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I. Introduction to QW

Same prob. to move left or right

In the CRW



I. Introduction to QW

Hilbert space H = Hp ⌦Hc

coin state 2 H

|ii canonical basis 
canonical basis of|ci c 2 ", #

i 2 Z
Hc Hc

Hp position sites



I. Introduction to QW
U = S(I⌦ C)

S: shift operator

C: coin operator

Unitary operator

Superposition

Time

S =
X

i2Z
|i+ 1i hi|⌦ |"i h"|+ |i� 1i hi|⌦ |#i h#|
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cos ✓ i sin ✓
i sin ✓ cos ✓
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C : |"i ! cos ✓ |"i+ i sin ✓ |#i
C : |#i ! i sin ✓ |"i+ cos ✓ |#i
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I. Introduction to QW
P (i; t) = | t,i|2Probability density

Spreading faster than CRW



I. Introduction to QW
Quantum algorithm 

Universal for quantum computation

Andrew M. Childs. “Universal computation by quantum walk”. In: Physical Review Letters 102.18 (2009) 

Neil B. Lovett, Sally Cooper, Matthew Everitt, et al. “Universal quantum  computation using the 
discrete-time quantum walk”. In: Physical Review A - Atomic, Molecular, and Optical Physics 81.4 
(2010) 



I. Introduction to QW

Quantum random-walk search algorithm, Phys. Rev. A 67, 052307 (2003) 

Quantum algorithm 

Searching in graphs  

Hypercube

𝒪( N log N)

2D

G. Abal, R. Donangelo, M. Forets, et al. “Spatial quantum search in a triangular network”. 
Mathematical Structures in Computer Science 22.3 (2012), pp. 521–531. issn: 09601295.

G. Abal, R. Donangelo, F. L. Marquezino, et al. “Spatial search on a honeycomb network”.  
Mathematical Structures in Computer Science 20.6 (2010), pp. 999–1009 

𝒪( N )

Avatar Tulsi. “Faster quantum-walk algorithm for the two-dimensional spatial search”. In: 
Physical Review A - Atomic, Molecular, and Optical Physics 78.1 (2008) 

Element distinctness problem

Andris Ambainis. “Quantum Walk Algorithm for Element Distinctness”. Proceedings of the 45th Annual IEEE 
Symposium on Foundations of Computer Science. FOCS ’04. Washington, DC, USA: IEEE Computer Society, 
2004 



I. Introduction to QW

I. M. Georgescu, S. Ashhab, and Franco Nori
Rev. Mod. Phys. 86, 153

Quantum simulation 
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U = S(I⌦ C)

S: shift operator

C: coin operator

The finite difference eqs:Unitary operator

Time

S =
X

i2Z
|i+ ✏i hi|⌦ |"i h"|+ |i� ✏i hi|⌦ |#i h#|
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II. Brane theories dynamics  

We analyze the properties of a quantum walk that are inspired by the 
idea of a brane-world model proposed by Rubakov 

Brane-world Extra spatial dimensions 
(3+N+1)

QW with a 
site-dependent 
coin 

1

2

Continuous limit

Localization



Effective position-dependent mass 

Space-time 3+N+1 dimensions but the particles with low energy are confined in 
the N dimensions by a potential well.

II. Brane theories dynamics  

Background

Phenomenology expected 

Low energy, particles lives on the ordinary dimensions

High energy, particles escape to the extra one



Consider a QW over discrete two-dimensional space and discrete time which is 
driven by an inhomogeneous coin acting on

Considering the angle Effective mass

II. Brane theories dynamics  

Continuous limit



Probability distribution

Initial condition

As the effective mass increases,  
the probability becomes localized in the 
y direction

Roughly speaking, the y direction plays 
the role of extra dimension

y

x

II. Brane theories dynamics  



Standard deviation divided by time-step

For m = 0 both quotients tend to a constant 

As m increases, there is an 
exponential decay of

Localization

Initial condition

II. Brane theories dynamics  



energy QFT and a QW model

3D QW

x-y side x-z side

The potential embeds a 3D QW in a 2D spacetime lattice

II. Brane theories dynamics  



Summary

It can be established a parallelism between a high-
energy QFT and a QW model

This QW shows localization from a coin which 
changes in space in a regular manner

II. Brane theories dynamics  
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II. Electromagnetic gauge 
invariance in 2D QW

Gauge invariance plays a fundamental role in theoretical physics

⃗E = − ∇ϕ − ∂t
⃗A ⃗B = ∇ × ⃗Aℒ =

1
2

m
· ⃗x 2 + q

· ⃗x ⋅ ⃗A − qϕ

ϕ → ϕ − ∂tα ⃗A → ⃗A + ⃗∇ α

∫ ℒdt

ℒ(t) → ℒ′�(t) = ℒ + q
d
dt

α

From classical electrodynamics

Gauge transformation

Invariant! 



ψ( ⃗x , t) → ψ′�( ⃗x , t) = eiα( ⃗x ,t)ψ( ⃗x , t)

Gauge invariance in quantum mechanics

iℏ∂tψ′�( ⃗x , t) = −
ℏ2

2m
∇2ψ′�( ⃗x , t) + U( ⃗x )ψ′�( ⃗x , t)

Local gauge invariance

iℏ∂tψ( ⃗x , t) = −
ℏ2

2m (∇ + iq ⃗A ( ⃗x , t))
2

ψ( ⃗x , t) + (U( ⃗x ) + ℏϕ( ⃗x , t))

ϕ( ⃗x , t) → ϕ( ⃗x , t) − ∂tα( ⃗x , t) ⃗A ( ⃗x , t) → ⃗A +
1
q

∇α( ⃗x , t)

Gauge fields appears in order to preserve invariance

Gauge invariance is one of the main principles to develop 
successful theories such a the standard model

II. Electromagnetic gauge 
invariance in 2D QW



What about QWs?

G. Di Molfetta, F. Debbasch, and M. Brachet, Quantum walks in artificial electric and 
gravitational fields, Physica A 397, 157 (2014).  

