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Novel Strategies for N2LO and N3LO and precision 

observables in the SM and beyond
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Some SM open questions

• Dark Matter 

• Quantum Gravity and Dark Energy

• CP violation and Baryonic asymmetry

• Neutrino oscillations and masses

• Why 3 families? Flavor Puzzle Problem 

• Why low value of mH despite large quantum corrections?

• Why 26 free parameters (18 of which related to Higgs physics)?

• Strong CP problem, etc.

Two ways to explore BSM physics

1. Increasing Energy/Luminosity 

(LHC expected to run at 27 TeV)

2. Rely on very high precision

(tiny discrepancies between theory and

experiment)
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Example: NLO calculation in QED

Bloch-Nordsieck Theorem

QCD: Kinoshita-Lee-Nauenberg (KNL) theorem

Any QFT with massless field is free of IR divergences after sum over 

virtual and degenerate  initial- and final-state real contributions

IR poles

S Matrix Cross-section

Perturbation

Theory



4

in  QFT

UV →  integrations in loop momenta →  ren. scale   

IR

● External massive particle p radiates another particle with 4-momentum

pr →    0  (soft singularities)

● External massless particle p radiates another particle with 4-momentum 

pr →   0 (soft singularities) or p // pr (collinear singularities) → fact. scale 

● Intermediate IR infinities in Feynman amplitudes, regulated e.g. with a 

fictitious mass which is set to zero in the end of calculation 
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Higgs at N3LO C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, B. Mistlberger (2015)

Few facts about N3LO

• O(100000) interference diagrams (1000 at NNLO)

• 68273802 loop and phase space integrals (47000 at NNLO)

• about 1000 master integrals (26 at NNLO) 

68273802 loop and

 phase space integrals

‣Within (excellent) heavy top approximation

Impressive calculation : new techniques

Very relevant observable called for higher orders (slow convergence)

‣Observe stabilization of expansion

‣Small correction (2% at MH/2)

‣Scale variation at N3LO ~2%
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B. Mistlberger (2018)
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Gluon Fusion Higgs Production at N3 LO
Anastasiou, Duhr, Dulat, Herzog, Mistlberger (2018) JHEP 1905 (2019) 080
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N2LO and N3LO automated 

calculations in SM and extensions REGULARIZATION

• Mathematical consistency

• Causality and unitarity

• Symmetries

• Quantum action principle

• Computational eficiency

CA16201 - Unraveling new physics at the LHC

through the precision frontier

• Tradicional Schemes: CDR (conventional Dimensional Regularization), t’Hooft Veltman Scheme (HV),

Four dimensional Helicity Scheme (FDH), Dimensional Reduction (DRED)

• Reformulations of dimensional schemes: Four dimensional formulation of FDH (FDF), Six dimensional

Formalism (SDF)

• Non-dimensional schemes: Implicit Regularization (IREG) , Four-dimensional Regularization/Renormalization

(FDR), Four-Dimensional Un-subtraction (FDU), Differential Renormalization (DREN).

• Mixed schemes: High-Covariant-Derivatives (HCD), etc.

• Algorithm for decomposing amplitudes into master integrals

• Subtract UV and IR divergences at the integrand level

• Facilitate resummation of Sudakov logs stemming from IR divergences



Why to explore non-dimensional methods ?
• Dimensional Specific QFT :  SuSy, Chiral, Topological …

E.g. SuSy : EWPO
resolve %-level loop effects 

Motivation

Precise measurement of SUSY observables

f̃ , χ̃±

σ, mf̃ , mχ̃

b̃

W, Z

∆ρ

µ̃

χ̃0
µ

γ

g − 2

justifies/necessitates SUSY loop calculations. (→ SPA project)

These require

• Regularization: intermediate steps in calculation

• Renormalization scheme: defines theory/parameters

Dominik Stöckinger DRED: Consistency, Supersymmetry

CDR : breaks SuSy

Two problems of DRED

1. DRED is mathematically inconsistent and there is no full proof that

SUSY is preserved

(main topic of this talk)

2. There seems to be a problem with factorization of hadron processes

Dominik Stöckinger DRED: Consistency, Supersymmetry

Loop momenta - D dim Photon – D dim , Photino 4d      breaks SuSy

Loop momenta - D dim, photon and photino – 4d

Problem of DRED

DREG: all 4-vectors D-dimensional ⇒ Photon: D d.o.f., Photino: 4 d.o.f.
⇒ mismatch, SUSY breaking

DRED: momenta D-dimensional; Photon, γ matrices 4-dimensional
⇒ no apparent mismatch

However, in DRED the following relation is required: g(4)
µνg(D)

ρ
ν = g(D)

µ
ρ

D-dimensional space is a subspace of 4-dimensional space

One can then calculate ϵµνρσ ϵαβγδ ϵµνρσ ϵαβγδ in two different ways

⇒ 0 = D(D − 1)2(D − 2)2(D − 3)2(D − 4)

different calculational steps lead to different results,

mathematical inconsistency!!! [Siegel’80]

⇒ Difficult to prove general statements in DRED

Dominik Stöckinger DRED: Consistency, Supersymmetry

Problem of DRED
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µ
ρ
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mathematical inconsistency!!! [Siegel’80]

⇒ Difficult to prove general statements in DRED

Dominik Stöckinger DRED: Consistency, Supersymmetry

DRED and SUSY

Consistent formulation ⇒ prove quantum action principle!

