¥. For this,
consider null outgoing and radial geodesics:

dt\? dr\? do\? do\?
0=9q alb = N rr | Sy n EN 22
JapW U Gtt (d/\> +g (dA) =+ goo (d/\> + oo (d)\) (227)
/M| [ dt\? )M\t [ dr)?
—(1 - 14 21 — 22
< + r ) (dA) + ( + r dx) (228)

where u® denotes the tangent vector field of these geodesics and A the affine parameter.
If we change the parametrization of the geodesics from A to r, this result implies

-1
% = <1 + 2";\4') = 2\5\4I +0(r), (229)
which can be integrated to give
2
Hr) = to+ qrom + or’). (230)

We see from this that if g > 0, these null geodesics never intersect 3. Therefore, Jp €
R x RT x S§? such that p ¢ D(X), as illustrated in Figure Consequently, D(X) #
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Figure 31: Null outgoing, radial geodesics (in blue) in the negative-mass Schwarzschild
spacetime. It is clear that X, although inextendible, is not a Cauchy surface of this
spacetime.

Figure 32: Maximal Cauchy development of the initial data specified in Example X.
The presence of a Cauchy horizon indicates that the maximal Cauchy development is
extendible.

R x Rt x §?, i.e. ¥ is not a Cauchy surface of R x Rt x S2. The Cauchy horizon is
H(X) = {to = 0 geodesics}. The solution outside D(X) is not determined by the data
on X (in particular, it could differ from the negative-mass Schwarzschild spacetime).

In the example above the initial data (X, hyp) was inextendible, but it was not geodesically
complete (because of the r = 0 singularity). The maximal Cauchy development was
extendible because the initial data was singular. Is the problem finally solved if we restrict
to non-singular initial data? Again, the answer is no:

Example. Let us consider Minkowski spacetime (R4, Nab), and the initial data

Y o= {t,7) eRY £ +2” + 42+ 2% = —1,t <0}, (231)

hay = induced metric on 3, (232)
1

K, = i'cnhaba n® = normal vector to X. (233)

The maximal Cauchy development of this initial data is illustrated in Figure and
corresponds to the interior of the past light-cone of the origin. This is clearly extendable,
as indicated in the figure.

Notice how in the previous example the initial data (3, hyp) is inextendible and geodesically
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Figure 33: Cauchy horizon (in red) of the spatial hypersurface ¥ (in blue) in the Kerr
spacetime.

complete, but (M, g) is still extendable because the initial data set is “asymptotically null”.
To avoid this problem, we will further restrict to asymptotically flat initial data.

Definition. We say that (X, hqp, K4p) is an asymptotically flat end if:

(a) X is diffeomorphic to R® — B, where B is a closed ball centered at the origin of R3.
(b) hapy = dap + O(r~ 1), Ko = O(r~2), in cartesian coordinantes (x,vy,2) € R3.

(¢) Ochap = O(r~2).

Definition. A set of initial data is called asymptotically flat with IV ends if it is the union
of a compact set with N asymptotically flat ends

(S, hats Kap) = | J(£D, 1), K. (234)
i€l

Example. In the Schwarzschild spacetime with M > 0, ¥ = {t = to,r > 2M} is
asymptotically flat with 2 ends (connected by the Einstein-Rosen bridge), for any ¢y € R.

Now, will the asymptotically flat initial data lead to an inextendible maximal Cauchy
development, as desired? Let us see the following:

Example. Let us recall the Carter-Penrose diagram for the totally geodesic submanifold
of the maximally extended Kerr spacetime. This is given in Figure It turns out
that the (X, hqp, Kgp) given in the Figure is an inextendible, geodesically complete, and
asymptotically flat data. Still, the maximal Cauchy development (M, g.p) is extendible
beyond the Cauchy horizon H = {r = r_}, where the metric is perfectly regular. Is this
result indicating the end of physical validity of General Relativity? Physics cannot be
predicted inside black holes?

Despite this result, it turns out that the Cauchy horizon usually becomes singular when
subjected to any perturbation, no matter how small. Gravitational perturbations of the
exterior region will generate gravitational waves. Some of these waves will cross the horizon
either directly or after secondary scattering by the curvature of the background spacetime.
As a result, one expects an infinite number of scattered waves between an observer outside
the event horizon, and future null infinity. These scattered waves will accumulate near
future null infinity and, by continuity, also near the Cauchy horizon. Therefore, an infinite
density of wave-fronts will accumulate around the Cauchy horizon. An observer attempting
to cross the Cauchy horizon will experience the impact of an infinite flux of gravitational

66



Figure 34: Instability of the Cauchy horizon of the Kerr spacetime.

radiation, and so it should see the Cauchy horizon as an effective physical barrier beyond
which it cannot cross. See Figure

Although a violation of global hyperbolicity is known to occur in the Kerr spacetime,
it appears that small perturbations of initial data (hgp, Ka) on an achronal surface ¥
may destroy the extendibility of the maximal Cauchy development, so that no “generic”
violations are possible. This motivated Penrose to conjecture that all physically reasonable
spacetimes are globally hyperbolic and lack Cauchy horizons:

Strong Cosmic Censorship conjecture. Given vacuum initial data (3, hgp, Kgap) that
is geodesically complete and asymptotically flat, then, “generically”, the maximal Cauchy
development is inextendible (thus, globally hyperbolic).

A general proof of the conjecture is still lacking. The conjecture has been shown to be
true for nearly flat data. However, without the “generic” assumption, which is left open
and needs to be rigorously stated, the conjecture is known to fail in some examples. In
other words, with a carefully fine-tuned choice of initial data, it is indeed possible to find
counterexamples of the conjecture, such as the Kerr black hole found above, or even the
Kerr-Newman spacetime.
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