Pablo Arnault and Fabrice Debbasch. “Quantum walks and discrete gauge theories”. In: Physical 
Review A - Atomic, Molecular, and Optical Physics 93.5 (2016), pp. 1–6. 

Miquel Montero. “Invariance in Quantum Walks”. In: Research Advances in Quantum Dynamics. 

The way of implementing gauge invariance is not unique

II. Electromagnetic gauge 
invariance in 2D QW
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U = SC

C(✓) = ei�
1 ✓

2 =

"
cos ✓

2 i sin ✓
2

i sin ✓
2 cos ✓

2

#

<latexit sha1_base64="SVuVZOhkJx6TzhyC6cieeErPtI8="></latexit><latexit sha1_base64="SVuVZOhkJx6TzhyC6cieeErPtI8="></latexit><latexit sha1_base64="SVuVZOhkJx6TzhyC6cieeErPtI8="></latexit><latexit sha1_base64="SVuVZOhkJx6TzhyC6cieeErPtI8="></latexit>

S(↵j , ⇠j) =


e�iKei(⇠j�↵j) 0

0 e�i(⇠j+↵j)eiK

�

= Tei(��)j⇤R + e�i(�+)jT †⇤L
<latexit sha1_base64="clDpo1myiyb8gWkxsNvgo789a00="></latexit><latexit sha1_base64="clDpo1myiyb8gWkxsNvgo789a00="></latexit><latexit sha1_base64="clDpo1myiyb8gWkxsNvgo789a00="></latexit><latexit sha1_base64="clDpo1myiyb8gWkxsNvgo789a00="></latexit>

�� = ⇠ � ↵

�+ = ⇠ + ↵
<latexit sha1_base64="Z3rVsPdvxyuJzE7xPtwibBfW/UM=">AAACLXicbZDNSgMxFIUz/tb6V3XpJlgUoVRmRNSNILpxqWCr0CnlTnprQzM/JHfEUvomvoPv4Fa3LgQRd76GaZ2CWs8mX865F5ITJEoact1XZ2JyanpmNjeXn19YXFourKxWTZxqgRURq1hfB2BQyQgrJEnhdaIRwkDhVdA5HeRXt6iNjKNL6iZYD+Emki0pgKzVKOzn/QAJGmW+dcT9O8nLnPugkjbY08/C0igsjbJGoejuuEPxcfAyKLJM543Ch9+MRRpiREKBMTXPTajeA01SKOzn/dRgAqIDN1izGEGIpt4b/q/PN1ux5tRGPrz/nO1BaEw3DOxMCNQ2f7OB+V9WS6l1WO/JKEkJI9HnvxYDDR2k/qa1WqniFPNBdbwpNQpSXQsgtLQv56INGgTZgvO2Eu9vAeNQ3d3xLF/sFY9PsnJybJ1tsG3msQN2zM7YOaswwe7ZI3tiz86D8+K8Oe/foxNOtrPGfsn5/AJ+o6Ry</latexit><latexit sha1_base64="Z3rVsPdvxyuJzE7xPtwibBfW/UM=">AAACLXicbZDNSgMxFIUz/tb6V3XpJlgUoVRmRNSNILpxqWCr0CnlTnprQzM/JHfEUvomvoPv4Fa3LgQRd76GaZ2CWs8mX865F5ITJEoact1XZ2JyanpmNjeXn19YXFourKxWTZxqgRURq1hfB2BQyQgrJEnhdaIRwkDhVdA5HeRXt6iNjKNL6iZYD+Emki0pgKzVKOzn/QAJGmW+dcT9O8nLnPugkjbY08/C0igsjbJGoejuuEPxcfAyKLJM543Ch9+MRRpiREKBMTXPTajeA01SKOzn/dRgAqIDN1izGEGIpt4b/q/PN1ux5tRGPrz/nO1BaEw3DOxMCNQ2f7OB+V9WS6l1WO/JKEkJI9HnvxYDDR2k/qa1WqniFPNBdbwpNQpSXQsgtLQv56INGgTZgvO2Eu9vAeNQ3d3xLF/sFY9PsnJybJ1tsG3msQN2zM7YOaswwe7ZI3tiz86D8+K8Oe/foxNOtrPGfsn5/AJ+o6Ry</latexit><latexit sha1_base64="Z3rVsPdvxyuJzE7xPtwibBfW/UM=">AAACLXicbZDNSgMxFIUz/tb6V3XpJlgUoVRmRNSNILpxqWCr0CnlTnprQzM/JHfEUvomvoPv4Fa3LgQRd76GaZ2CWs8mX865F5ITJEoact1XZ2JyanpmNjeXn19YXFourKxWTZxqgRURq1hfB2BQyQgrJEnhdaIRwkDhVdA5HeRXt6iNjKNL6iZYD+Emki0pgKzVKOzn/QAJGmW+dcT9O8nLnPugkjbY08/C0igsjbJGoejuuEPxcfAyKLJM543Ch9+MRRpiREKBMTXPTajeA01SKOzn/dRgAqIDN1izGEGIpt4b/q/PN1ux5tRGPrz/nO1BaEw3DOxMCNQ2f7OB+V9WS6l1WO/JKEkJI9HnvxYDDR2k/qa1WqniFPNBdbwpNQpSXQsgtLQv56INGgTZgvO2Eu9vAeNQ3d3xLF/sFY9PsnJybJ1tsG3msQN2zM7YOaswwe7ZI3tiz86D8+K8Oe/foxNOtrPGfsn5/AJ+o6Ry</latexit><latexit sha1_base64="Z3rVsPdvxyuJzE7xPtwibBfW/UM=">AAACLXicbZDNSgMxFIUz/tb6V3XpJlgUoVRmRNSNILpxqWCr0CnlTnprQzM/JHfEUvomvoPv4Fa3LgQRd76GaZ2CWs8mX865F5ITJEoact1XZ2JyanpmNjeXn19YXFourKxWTZxqgRURq1hfB2BQyQgrJEnhdaIRwkDhVdA5HeRXt6iNjKNL6iZYD+Emki0pgKzVKOzn/QAJGmW+dcT9O8nLnPugkjbY08/C0igsjbJGoejuuEPxcfAyKLJM543Ch9+MRRpiREKBMTXPTajeA01SKOzn/dRgAqIDN1izGEGIpt4b/q/PN1ux5tRGPrz/nO1BaEw3DOxMCNQ2f7OB+V9WS6l1WO/JKEkJI9HnvxYDDR2k/qa1WqniFPNBdbwpNQpSXQsgtLQv56INGgTZgvO2Eu9vAeNQ3d3xLF/sFY9PsnJybJ1tsG3msQN2zM7YOaswwe7ZI3tiz86D8+K8Oe/foxNOtrPGfsn5/AJ+o6Ry</latexit>