Quantum action principle: i δSUSY⟨Tφ1 . . .φn⟩ = ⟨Tφ1 . . .φn∆⟩

SUSY Ward/ST identities: i δSUSY⟨Tφ1 . . .φn⟩
?
= 0

• ∆ ≡ δSUSYL in D dimensions

• if ∆ = 0, all SUSY Ward and Slavnov-Taylor identities are satisfied

Very useful, but this has to be established as a theorem in
DRED!

Dominik Stöckinger DRED: Consistency, Supersymmetry

D. Stockinger and collaborators
Nucl.Phys. B935 (2018) 1-16
Nucl.Phys.Proc.Suppl. 160 (2006) 250-254
JHEP 0503 (2005) 076

SPURIOUS ANOMALIES

Conclusions

Summary & Outlook

Comparison of DREG and DRED:

Factorization: holds in DREG and DRED, slightly more
complicated in DRED due to different partons g, φ

→ streamlined prescription for hadron processes in DRED?

Consistency, quantum action principle: ok in DREG and DRED

SUSY: DREG breaks SUSY already in simplest cases, DRED
preserves SUSY in many cases up to 2-Loop, but not at all orders

→ further checks of e.g. RG-running at 3-Loops?

Dominik Stöckinger Regularization of SUSY
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• Facts of life with 
Jegerlehner - Eur.Phys.J. C18 (2001) 673

does not hold in divergent amplitudes

Clifford algebra clashes with dim. cont. in space-time dimension – Breitenlohner-Maison extension of CDR

to regularise/renormalise Chiral Gauge Theories – introduce gauge variants local counterms to restore WI 

Supersymmetry and Mh-calculations

Symmetries of regularizations

In principle, we don’t have to bother whether a

regularization preserves symmetries

Dominik Stöckinger Regularization of SUSY

Supersymmetry and Mh-calculations

Symmetries of regularizations

In practice, life is easier with a symmetry-preserving

regularization!

Dominik Stöckinger Regularization of SUSY

Some recipes for maintaining 

gauge symmetry in Renormalised

Chiral Gauge Theories  

to  rightmost position in the amplitude
Tsai et. Al. Phys. Rev. D83 (2011) 065011

Similar problems in the physical dimension !! 

displace

Symmetrise

Sources of error

1)	Symmetric Integration is not valid in
general	in	the integer dimension for
divergent integra ls.

Perez-Victoria			(JHEP	0104	(2001)	032)

2)	Hidden (undetermined,	regularization dependent)	parameters in	BDI’s ?	Yes,	indeed.

arbitrary,	reg.dep.
Sourceof symmetry

breaking

5

Consistent 

procedure

Bruque, Cherchiglia, Perez, 

JHEP (2018) 2018: 109

Viglioni, Cherchiglia, Hiller, Vieira, Sampaio

Phys. Rev. D94(2016)065023

Viglioni, Cherchiglia, Hiller, Vieira, Sampaio – Phys. Rev. D94(2016)065023



Methodology: IREG

• Momentum space, nondimensional

• No modification at Lagrangian level

• Locality, Unitarity, Lorentz symmetry to N-loop 

• Bogoliubov recursion formulae (BPHZ) → renorm. of subdivergencies

• UV and IR divergencies as  BDI (internal momentum only)

• Parametrisation of reg. dep. terms as surface terms

Instructional Examples Vacuum polarization tensor massless QED in 3+1 d

k + k1

k + k2

p p

k1 – k2 = p

etc.

BDI

ST Reg. Dep.

Scale

Relations Reg. Indep.e.g.
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momentum routing it reads 6 :

Πµν = −
k

tr { γµS(k + k1)γνS(k + k2)} , (12)

where S(k) is the usual free fermion propagator. For the part icular momentum rout ing

k1 = p and k2 = 0, (12) can be writ ten, after taking the trace over the Dirac matrices, as

Πµν = − 4(2JΛ
µν + pµJΛ

ν + pνJ
Λ
µ − gµν I

Λ)

where

JΛ, JΛ
µ , JΛ

µν ≡
Λ

k

1, kµ, kµkν

[(k + p)2 − m2](k2 − m2)
, (13)

I Λ ≡
Λ

k

k2 − m2 + p · k

[(k + p)2 − m2](k2 − m2)
. (14)

Not ice that the integrals above are divergent. According to our strategy we display the

divergencies solely as a funct ion of the loop momentum by means of a recursive use of

(11) to yield:

Πµν

4
= 2

Λ

k

kµkν

(k2 − m2)2
− gµν

Λ

k

k2

(k2 − m2)2
+ m2gµν

Λ

k

1

(k2 − m2)2
−

− p2
Λ

k

2kµkν

(k2 − m2)3
+ 8pαpβ

Λ

k

kµkνkαkβ

(k2 − m2)4
− 2pαpν

Λ

k

kαkµ

(k2 − m2)3

− 2pαpµ
Λ

k

kαkν

(k2 − m2)3
− p2gµν

Λ

k

k2

(k2 − m2)3
− 4gµνpαpβ

Λ

k

k2kαkβ

(k2 − m2)4
+

2gµνpαpβ
Λ

k

kαkβ

(k2 − m2)3
−

b

3
p2gµν − pµpν

1

3
+

(2m2 + p2)

p2
Z0(p

2; m2) (15)

where Z0(p
2; m2) is defined as in (67) and

b≡
i

(4π)2
.