Continuous limit
↵j,p = ✏AqA

0
j,p

⇠j,p = ✏AqA
1
j,p

<latexit sha1_base64="c6zjMKJy4iqVPu1SYe5IXg9kTlU="></latexit><latexit sha1_base64="c6zjMKJy4iqVPu1SYe5IXg9kTlU="></latexit><latexit sha1_base64="c6zjMKJy4iqVPu1SYe5IXg9kTlU="></latexit><latexit sha1_base64="c6zjMKJy4iqVPu1SYe5IXg9kTlU="></latexit>

Gauge fields

II. Electromagnetic gauge 
invariance in 2D QW

Let us define a 1D QW

The order matters!



U(1) lattice gauge invariance

 j,p !  0
j,p = eiq�j,p j,p

<latexit sha1_base64="mFdThChsoWPU14c9rM2zyp2rIOc=">AAACNnicbVC7SgNBFJ2N7/iKWtoMBtFCwq4I2oiijWUEE4VsDLOTm+yY2Yczd5Ww7Of4D/6DrRY2YiO2foKTuKBGT3XmPODO8WIpNNr2s1UYG5+YnJqeKc7OzS8slpaW6zpKFIcaj2SkLjymQYoQaihQwkWsgAWehHOvdzzwz29AaRGFZ9iPoRmwbig6gjM0Uqt04MZatNKrrTijrhJdH5lS0S0dyBtf+j6Fy1Rcu9zPgxn9LrVKZbtiD0H/EicnZZKj2iq9uu2IJwGEyCXTuuHYMTZTplBwCVnRTTTEjPdYFxqGhiwA3UyHH83oeidSFH2gw/fPbMoCrfuBZzIBQ1+PegPxP6+RYGevmYowThBCntFfRU+xHmC2bqROIilGdLAhbQsFHGXfEMaVMJdT7jPFOJqli2YSZ3SAv6S+XXEMP90pHx7l40yTVbJGNolDdskhOSFVUiOc3JEH8kierHvrxXqz3r+iBSvvrJBfsD4+AVw2rTg=</latexit><latexit sha1_base64="mFdThChsoWPU14c9rM2zyp2rIOc=">AAACNnicbVC7SgNBFJ2N7/iKWtoMBtFCwq4I2oiijWUEE4VsDLOTm+yY2Yczd5Ww7Of4D/6DrRY2YiO2foKTuKBGT3XmPODO8WIpNNr2s1UYG5+YnJqeKc7OzS8slpaW6zpKFIcaj2SkLjymQYoQaihQwkWsgAWehHOvdzzwz29AaRGFZ9iPoRmwbig6gjM0Uqt04MZatNKrrTijrhJdH5lS0S0dyBtf+j6Fy1Rcu9zPgxn9LrVKZbtiD0H/EicnZZKj2iq9uu2IJwGEyCXTuuHYMTZTplBwCVnRTTTEjPdYFxqGhiwA3UyHH83oeidSFH2gw/fPbMoCrfuBZzIBQ1+PegPxP6+RYGevmYowThBCntFfRU+xHmC2bqROIilGdLAhbQsFHGXfEMaVMJdT7jPFOJqli2YSZ3SAv6S+XXEMP90pHx7l40yTVbJGNolDdskhOSFVUiOc3JEH8kierHvrxXqz3r+iBSvvrJBfsD4+AVw2rTg=</latexit><latexit sha1_base64="mFdThChsoWPU14c9rM2zyp2rIOc=">AAACNnicbVC7SgNBFJ2N7/iKWtoMBtFCwq4I2oiijWUEE4VsDLOTm+yY2Yczd5Ww7Of4D/6DrRY2YiO2foKTuKBGT3XmPODO8WIpNNr2s1UYG5+YnJqeKc7OzS8slpaW6zpKFIcaj2SkLjymQYoQaihQwkWsgAWehHOvdzzwz29AaRGFZ9iPoRmwbig6gjM0Uqt04MZatNKrrTijrhJdH5lS0S0dyBtf+j6Fy1Rcu9zPgxn9LrVKZbtiD0H/EicnZZKj2iq9uu2IJwGEyCXTuuHYMTZTplBwCVnRTTTEjPdYFxqGhiwA3UyHH83oeidSFH2gw/fPbMoCrfuBZzIBQ1+PegPxP6+RYGevmYowThBCntFfRU+xHmC2bqROIilGdLAhbQsFHGXfEMaVMJdT7jPFOJqli2YSZ3SAv6S+XXEMP90pHx7l40yTVbJGNolDdskhOSFVUiOc3JEH8kierHvrxXqz3r+iBSvvrJBfsD4+AVw2rTg=</latexit><latexit sha1_base64="mFdThChsoWPU14c9rM2zyp2rIOc=">AAACNnicbVC7SgNBFJ2N7/iKWtoMBtFCwq4I2oiijWUEE4VsDLOTm+yY2Yczd5Ww7Of4D/6DrRY2YiO2foKTuKBGT3XmPODO8WIpNNr2s1UYG5+YnJqeKc7OzS8slpaW6zpKFIcaj2SkLjymQYoQaihQwkWsgAWehHOvdzzwz29AaRGFZ9iPoRmwbig6gjM0Uqt04MZatNKrrTijrhJdH5lS0S0dyBtf+j6Fy1Rcu9zPgxn9LrVKZbtiD0H/EicnZZKj2iq9uu2IJwGEyCXTuuHYMTZTplBwCVnRTTTEjPdYFxqGhiwA3UyHH83oeidSFH2gw/fPbMoCrfuBZzIBQ1+PegPxP6+RYGevmYowThBCntFfRU+xHmC2bqROIilGdLAhbQsFHGXfEMaVMJdT7jPFOJqli2YSZ3SAv6S+XXEMP90pHx7l40yTVbJGNolDdskhOSFVUiOc3JEH8kierHvrxXqz3r+iBSvvrJBfsD4+AVw2rTg=</latexit>