The last term in (15) is the result of the integrat ion of finite integrals. To define the

renormalized vacuum polarizat ion tensor one should join the usual counterterm to define

ΠµνR = Πµν+ (pµpν− p2gµν)(Z3− 1), Aµ = Z
1/ 2
3 A

µ
R . As it iswell known theWard ident it ies

strongly constrain the divergent structure, namely the infinity ought to be absorbed by

Z3.

In the spirit of our method, namely to write the infinite parts in terms of the loop

momenta k only, we could proceed in two equivalent ways: 1) To write a parametrizat ion

based on very general propert ies of the divergent integrals and 2) To group differences

of integrals of same ∆ s to define the objects expressed in eqns. (1)-(7). The purpose

which is common to both approaches is to make close contact with Jackiw’s idea that

the arbitrariness expressed by finite differences between divergent integrals should be left

for the symmetries of the underlying model to fix [19]. Although we are evident ly more

6Throughout this paper
k

stands for d4 k
(2π)4 .
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etc., where g{ µνgαβ} stands for gµνgαβ + gµαgνβ + gµβgνα .

On the other hand it is well known that a shift in k is immaterial only if ∆ s ≤

0, otherwise a (finite) surface term should be added. This is an indicat ion that care

must be exercised in what concerns the momentum rout ing when divergences higher

than logarithmic arise in Feynman diagram calculat ions. Perturbat ion theory makes a

peculiar use of this feature for in some cases gauge invariance relies on adopting a special

momentum rout ing [18].

The most famous example is the triangle chiral anomaly (see for instance [18]). It is

noteworthy that the amplitudes which manifest this feature generally contain one axial

vertex (parity violat ing object). A closely related issue is that whilst a shift in the

integrat ion variable is allowed within dimensional regularizat ion, the algebraic propert ies

of γ5 clash with analyt ical cont inuat ion on the space-t ime dimension. This suggests that

working with CIR in the presence of dimension-specific objects may give rise to similar

problems as those appearing in dimensional reduct ion beyond the one loop order [36],

[37].

We shall work in a regularizat ion framework where a regulator needs only implicit ly

be assumed as discussed in the introduct ion. For a more detailed account on IR please

see [12]. The basic procedure is to isolate the divergences of the amplitudes in the form

of basic divergent integrals namely,

I 0Λ
quad(m2) =

Λ d4k

(2π)4

1

k2 − m2
(8)

I 0Λ
log (m2) =

Λ d4k

(2π)4

1

(k2 − m2)2
(9)

I 0Λ
l i n (m2) =

Λ d3k

(2π)3

1

k2 − m2
(10)

and so on, which carry no dependence on the external momenta. The latter will appear

only in finite integrals. This can be achieved by means of a convenient ident ity at the

level of the integrand, namely

1

[(k + ki )2 − m2]
=

N

j = 0

(− 1)
j
(k2

i + 2ki · k)
j

(k2 − m2)
j + 1

+
(− 1)

N + 1
(k2

i + 2ki · k)
N + 1

(k2 − m2)
N + 1

[(k + ki )
2
− m2]

, (11)

where ki are the external momenta and N is chosen so that the last term is finite under

integrat ion over k. The basic divergent integrals as defined in (8),(9) and (10) (and which

can be used to characterize the divergent structure of the underlying model) need not be

evaluated: they can be fully absorbed in the definit ion of the renormalizat ion couplings.

For the evaluat ion of the renormalizat ion group β-funct ion to two loop order in ϕ4
4-theory

and QED4 within this approach see [15]. For an algebraic proof of renormalizability to

n-loop order of ϕ3
6 theory (alternat ive to the BPHZ method) see [16]. Applicat ions to

models involving parity-violat ing objects can be found in [14] and to non-renormalizable

theories in [17].

In order to get some insight into our discussion let us display the QED4 vacuum

polarizat ion tensor according to the rules of IR. To one loop order and with arbit rary

4

Eliminate external

momenta from BDI

from which we see that the symmetric limit c = 1/ 4 may be taken to yield a finite

undetermined constant expressed by the difference β1 − β2. Likewise (4) reads

Υ2
µν = gµν I 0Λ

quad(m2) − 2cI 1Λ
quad(m2) , (24)

for which (21) allows us to write

Υ̃2
µν = bgµν Λ2

1 + m2 ln
Λ2

1

m2
+ α0m

2 − 4c Λ2
2 + m2 ln

Λ2
2

m2
+ α1m2 (25)

which explicit ly shows that the symmetric limit c = 1/ 4 is necessary to ensure the finite-

ness of Υ̃2
µν provided Λ2

1 = Λ2
2.

In other words, at least within our parametrizat ion, the symmetric limit can be con-

sistent ly taken and the Ward ident it ies are ult imately used to fix the ambiguit ies. In the

light of what we have just exposed let us turn our attent ion back to the QED4 vacuum

polarizat ion tensor. Except for the first three integrals in (15), the other logarithmically

divergent integrals can be added up to yield a gauge invariant structure of divergence:

ΠR
µν = 4 2

Λ

k

kµkν

(k2 − m2)2
− gµν

Λ

k

k2

(k2 − m2)2
+ m2gµν

Λ

k

1

(k2 − m2)2

+
4

3
(p2gµν − pµpν) Ĩ Λlog(m

2) − b
1

3
+

(2m2 + p2)

p2
Z0(p

2; m2)

+ (p2gµν − pµpν )(Z3 − 1). (26)

The Ward ident it ies impose that the first three integrals in (26) should cancel out . We

can explicit ly verify within our parametrizat ion that this amounts to saying that a finite

arbit rary term should vanish. Subst itut ing kµkν with ck2gµν in the integrand of the first

integral we have, according to our notat ion,

2cgµν I
1Λ1

quad(m2) − gµν I
1Λ2

quad(m2) + m2I 0Λ3

log (m2) (27)

which can be parametrized as

4cbgµν Λ2
1+ m2 ln

Λ2
1

m2
+α1m2 − 2bgµν Λ2

2+ m2 ln
Λ2

2

m2
+ α2m2 + m2 gµν b ln

Λ2
3

m2
+ α3

(28)

and hence the quadrat ic divergences cancel out for 2cΛ2
1 = Λ2

2 as well as the logarithmic

ones provided c = 1/ 4. Then a remaining finite term is set to zero on gauge invariance

grounds.

Alternat ively, and more elegant ly, we can display the divergent structure of (12) in

terms of the CR as expressed by (4)-(7) and thus learn how gauge symmetry interplays

with momentum rout ing. We quote the result from [14]

Πµν = Π̃µν + 4 Υ2
µν −

1

2
(k2

1 + k2
2)Υ0

µν +
1

3
(kα1 k

β
1 + kα2 k

β
2 + kα1 k

β
2 )Υ0

µναβ

− (k1 + k2)
α (k1 + k2)µΥ

0
να −

1

2
(kα1 k

β
1 + kα2 k

β
2 )gµνΥ

0
αβ where (29)

7
Π̃µν =

4

3
(k1 − k2)2gµν − (k1 − k2)µ(k1 − k2)ν ×

× I Λlog(m
2) − b

1

3
+

(2m2 + (k1 − k2)
2
)

(k1 − k2)
2 Z0((k1 − k2)

2
; m2) . (30)

We can certainly set all Υ’s to zero consistent ly with theWard identity (k1− k2)µΠµν = 0.

In addit ion one may choose a part icular rout ing, say k1 = p, k2 = 0, and let the value

assumed by the Υ’s be arbit rary, viz. Υ0
µναβ = λ1g{ µνgαβ} , Υ

0
µν = λ2gµν , Υ

2
µν = λ3µ

2gµν .

Hence we obtain that

pµΠµν = 4pν((λ1 − 2λ2)p
2 + λ3µ

2)

from which we see that gauge invariance is accomplished through the choice (λ1, λ2, λ3) =

(2λ, λ, 0), with λ being an arbit rary local term. The momentum rout ing is immaterial in

this example.

Besides being elegant, to write the differences between divergent integrals with no

external momentum dependence and with the same ∆ s in terms of the CR’s will be par-

t icularly at t ract ive in the discussion of chiral theories and anomalies within perturbat ion

theory.

3 Undet erminacy of t he induced Lorent z and CPT

symmet ry breaking t erm in ext ended QED4

Thesubject of a possible radiat ivegenerat ion of theLorentz and CPT symmetry breaking

term

L CS =
1

2
cµϵ

µνλρFνλAρ , (31)

arising from the Lorentz and CPT violat ing term bµψ̄γµγ5ψ added in the fermionic sector

of standard QED4 (cµ, bµ are constant 4-vectors) has been a matter of fiery debate. The

controversy results from two main points: 1) the fact the that value of cµ appears to be

regularizat ion dependent , [11] [20], [21] and 2) whether or not gauge invariance (and

analit icity) can constrain cµ to vanish [22], [23],[24],[26]. As first ly pointed out by Jackiw

and Kostelecký [24] and well-argued by Pérez-Victoria [26], the answer to this problem

lies upon two related facts. First ly, it is the act ion correspondent to the induced density

(31), d4x L CS, which is gauge invariant. Secondly, bµ is a constant field and therefore

the term which is sought after needs to be gauge invariant at zero external momentum

only. Usually the regularizat ions which have been employed enforce gauge invariance

at all axial momenta (Pauli-Villars, DR with the ’t Hooft Veltman prescript ion for γ5).

Other generalizat ions of γ5 in DR often give different results. DFR can be employed in

the perturbat ive in bµ calculat ion [11]. However for the bµ-exact propagator case DFR

cannot be implemented since it is not possible to write such propagator in coordinate

space. This issue is part icularly at t ract ive to be dealt with within IR.