(A0
µ)j,p = (Aµ)j,p � (dµ�)j,p

<latexit sha1_base64="JBlsjPaU2/JaCme7GP8EWZApMFM=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2CpVtAyI4KCCFU3LivYWmjLkElP29jMhSQjlGEexnfwHdzqUleKWx/C9Aa29az+fP9/4OR3Q86ksqx3IzU3v7C4lF7OrKyurW+Ym1sVGUSCQpkGPBBVl0jgzIeyYopDNRRAPJfDvdu97vv3jyAkC/w71Quh4ZG2z1qMEqWRY57nL5247kXJ/oETPxyGCd67wGM2Rkc43xwSXKcdNsaOmbUK1mDwrLBHIotGU3LMz3ozoJEHvqKcSFmzrVA1YiIUoxySTD2SEBLaJW2oaekTD2QjHnwywblWILDqAB68/2Zj4knZ81yd8YjqyGmvD//zapFqnTVi5oeRAp8meGLRFaQLKslp1Io4VgHu94ebTABVvKcFoYLpyzHtEEGo0i1ndCX2dAGzonJcsLW+PckWr0blpNEO2kV5ZKNTVEQ3qITKiKIn9IJe0ZvxbHwYX8b3MJoyRjvbaGKMn18pz6is</latexit><latexit sha1_base64="JBlsjPaU2/JaCme7GP8EWZApMFM=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2CpVtAyI4KCCFU3LivYWmjLkElP29jMhSQjlGEexnfwHdzqUleKWx/C9Aa29az+fP9/4OR3Q86ksqx3IzU3v7C4lF7OrKyurW+Ym1sVGUSCQpkGPBBVl0jgzIeyYopDNRRAPJfDvdu97vv3jyAkC/w71Quh4ZG2z1qMEqWRY57nL5247kXJ/oETPxyGCd67wGM2Rkc43xwSXKcdNsaOmbUK1mDwrLBHIotGU3LMz3ozoJEHvqKcSFmzrVA1YiIUoxySTD2SEBLaJW2oaekTD2QjHnwywblWILDqAB68/2Zj4knZ81yd8YjqyGmvD//zapFqnTVi5oeRAp8meGLRFaQLKslp1Io4VgHu94ebTABVvKcFoYLpyzHtEEGo0i1ndCX2dAGzonJcsLW+PckWr0blpNEO2kV5ZKNTVEQ3qITKiKIn9IJe0ZvxbHwYX8b3MJoyRjvbaGKMn18pz6is</latexit><latexit sha1_base64="JBlsjPaU2/JaCme7GP8EWZApMFM=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2CpVtAyI4KCCFU3LivYWmjLkElP29jMhSQjlGEexnfwHdzqUleKWx/C9Aa29az+fP9/4OR3Q86ksqx3IzU3v7C4lF7OrKyurW+Ym1sVGUSCQpkGPBBVl0jgzIeyYopDNRRAPJfDvdu97vv3jyAkC/w71Quh4ZG2z1qMEqWRY57nL5247kXJ/oETPxyGCd67wGM2Rkc43xwSXKcdNsaOmbUK1mDwrLBHIotGU3LMz3ozoJEHvqKcSFmzrVA1YiIUoxySTD2SEBLaJW2oaekTD2QjHnwywblWILDqAB68/2Zj4knZ81yd8YjqyGmvD//zapFqnTVi5oeRAp8meGLRFaQLKslp1Io4VgHu94ebTABVvKcFoYLpyzHtEEGo0i1ndCX2dAGzonJcsLW+PckWr0blpNEO2kV5ZKNTVEQ3qITKiKIn9IJe0ZvxbHwYX8b3MJoyRjvbaGKMn18pz6is</latexit><latexit sha1_base64="JBlsjPaU2/JaCme7GP8EWZApMFM=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2CpVtAyI4KCCFU3LivYWmjLkElP29jMhSQjlGEexnfwHdzqUleKWx/C9Aa29az+fP9/4OR3Q86ksqx3IzU3v7C4lF7OrKyurW+Ym1sVGUSCQpkGPBBVl0jgzIeyYopDNRRAPJfDvdu97vv3jyAkC/w71Quh4ZG2z1qMEqWRY57nL5247kXJ/oETPxyGCd67wGM2Rkc43xwSXKcdNsaOmbUK1mDwrLBHIotGU3LMz3ozoJEHvqKcSFmzrVA1YiIUoxySTD2SEBLaJW2oaekTD2QjHnwywblWILDqAB68/2Zj4knZ81yd8YjqyGmvD//zapFqnTVi5oeRAp8meGLRFaQLKslp1Io4VgHu94ebTABVvKcFoYLpyzHtEEGo0i1ndCX2dAGzonJcsLW+PckWr0blpNEO2kV5ZKNTVEQ3qITKiKIn9IJe0ZvxbHwYX8b3MJoyRjvbaGKMn18pz6is</latexit>

d0 =
1

✏A
�0⌃1

d1 =
1

✏A
�1⌃0

<latexit sha1_base64="Vrf5731w7F5QeDs2Wp5WoUMaNyw="></latexit><latexit sha1_base64="Vrf5731w7F5QeDs2Wp5WoUMaNyw="></latexit><latexit sha1_base64="Vrf5731w7F5QeDs2Wp5WoUMaNyw="></latexit><latexit sha1_base64="Vrf5731w7F5QeDs2Wp5WoUMaNyw="></latexit>

Gauge fields transforms as:

(⌃µQ)pµ = Qpµ+1 +Qpµ

(�µQ)pµ = Qpµ+1 �Qpµ
<latexit sha1_base64="FBxORkyOUUXYkUOqlJ6OJ0Xtwto="></latexit><latexit sha1_base64="FBxORkyOUUXYkUOqlJ6OJ0Xtwto="></latexit><latexit sha1_base64="FBxORkyOUUXYkUOqlJ6OJ0Xtwto="></latexit><latexit sha1_base64="FBxORkyOUUXYkUOqlJ6OJ0Xtwto="></latexit>

Time and space is treated equally on the contrary to other 
models

Discrete derivatives are similar as those used in standard 
LGT, except by the use of Σ′�s

II. Electromagnetic gauge 
invariance in 2D QW



U(1) lattice gauge invariance in 2D

 j,p !  0
j,p = eiq�j,p j,p
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(A0
0)j,p,q =

8
<

:
(A0)j,p,q � (d10�)j,p,q for j even

(A0)j,p,q � (d20�)j,p,q for j odd

(A0
i)j,p,q = (Ai)j,p,q � (di�)j,p,q
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di0 =
1

✏A
�0⌃i

di =
1

✏A
�i⌃0
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Gauge fields transforms as:

Again we treat space and time on the same footing

Both directions of the lattices are treated equally

II. Electromagnetic gauge 
invariance in 2D QW

U2D
j+1 = U(2)

j+1 U(1)
j



Pablo Arnault and Fabrice Debbasch. “Quantum walks and discrete gauge theories”. In: 
Physical Review A - Atomic, Molecular, and Optical Physics 93.5 (2016), pp. 1–6. 

The way of implementing gauge invariance is not unique!

d0 = (L� ⌃2⌃1)/✏A, d1 = �1/✏A, d2 = �2⌃1/✏A
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(LQ)j,p,q = Qj+1,p,q

(⌃1Q)j,p,q = (Qj,p+1,q +Qj,p�1,q) /2

(⌃2Q)j,p,q = (Qj,p,q+1 +Qj,p,q�1) /2

(�1Q)j,p,q = (Qj,p+1,q �Qj,p�1,q) /2

(�2Q)j,p,q = (Qj,p,q+1 �Qj,p,q�1) /2
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They introduce the gauge fields on the coin, without sub-step

Our discrete derivatives are simpler

However, we have two time derivatives

II. Electromagnetic gauge 
invariance in 2D QW



Continuity equation and conserved current

The continuity equation can be defined as:

[�sym.
0 J0](t, x, y) =

1

2
h (t)|

�
U †(t)⇤x,yU(t)� U(t)⇤x,yU

†(t)
�
| (t)i
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�sym.
µ Jµ = 0
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[�sym.
0 f ] (t, x, y) ⌘ 1

2
(f(t+ ✏, x, y)� f(t� ✏, x, y))

[�sym.
1 f ] (t, x, y) ⌘ 1

2
(f(t, x+ ✏, y)� f(t, x� ✏, y))

[�sym.
2 f ] (t, x, y) ⌘ 1

2
(f(t, x, y + ✏)� f(t, x, y � ✏))
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II. Electromagnetic gauge 
invariance in 2D QW

All three coordinates are treated equally

Truncation error O(ϵ3)



C. Cedzich, T. Geib, A. H. Werner, et al. “Quantum walks in external gauge fields”. In: Journal of 
Mathematical Physics 60.1 (2019) 

 Unified framework to understand U(1) gauge invariance, in DTQW with 
coin spaces of arbitrary dimensions

ψ (n) ψ (n + ⃗μ )θμ(n)

θν(n + ⃗μ )

θ−μ(n + ⃗μ + ⃗ν )

θ−ν(n + ⃗ν )

ψ (n + ⃗μ + ⃗ν )ψ (n + ⃗ν )

II. Electromagnetic gauge 
invariance in 2D QW

Close analogies to LGT

Discrete derivatives are similar as 
those used in standard LGT, 

except by the use of Σ′�s



QWs allow us to study in a deeper way physical 
models, i.e. relativistic particles

This approach could potentially be used to 
understand wider theories such as Quantum field 

theory, Quantum Gravity…

from discrete to continuous 

What happens if we change the geometry of the 
lattice?

A quantum cellular automaton for one-dimensional QED. P.Arrighi, 
C.Bény, T.Farrely arXiv:1903.07007 

II. Electromagnetic gauge 
invariance in 2D QW

https://arxiv.org/abs/1903.07007
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Continuous limit