Although in principle (31) is a local renormalizable term allowed by the symmetries of

the theory (save Lorentz and CPT), its appearance at classical level undergoes stringent

8

Scale relation
IR diverg. eliminated

RG scale

k1 – k2 = p

p
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IREG

• Generalisable to n loop order in compliance with BPHZ forest formula

• MRI  Gauge Invariance  (proof for abelian case)

• Clear separation UV and IR divergences

(IR can be expressed in dual (position) space as BDI)

Typical UV BDI n-loop order

Scale relation

Derivatives of BDI are BDI → evaluate RG functions

ST parametrises reg. dep. terms

ST = 0

• When radiative corrections are finite but undetermined
R. Jackiw Int.J.Mod.Phys. B14 (2000) 2011            
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Some  Applications of IREG .

anomalies

Holomorphy and 

exact beta functions 

In N=1 SYM

Lorentz violation

Chiral Theories

Radiative undetermined parameters

NLO calculation

MRI in Feynman diagrams 

and gauge symmetry

SuSy



NNLO (and Beyond) Implementation of IReg

At multiloop level, the IReg prescription does not give a
natural order to perform integrations

We rewrite it in a way to extract the divergent behavior of a
given amplitude when the internal momenta goes to infinity in
all possible ways

Allows an automatic identification of the terms to be
subtracted by Bogoliubov’s recursion formula

A. Cherchiglia, M. Sampaio, M. Nemes, Int. J. Mod. Phys. A26 (2011) 2591

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

p
k1 k2

p

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

p
k1 k2

p

ig 4

2

∫
k1k2

∆(k1)∆(k1 − p)∆(k1 − k2)∆(k2)∆(k2 − p), ∆(ki ) ≡ 1

k2
i − µ2
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Example: φ3 in 6D

p
k1 k2

p

ig 4

2

∫
k1k2

∆(k1)∆(k1 − p)∆(k1 − k2)∆(k2)∆(k2 − p), ∆(ki ) ≡ 1

k2
i − µ2

1

(ki − p)2 − µ2
=

2(n(ki )−1)∑
l=0

f
(ki , p)

l + f̄ (ki , p), f
(ki , p)

l ∝ k
−(l+2)
i if ki →∞
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

p
k1 k2

p

ig 4

2

∫
k1k2

∆(k1)∆(k1 − p)∆(k1 − k2)∆(k2)∆(k2 − p), ∆(ki ) ≡ 1

k2
i − µ2

1

(ki − p)2 − µ2
=

2(n(ki )−1)∑
l=0

f
(ki , p)

l + f̄ (ki , p), f
(ki , p)

l ∝ k
−(l+2)
i if ki →∞

Finiteness of the terms that contain f̄ (ki , p) when ki →∞ in all possible
ways ⇒ n(k1) = n(k2) = 3

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Divergences when k1 →∞ and k2 is fixed

A1 =

∫
k1k2

∆(k1)f
(k1, p)

0 ∆(k1 − k2)∆(k2)

[
4∑

m=0

f (k2, p)
m + f̄ (k2, p)

]

=

∫
k1k2

∆2(k1)∆(k1 − k2)∆(k2)∆(k2 − p)
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Divergences when k2 →∞ and k1 is fixed

A2 =

∫
k1k2

∆(k1)

[
4∑

l=0

f
(k1, p)

l + f̄ (k1, p)

]
∆(k1 − k2)∆(k2)f

(k2, p)
0

=

∫
k1k2

∆(k1)∆(k1 − p)∆(k1 − k2)∆2(k2)

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Divergences when k1 →∞ and k2 →∞ simultaneously

A3 =

∫
k1k2

∆(k1)f
(k1, p)

1 ∆(k1 − k2)∆(k2)f
(k2, p)

1

=

∫
k1k2

∆3(k1)(2p · k1)∆(k1 − k2)∆3(k2)(2p · k2)
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Term double counted

A4 =

∫
k1k2

∆(k1)f
(k1, p)

0 ∆(k1 − k2)∆(k2)f
(k2, p)

0

=

∫
k1k2

∆2(k1)∆(k1 − k2)∆2(k2)
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Apply IReg rules according to their classification
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Example: φ3 in 6D

Apply IReg rules according to their classification

1 A1: Perform the integral in k1 and consider k2 as external
momenta
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Apply IReg rules according to their classification

1 A1: Perform the integral in k1 and consider k2 as external
momenta

2 A2: Perform the integral in k2 and consider k1 as external
momenta

3 A3: Perform the integrals in k1 and k2

4 A4: Perform the integrals in k1 and k2 (intersection of the
cases k1 →∞ and k2 fixed, k2 →∞ and k1 fixed)

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Results

A1 = Ā1 + α1

Ā1 =

∫
k2

∆(k2)∆(k2 − p)
[
Ilog (λ2)

]

α1 =

∫
k2

∆(k2)∆(k2 − p)

[
2b6 − b6 ln

(
−k2

2 − µ2

λ2

)]

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Results

A1 = Ā1 + α1

Ā1 =

∫
k2

∆(k2)∆(k2 − p)
[
Ilog (λ2)

]

ᾱ1 = b6p
2

[
I

(2)
log (λ2)

3
− 8

9
Ilog (λ2) + 8Υ1 − 4Υ2

]
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Example: φ3 in 6D

Results

A2 = Ā2 + α2

Ā2 =

∫
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]
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Results

A2 = Ā2 + α2

Ā2 =

∫
k1

∆(k1)∆(k1 − p)
[
Ilog (λ2)

]

ᾱ2 = b6p
2

[
I

(2)
log (λ2)

3
− 8

9
Ilog (λ2) + 8Υ1 − 4Υ2
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Results

A3 = ᾱ3 = b6p
2

[
Ilog (λ2)

3
+ 2Υ1

]
A4 = 0

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Total divergence
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Total divergence

ig4

2

(
ᾱ1 + ᾱ2 + ᾱ3 + Ā1 + Ā2

)
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Total divergence

ig4

2

(
ᾱ1 + ᾱ2 + ᾱ3 + Ā1 + Ā2

)