HD = px�x + py�y +m�z
<latexit sha1_base64="XRdHrpBEGVzAAcrSANy/Bkqoy64=">AAACKHicbZDNSgMxFIUz/tb6V3XpJlgKQqHMiKAboaiLLivYH2jLkElv29BkZkgy4jjMc/gOvoNb3bqT7sQnMa1VbOtZfefceyE5XsiZ0rY9spaWV1bX1jMb2c2t7Z3d3N5+XQWRpFCjAQ9k0yMKOPOhppnm0AwlEOFxaHjDq/G8cQdSscC/1XEIHUH6PusxSrSJ3JxTcZPr9CJ0k/u0rVhfkDEVjY9/fZwWxQ8/pG4ub5fsifAiOFPIo6mqbu6j3Q1oJMDXlBOlWo4d6k5CpGaUQ5ptRwpCQoekDy2DPhGgOsnkayku9AKJ9QDwxP/dTYhQKhae2RFED9T8bBz+N2tFunfeSZgfRhp8muKZQ0+SIei0YKJexLEO8Lg13GUSqOaxAUIlMy/HdEAkodp0mzWVOPMFLEL9pOTYJefmNF++nJaTQYfoCB0jB52hMqqgKqohih7RM3pBr9aT9Wa9W6Pv1SVrenOAZmR9fgH1dqir</latexit><latexit sha1_base64="XRdHrpBEGVzAAcrSANy/Bkqoy64=">AAACKHicbZDNSgMxFIUz/tb6V3XpJlgKQqHMiKAboaiLLivYH2jLkElv29BkZkgy4jjMc/gOvoNb3bqT7sQnMa1VbOtZfefceyE5XsiZ0rY9spaWV1bX1jMb2c2t7Z3d3N5+XQWRpFCjAQ9k0yMKOPOhppnm0AwlEOFxaHjDq/G8cQdSscC/1XEIHUH6PusxSrSJ3JxTcZPr9CJ0k/u0rVhfkDEVjY9/fZwWxQ8/pG4ub5fsifAiOFPIo6mqbu6j3Q1oJMDXlBOlWo4d6k5CpGaUQ5ptRwpCQoekDy2DPhGgOsnkayku9AKJ9QDwxP/dTYhQKhae2RFED9T8bBz+N2tFunfeSZgfRhp8muKZQ0+SIei0YKJexLEO8Lg13GUSqOaxAUIlMy/HdEAkodp0mzWVOPMFLEL9pOTYJefmNF++nJaTQYfoCB0jB52hMqqgKqohih7RM3pBr9aT9Wa9W6Pv1SVrenOAZmR9fgH1dqir</latexit><latexit sha1_base64="XRdHrpBEGVzAAcrSANy/Bkqoy64=">AAACKHicbZDNSgMxFIUz/tb6V3XpJlgKQqHMiKAboaiLLivYH2jLkElv29BkZkgy4jjMc/gOvoNb3bqT7sQnMa1VbOtZfefceyE5XsiZ0rY9spaWV1bX1jMb2c2t7Z3d3N5+XQWRpFCjAQ9k0yMKOPOhppnm0AwlEOFxaHjDq/G8cQdSscC/1XEIHUH6PusxSrSJ3JxTcZPr9CJ0k/u0rVhfkDEVjY9/fZwWxQ8/pG4ub5fsifAiOFPIo6mqbu6j3Q1oJMDXlBOlWo4d6k5CpGaUQ5ptRwpCQoekDy2DPhGgOsnkayku9AKJ9QDwxP/dTYhQKhae2RFED9T8bBz+N2tFunfeSZgfRhp8muKZQ0+SIei0YKJexLEO8Lg13GUSqOaxAUIlMy/HdEAkodp0mzWVOPMFLEL9pOTYJefmNF++nJaTQYfoCB0jB52hMqqgKqohih7RM3pBr9aT9Wa9W6Pv1SVrenOAZmR9fgH1dqir</latexit><latexit sha1_base64="XRdHrpBEGVzAAcrSANy/Bkqoy64=">AAACKHicbZDNSgMxFIUz/tb6V3XpJlgKQqHMiKAboaiLLivYH2jLkElv29BkZkgy4jjMc/gOvoNb3bqT7sQnMa1VbOtZfefceyE5XsiZ0rY9spaWV1bX1jMb2c2t7Z3d3N5+XQWRpFCjAQ9k0yMKOPOhppnm0AwlEOFxaHjDq/G8cQdSscC/1XEIHUH6PusxSrSJ3JxTcZPr9CJ0k/u0rVhfkDEVjY9/fZwWxQ8/pG4ub5fsifAiOFPIo6mqbu6j3Q1oJMDXlBOlWo4d6k5CpGaUQ5ptRwpCQoekDy2DPhGgOsnkayku9AKJ9QDwxP/dTYhQKhae2RFED9T8bBz+N2tFunfeSZgfRhp8muKZQ0+SIei0YKJexLEO8Lg13GUSqOaxAUIlMy/HdEAkodp0mzWVOPMFLEL9pOTYJefmNF++nJaTQYfoCB0jB52hMqqgKqohih7RM3pBr9aT9Wa9W6Pv1SVrenOAZmR9fgH1dqir</latexit>

Dirac Hamiltonian 2D

Momentum along
i direction

New unitary 
matrices

ui = cos (i
2⇡

3
)ux + sin (i

2⇡

3
)uy

<latexit sha1_base64="RwkXHOILEDP8AyhluR+Mc/ZibSM="></latexit><latexit sha1_base64="RwkXHOILEDP8AyhluR+Mc/ZibSM="></latexit><latexit sha1_base64="RwkXHOILEDP8AyhluR+Mc/ZibSM="></latexit><latexit sha1_base64="RwkXHOILEDP8AyhluR+Mc/ZibSM="></latexit>