Terms which contain Ilog (λ2) multiplying an integral
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

Total divergence

ig4

2

(
ᾱ1 + ᾱ2 + ᾱ3 + Ā1 + Ā2

)

Terms which contain Ilog (λ2) multiplying an integral −→
Subtracted by Bogoliubov’s recursion formula

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

p
k2

p p
k1

p

= (−1)× Divergence of
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NNLO (and Beyond) Implementation of IReg
Example: φ3 in 6D

p
k2

p p
k1

p

= (−1)× Divergence of

ig4

2

∫
k2

∆(k2)∆(k2 − p)
[
−Ilog (λ2)

]
=

ig4

2

(
−Ā1

)
,

ig4

2

∫
k1

∆(k1)∆(k1 − p)
[
−Ilog (λ2)

]
=

ig4

2

(
−Ā2

)
.

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



NNLO (and Beyond) Implementation of IReg

Obtained the divergence of the order and the terms to be
subtracted by Bogoliubov’s recursion formula are
automatically identified

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments
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NNLO (and Beyond) Implementation of IReg

Obtained the divergence of the order and the terms to be
subtracted by Bogoliubov’s recursion formula are
automatically identified

Same procedure applied to:

p p
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NNLO (and Beyond) Implementation of IReg

2-loop results:

Ξ̄(2) =
ig4p2

6

{
5b6

3
I

(2)
log (λ2)−

29b6

9
Ilog (λ2)− 20Υ2 − 4Υ1

[
Ilog (λ2)−

77b6

6
+ 3Υ1

]
+ finite

}

Λ̄(2) = ig5

[
5b6

2
I

(2)
log (λ2)−

(
17b6

3
+ 6Υ1

)
Ilog (λ2) + finite

]
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2-loop results:

Ξ̄(2) =
ig4p2

6

{
5b6

3
I

(2)
log (λ2)−

29b6

9
Ilog (λ2)− 20Υ2 − 4Υ1

[
Ilog (λ2)−

77b6

6
+ 3Υ1

]
+ finite

}

Λ̄(2) = ig5

[
5b6

2
I

(2)
log (λ2)−

(
17b6

3
+ 6Υ1

)
Ilog (λ2) + finite

]

Surface terms multiply divergence −→ Affect the
renormalization group functions

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



IReg in spinor QED

Described method of implementing BPHZ in IReg used to
obtain NNLO corrections and beyond in QED

Dias et al., Eur. Phys. J. C 55, 667 (2008)

Cherchiglia, Hiller, Sampaio Implicit Regularization: NNLO developments



Example: polarization tensor at NNLO

Tµν =
8

3
ıe4b(pµpν − gµνp

2)

{
3

2
I 2
log (λ2)− 3bI

(2)
log (λ2) +

31

6
bIlog (λ2)−

− 3

2
b ln

(
−p2

λ2

)
+

3

2
b + 6b2ζ(3)

}
.

All surface terms were set to zero on gauge invariance grounds
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Example: polarization tensor at NNLO

Tµν =
8

3
ıe4b

Gauge invariant︷ ︸︸ ︷
(pµpν − gµνp

2)

{
3

2
I 2
log (λ2)− 3bI

(2)
log (λ2) +

31

6
bIlog (λ2)−

− 3

2
b ln

(
−p2

λ2

)
+

3

2
b + 6b2ζ(3)

}
.

All surface terms were set to zero on gauge invariance grounds
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A - Anomaly Puzzle

however

1 Int roduct ion

In this paper we revisit a somewhat old controversy: the origin of higher-order perturba-

t ive contribut ions to the beta funct ion in supersymmetric gauge theories. The relevance

of infrared (IR) modes and the dist inct ion between the Wilsonian act ion and the gen-

erator of 1PI funct ions are at the heart of this debate. A good understanding of these

issues is relevant, for instance, for the comparison of field theory results with holographic

renormalizat ion group flows.1

The so-called “ exact beta funct ion” of general N= 1 SYM was discovered by Novikov,

Shifman, Vainshtein and Zakharov (NSVZ) using instanton analysis [2]. In this approach

it is clear that correct ions to the one-loop result have an IR origin in an imbalance in

the number of fermionic and bosonic zero modes. For pure SYM the NSVZ beta funct ion

reads

β(g)
N S V Z

=
− 3CA

16π2

g3

1− CA g2

8π2

. (1.1)

This formula was first derived by Jones in [3]. Later on, superspace perturbat ive com-

putat ions to two loops were carried out using regularizat ion by dimensional reduct ion

(DRed) [4, 5, 6]. In this method the two-loop correct ion to the beta funct ion arises from

a local evanescent operator specific to DRed2. This operator is not available in regulariza-

t ion schemes that stay in four dimensions and Grisaru, Milewski and Zanon pointed out

that this seems to imply that no divergence should occur beyond one loop, in conflict with

the DRed result [6]. NSVZ then observed that in four dimensions the higher-loop correc-

t ions can only arise from nonlocal operators that are nonanalyt ic at vanishing external

momentum [7]. This behaviour can appear only from the domain of virtual momenta of

order of the external momenta. Since this domain is excluded by definit ion in the Wilson

act ion, the flow of the Wilsonian coupling constant is purely one-loop [8]. The standard

modern proof of this fact is based on the holomorphic dependence on the complexified

coupling constant . The running of the physical coupling constant , on the other hand,

has higher-order contribut ions that appear when one takes the expectat ion value (in an

1The calculat ion of the beta funct ion of N= 1 SYM in the context of the AdS/ CFT correspondence

has been recent ly considered in [1]. In order to discriminate between the different possible results (which

depend on the detailed UV/ IR relat ion one uses), a preliminar requisite is to ident ify the field theory

answer one would like to reproduce. This requires a correct field-theoret ical interpretat ion of the rôle of

the IR degrees of freedom.
2This is theonly local gaugeinvariant operator of theappropriatedimension: Tr d4xd4θΓaΓb(δb

a− δ̂
b
a),

where δ and δ̂ are Kronecker deltas in four and n dimensions, respect ively. Using a Bianchi ident ity it

can be cast in a form proport ional to the classical act ion: − ϵTr d4xd2θW aWa .

1

NSVZ Exact beta function

A nice solution

Arkani-Hamed and Murayama 
JHEP 0006 (2000) 030

Different definitions of gauge couplings depending on renormalization schemes  →  different          functions

holomorphic gauge coupling whose beta function is one loop exact

canonical gauge coupling whose beta function is given by NSVZ       function.
N=1 SYM



Additional controversies:      IR modes contributions to the beta-function

• Instanton analysis (NSVZ  ´83 , ´85) → it is clear that corrections to the one-loop result have an 
IR origin in an imbalance in the number of fermionic and bosonic zero modes 

• A. Hamed and Murayama → canonical Wilsonian coupling constant obeys a NSVZ flow → depends on 
UV properties of the theory, and thus questioned the IR origin of the corrections.

• Framework that clearly separate UV divergences from the off-shell IR divergences that afflict these calculations
• Use IReg (physical dimension)  since in dimensional methods UV and IR divergences are mixed. 
• Use SuSy - BFM

Idea:  Feynman diagram calculation to 2 loop order
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after use of (2.1) with aUV = 0. Here the free propagator is ∆ (x) ≡
1

(x) = −
1

4π2

1

x2
.

The last term in (4.2) involves correct ions to the gauge parameter. Standard ∇ -algebra

manipulat ions reduce it to

−
ξCA

4
d4xd4yd2θW α(x)W α (y) ∆ (x − y) d4z∆ (z − y)∆ (z − x) (4.4)

The integral that remains to be done corresponds to the insert ion diagram of figure 1b),

and diverges logarithmically for large |z|. This is the first instance of an off-shell IR

singularity, that we renormalize along the lines explained in Sect ion 2:

d4z
1

(x − z)2

1

(z − y)2
= d4p

1

p4
e− ip(x− y)

R̃
→ −

1

4
d4p p

ln p2

M̄ 2
I R

p2
e− ip(x− y)

= −π2 ln(x − y)2M 2
I R . (4.5)

We have used the ident ity (2.2) with aI R = 0. In the end we obtain the following

contribut ion to linear order in ξ:

ξCA

43π2
[∆ (x − y) ln(x − y)2M 2

I R ] , (4.6)

and the full one-loop contribut ion results in

Γ
1loop
ξ = −

CA

43π2
d4xd4yd2θW α(x)W α (y) 3∆ (x − y) ln((x − y)2M 2)

− ξ∆ (x − y) ln((x − y)2M 2
I R) + O(ξ2) + . . . (4.7)
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d4z
1
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1
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→ −

1

4
d4p p

ln p2

M̄ 2
I R
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We will compute the two-loop cont ribut ion in the Feynman gauge, ξ = 0. From (3.8), the

higher-loop contribut ions come from the expansion of a vacuum diagram with propagators

and vert ices made out of background covariant derivat ives (Figure 2). In part icular there

is a single such diagram at two loops, as shown in [5]. After performing the ∇ -algebra

G G

G G

W W

Figure 2: Diagrams cont ribut ing to G(2) at two loops.

we find the following nonvanishing contribut ions (up to a common factor − 3g2C2
A / 2):

D 1 = i d4xd4yd4θ W̄ α̇ (x, θ)W α (y, θ) σ
µ
αα̇ [− ∆ (x − y)∂µ I 0(x, y) ] ,

D 2 = i d4xd4yd4θ W̄ α̇ (x, θ)W α (y, θ) σ
µ
αα̇ 2∆ (x − y)∂µ I 0(x, y) − ∂µ (∆ (x − y)I 0(x, y))

D 3 =
1

2
d4xd4yd4θ Γ µ(x, θ)Γ ν (y, θ) − ∂µ∂ν (∆ I 0(x, y)) (4.8)

+ 4∂µ ((∂ν∆ )I 0(x, y)) − 4((∂µ∂ν∆ )I 0(x, y)) ,

D 4 =
1

2
d4xd4yd4θ Γ µ (x, θ)Γ ν (y, θ) I 1

µν (x, y) − I 2
µν (x, y) ,

D 5 =
1

2
d4xd4yd4θ Γ µ (x, θ)Γ ν (y, θ) δµν ( ∆ (x − y))I 0(x, y) .
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Results:

Separately off-shell IR divergent

…

Infrared modes contributes to beta function



SQED and conventional BFM

IReg applied in SYM;

Uses BFM based on covariant derivatives;
UV divergences

⇒ β2 = 0

Finite part depends on the renormalization scale introduced at
1 - loop

⇒ β2 6= 0

Shed light on this paradox in an easier context (SQED) verifying if
regularization ambiguities play a role.