i = 0, 1, 2
<latexit sha1_base64="N32bU+HYhfC0BK8V4cxKdaZ603Y=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMAQsQtgNgjZC0MYygnlAsoTZyd1kyOyDmVkhLOs/2GprJ7b+i52f4iRuYRJPde4558LheLHgStv2l7W2vrG5tV3YKe7u7R8clo6O2ypKJMMWi0Qkux5VKHiILc21wG4skQaewI43uZ35nUeUikfhg57G6AZ0FHKfM6qN1OHXdtWp1gelsl2z5yCrxMlJGXI0B6Xv/jBiSYChZoIq1XPsWLsplZozgVmxnyiMKZvQEfYMDWmAyk3ndTNS8SNJ9BjJ/P6bTWmg1DTwTCageqyWvZn4n9dLtH/lpjyME40hy8jCoyfpBHVWMZKfCKIjMluCDLlEpsXUEMokN80JG1NJmTZ7Fc0kzvIAq6Rdrzl2zbm/KDdu8nEKcApncA4OXEID7qAJLWAwgWd4gVfryXqz3q2P3+ialf+cwAKszx9uJJRO</latexit><latexit sha1_base64="N32bU+HYhfC0BK8V4cxKdaZ603Y=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMAQsQtgNgjZC0MYygnlAsoTZyd1kyOyDmVkhLOs/2GprJ7b+i52f4iRuYRJPde4558LheLHgStv2l7W2vrG5tV3YKe7u7R8clo6O2ypKJMMWi0Qkux5VKHiILc21wG4skQaewI43uZ35nUeUikfhg57G6AZ0FHKfM6qN1OHXdtWp1gelsl2z5yCrxMlJGXI0B6Xv/jBiSYChZoIq1XPsWLsplZozgVmxnyiMKZvQEfYMDWmAyk3ndTNS8SNJ9BjJ/P6bTWmg1DTwTCageqyWvZn4n9dLtH/lpjyME40hy8jCoyfpBHVWMZKfCKIjMluCDLlEpsXUEMokN80JG1NJmTZ7Fc0kzvIAq6Rdrzl2zbm/KDdu8nEKcApncA4OXEID7qAJLWAwgWd4gVfryXqz3q2P3+ialf+cwAKszx9uJJRO</latexit><latexit sha1_base64="N32bU+HYhfC0BK8V4cxKdaZ603Y=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMAQsQtgNgjZC0MYygnlAsoTZyd1kyOyDmVkhLOs/2GprJ7b+i52f4iRuYRJPde4558LheLHgStv2l7W2vrG5tV3YKe7u7R8clo6O2ypKJMMWi0Qkux5VKHiILc21wG4skQaewI43uZ35nUeUikfhg57G6AZ0FHKfM6qN1OHXdtWp1gelsl2z5yCrxMlJGXI0B6Xv/jBiSYChZoIq1XPsWLsplZozgVmxnyiMKZvQEfYMDWmAyk3ndTNS8SNJ9BjJ/P6bTWmg1DTwTCageqyWvZn4n9dLtH/lpjyME40hy8jCoyfpBHVWMZKfCKIjMluCDLlEpsXUEMokN80JG1NJmTZ7Fc0kzvIAq6Rdrzl2zbm/KDdu8nEKcApncA4OXEID7qAJLWAwgWd4gVfryXqz3q2P3+ialf+cwAKszx9uJJRO</latexit><latexit sha1_base64="N32bU+HYhfC0BK8V4cxKdaZ603Y=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMAQsQtgNgjZC0MYygnlAsoTZyd1kyOyDmVkhLOs/2GprJ7b+i52f4iRuYRJPde4558LheLHgStv2l7W2vrG5tV3YKe7u7R8clo6O2ypKJMMWi0Qkux5VKHiILc21wG4skQaewI43uZ35nUeUikfhg57G6AZ0FHKfM6qN1OHXdtWp1gelsl2z5yCrxMlJGXI0B6Xv/jBiSYChZoIq1XPsWLsplZozgVmxnyiMKZvQEfYMDWmAyk3ndTNS8SNJ9BjJ/P6bTWmg1DTwTCageqyWvZn4n9dLtH/lpjyME40hy8jCoyfpBHVWMZKfCKIjMluCDLlEpsXUEMokN80JG1NJmTZ7Fc0kzvIAq6Rdrzl2zbm/KDdu8nEKcApncA4OXEID7qAJLWAwgWd4gVfryXqz3q2P3+ialf+cwAKszx9uJJRO</latexit>

⇡i = u⌫
i p⌫

<latexit sha1_base64="GxNeoL6fd/XW7/L4ZyuLpbAciJo=">AAACDnicbZDLSsNAFIYnXmu9RV24cDNYCq5KIoJuhKIblxXsBZoaJtOTdugkGeYilJB38B3c6taduPUV3Pkopm0WtvWsvvn//8CZPxCcKe0439bK6tr6xmZpq7y9s7u3bx8ctlRiJIUmTXgiOwFRwFkMTc00h46QQKKAQzsY3U789hNIxZL4QY8F9CIyiFnIKNG55NvHnmA+uzaPqRebzGdY+DOyK07NmQ5eBreACiqm4ds/Xj+hJoJYU06U6rqO0L2USM0oh6zsGQWC0BEZQDfHmESgeun0AxmuhonEegh4+v6bTUmk1DgK8kxE9FAtehPxP69rdHjVS1ksjIaYZnhuMZBkBDqr5lJoONYJnnSD+0wC1XycA6GS5ZdjOiSSUJ03WM4rcRcLWIbWec11au79RaV+U5RTQifoFJ0hF12iOrpDDdREFGXoBb2iN+vZerc+rM9ZdMUqdo7Q3Fhfv5LpnMA=</latexit><latexit sha1_base64="GxNeoL6fd/XW7/L4ZyuLpbAciJo=">AAACDnicbZDLSsNAFIYnXmu9RV24cDNYCq5KIoJuhKIblxXsBZoaJtOTdugkGeYilJB38B3c6taduPUV3Pkopm0WtvWsvvn//8CZPxCcKe0439bK6tr6xmZpq7y9s7u3bx8ctlRiJIUmTXgiOwFRwFkMTc00h46QQKKAQzsY3U789hNIxZL4QY8F9CIyiFnIKNG55NvHnmA+uzaPqRebzGdY+DOyK07NmQ5eBreACiqm4ds/Xj+hJoJYU06U6rqO0L2USM0oh6zsGQWC0BEZQDfHmESgeun0AxmuhonEegh4+v6bTUmk1DgK8kxE9FAtehPxP69rdHjVS1ksjIaYZnhuMZBkBDqr5lJoONYJnnSD+0wC1XycA6GS5ZdjOiSSUJ03WM4rcRcLWIbWec11au79RaV+U5RTQifoFJ0hF12iOrpDDdREFGXoBb2iN+vZerc+rM9ZdMUqdo7Q3Fhfv5LpnMA=</latexit><latexit sha1_base64="GxNeoL6fd/XW7/L4ZyuLpbAciJo=">AAACDnicbZDLSsNAFIYnXmu9RV24cDNYCq5KIoJuhKIblxXsBZoaJtOTdugkGeYilJB38B3c6taduPUV3Pkopm0WtvWsvvn//8CZPxCcKe0439bK6tr6xmZpq7y9s7u3bx8ctlRiJIUmTXgiOwFRwFkMTc00h46QQKKAQzsY3U789hNIxZL4QY8F9CIyiFnIKNG55NvHnmA+uzaPqRebzGdY+DOyK07NmQ5eBreACiqm4ds/Xj+hJoJYU06U6rqO0L2USM0oh6zsGQWC0BEZQDfHmESgeun0AxmuhonEegh4+v6bTUmk1DgK8kxE9FAtehPxP69rdHjVS1ksjIaYZnhuMZBkBDqr5lJoONYJnnSD+0wC1XycA6GS5ZdjOiSSUJ03WM4rcRcLWIbWec11au79RaV+U5RTQifoFJ0hF12iOrpDDdREFGXoBb2iN+vZerc+rM9ZdMUqdo7Q3Fhfv5LpnMA=</latexit><latexit sha1_base64="GxNeoL6fd/XW7/L4ZyuLpbAciJo=">AAACDnicbZDLSsNAFIYnXmu9RV24cDNYCq5KIoJuhKIblxXsBZoaJtOTdugkGeYilJB38B3c6taduPUV3Pkopm0WtvWsvvn//8CZPxCcKe0439bK6tr6xmZpq7y9s7u3bx8ctlRiJIUmTXgiOwFRwFkMTc00h46QQKKAQzsY3U789hNIxZL4QY8F9CIyiFnIKNG55NvHnmA+uzaPqRebzGdY+DOyK07NmQ5eBreACiqm4ds/Xj+hJoJYU06U6rqO0L2USM0oh6zsGQWC0BEZQDfHmESgeun0AxmuhonEegh4+v6bTUmk1DgK8kxE9FAtehPxP69rdHjVS1ksjIaYZnhuMZBkBDqr5lJoONYJnnSD+0wC1XycA6GS5ZdjOiSSUJ03WM4rcRcLWIbWec11au79RaV+U5RTQifoFJ0hF12iOrpDDdREFGXoBb2iN+vZerc+rM9ZdMUqdo7Q3Fhfv5LpnMA=</latexit>