SQED is an abelian theory and allows the use of conventional
BFM

A. Cherchiglia et al, Eur. Phys. J. C76 (2016) no.2, 47
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SQED in the conventional BFM
Results: 1 - loop

After after omitting surface terms on gauge invariant grounds

Λ(1) =(−i)g
2

2

∫
p,θ

B(−p, θ)DβD̄2DβB(p, θ)

[
Ilog (λ2)− b ln

(
−p2

λ2

)
+ 2b

]
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SQED in the conventional BFM
Results: 2 loops

c

a1 a2

b1 b2

d

b3 b4
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SQED in the conventional BFM
Results: 2 loops

Λ(2) = −2
g 4

2

∫
p,θ

B(−p, θ)DβD̄2DβB(p, θ)b

[
Ilog (λ2)− b ln

(
−p2

λ2

)]
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SQED in the conventional BFM
Results: 2 loops

Λ(2) = −2
g 4

2

∫
p,θ

B(−p, θ)DβD̄2DβB(p, θ)b

[
Ilog (λ2)︸ ︷︷ ︸
divergence

−b ln

(
−p2

λ2

)]
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SQED in the conventional BFM
Results: 2 loops

Λ(2) = −2
g 4

2

∫
p,θ

B(−p, θ)DβD̄2DβB(p, θ)b

[
Ilog (λ2)− b ln

(
−p2

λ2

)
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finite

]
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SQED in the conventional BFM

Conclusions

Gauge symmetry requires ambiguous terms (surface terms) to
be zero;

β function has non-vanishing corrections at 2 - loop order;

β can be calculated via renormalization constants or via the
finite term, yielding the same result.

β =
1

(4π)2
g3 +

1

8(4π2)2
g5 +O(g7)
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SQED in covariant BFM

Motivation: method used in the calculation of β function in
SYM

The renormalization constant does not get corrections at 2 -
loop order

⇒ β2 = 0

Finite part depends on the renormalization scale

⇒ β2 6= 0
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SQED in covariant BFM
Results: 1 loop

A(1) = (−i)g
2

2

∫
p,θ

B(−p, θ)DβD̄2DβB(p, θ)

[
Ilog (λ2)− b ln

(
−p2

λ2

)
+ 2b

]

No ambiguous term occurs, the result is automatically invariant;

This invariant result is identical to the one obtained with the
conventional BFM.
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SQED in the covariant BFM
Results: 2 loops

(a) (b) (c)

A(2) =
g 4
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Comparison of results
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SQED and BFM

Conclusions and Perspectives

SQED displays the behavior found in SYM in a calculation
with covariant BFM.

Renormalization constant does not get corrections at 2 - loop
order

⇒ β2 = 0

Finite part depends on renormalization scale

⇒ β2 6= 0

Regarding divergencies, there exists a controversy related with
the use of BFM

This controversy cannot be attributed to ambiguities stemming
from regularization

Difference in the results may be related to the scaling anomaly
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Motivation

After the study of theories such as SQED, SYM and QED at
NNLO, we would like to tackle QCD;

More involved technicality, good playground to study the
interplay with gauge symmetry;

As in the other examples presented so far, we resorted to the
Background Field Method;

Our aim is to compute the NNLO correction to the β function.
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The diagrams
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Preliminary results

Results in CDR implemented as well, for comparison between
schemes;

Know how to reproduce the ε−2 and non-local ε−1 log

[
p2

µ2
DReg

]
terms from IReg result;

Ilog (λ2)→ i

(4π)2

[
1

ε
− γE + log(4π) + log

(
µ2

DReg

λ2

)]
,

I
(2)
log (λ2)→ i

(4π)2

[
1

2ε2
− γE + log(4π) +

1

2
log

(
µ2

DReg

λ2

)
+ finite

]
,

Local terms under investigation.
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Research Proposals

1.   Regularization Scheme Dependence of QCD Amplitudes in IREG 
(massless and massive cases – Gnendiger, Signer, Visconti JHEP - 2016)

• cancellation of  IR and UV singularities → compare with CDR, HV, FDH, DRED at NNLO

• study factorisation properties in IREG: calculation of anomalous dimensions

• advantages of IREG: no     - scalars

• processes: 

• heavy quark and heavy-to-light form factors (massive case)

• study compatibility of IREG with algorithms that isolate IR and UV divergencies: 

FKS subtraction NPB 467 (1996) 399 , Sector Decomposition NPB 585 (2000) 741. 

2.

• Issues with FDH:  incorrect finite terms which violate unitarity → inconsistencies with IR 

structure→ solution: correct UV renormalization of subdivergencies
W. B. Kilgore, The Four Dimensional Helicity Scheme Beyond One Loop, Phys.Rev. D86 (2012) 014019, and 

Bern et al. , JHEP  0306 (2003) 028 

• NLO and NNLO in SM

• simple process (2→1)

• pedagogical avail: easy to see where divergencies come from and cancel each other

3. 

4.

• useful to test factorisation of overlapping singularities in phase space and loop integrations
JHEP03(2012)035