⌫ = 1, 2
<latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit>

2D QW in the grid 2D QW in a hexagonal lattice

✏ ! 0
<latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit>

Continuous limit

Equivalent Dirac Hamiltonian 2D

ux
<latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit>

uy
<latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit>

H
0
D =

X

i

⇡i⌧i +m�z

<latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit>

H
0
D = HD

<latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit>

III. Dirac dynamics in free and 
curved space-time



X

i

⇡i⌧i = �xpx + �ypy
<latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit>

In order to find the   matrices τi

i)

ii) {1,�1}
<latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit>

Eigenvalues

⌧i = U†
i �zUi

<latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit>

⌧0 =
2

3
�x + ⇠�z

⌧1 = �1

3
�x +

p
3

3
�y + ⇠�z

⌧2 = �1

3
�x �

p
3

3
�y + ⇠�z

<latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit>

Unique solution, up to a sign

⇠ = ±
p
5

3
<latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit>

III. Dirac dynamics in free and 
curved space-time



Let’s define a QW over this hexagonal grid 
such a in the continuous limit recovers  HD

| (t+ ✏)i = e�i✏HD | (t)i
<latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit>

Evolution of a state  

Using Lie-Trotter product formula

removing second order epsilon terms

HD =
X

i

⇡i⌧i +m�z

<latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit>
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Making use of the condition that the eigenvalues are {1, − 1}

Translation operator along ui
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QW over the hexagonal lattice

| e (t+ ")i = (WT2,"WT1,"WT0,") | e (t)i
<latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit>

By construction, Dirac eq is recover when 
Having understood the honeycomb QW, it will 
be easier to  tackle the triangular case

✏ ! 0
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III. Dirac dynamics in free and 
curved space-time



1

1

0

0

0

22

1

The walker lies on the edges 

 "
0

 #
0

 #
1

 #
2

 "
2

 "
1

The dynamics: composition of two 
operators 

Triangular QW
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Triangular QW

The first operator, R, rotates every triangle 
anti-clockwise 
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<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

R, rotates every triangle anti-clockwise 

W, U(2) matrix

W = U0SU
†
0M

<latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit>

III. Dirac dynamics in free and 
curved space-time



Honeycomb QW dynamics in a covert 
way in 3 time-steps
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R, rotates every triangle anti-clockwise 
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1 W, U(2) matrixW

<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>
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We recover again the Dirac eq in the continuous 
limit

i@t = (px�x + py�y +m�z) 
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P. Arrighi, G. D. Molfetta, I. Márquez-Martín, and A. Pérez. The Dirac equation as a 
quantum walk over the honeycomb and triangular lattices. Phys. Rev. A 97, 062111  
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Defects/Deformation

3D

http://www.pnas.org/content/103/28/10612.full

III. Dirac dynamics in free and 
curved space-time



Understanding propagation in discretized curved 
spacetime

gμν(x) = eμa(x)eνb(x)ηab

Dirac equation in 2+1 curved space-time

Tetrad field

i@t�+
i

2
{Bs, @s}�� m

et0
�� = 0,
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Starting from the free QW, we will impose a local 
deformation to obtain the curved Dirac QW

Instead of deforming the lattice, we absorb the 
deformation in a set of matrices βi(t, x, y)
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Duality
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Instead of deforming the lattice, we absorb the 
deformation in a set of matrices βi(t, x, y)

⇤j
k(t, x, y)u

k
i ⌧

i = uj
i�

i(t, x, y)
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In square lattices this duality does not work!
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Honeycomb curved QW

 (t+ ✏) = e�iem"�z Y

i

U †
iTiUie

�i✏�i (t)
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Triangular QW

The evolution can be written as:

 (t+ "/3, v, k) = U†
i (t, v, k)
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After 3 time-step, in the continuum we recover the 
curved Dirac equation
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Probability density of a QW in the plane (t,x), compared with the classical geodesic 

Black hole simulation

ds2 = (1 −
rs

r ) dt2 −
dρ2

1 − rs

r

− r2dθ2
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Understanding the fermion propagation under 
discrete space-time

Motivations

Posible applications in quantum 
algorithms

Graphene applications

Antonio Gallerati. “Graphene properties from curved space Dirac equation”. In: European Physical Journal Plus 134.5 (2019) 

Kyriakos Flouris, Sauro Succi, and Hans J. Herrmann. “Quantized Alternate Current on Curved Graphene”. In: Condensed Matter 
4.2 (2019) 
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Quantum simulation in 3D QW triangulated?
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Conclusions

We establish connections between high energy 
physics and QWs

What about other brane models? What kind of 
dynamics can QWs describe?

QWs LGT

QWs over non-rectangular lattices can be used as 
a QS schemes

Advantages in 3D? (Duality)



Thank you!


