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INTRODUCTION 

 No striking manifestation of New Physics (NP) beyond the 
Standard Model (SM) at the LHC
 ÒPrecision PhysicsÓ represents the key instrument to Þnd NP
 In this framework QCD perturbative corrections play a 
crucial role
 Until a few years ago, the standard for such calculations was 
next-to-leading order (NLO) accuracy
 In the past recent years a number of growing next-to-next-to-
leading order (NNLO) results were computed
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 No striking manifestation of New Physics (NP) beyond the 
Standard Model (SM) at the LHC
 ÒPrecision PhysicsÓ represents the key instrument to Þnd NP
 In this framework QCD perturbative corrections play a 
crucial role
 Until a few years ago, the standard for such calculations was 
next-to-leading order (NLO) accuracy
 In the past recent years a number of growing next-to-next-to-
leading order (NNLO) results were computed

“The NNLO revolution”
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THE NNLO STANDARD
NNLO hadron-collider calculations v. time
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NNLO HADRON-COLLIDER CALCULATIONS VS. TIME 

DY, van Neerven et al.

NNLO hadron-collider calculations v. time
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tt Catani  et. al
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HH (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

bb->H, Duhr, Dulat, Mistlberger
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explosion of calculations!
in past 24 months

as of April 2017, let me know of omissions
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THE N3LO QT-SUBTRACTION METHOD
 We consider the inclusive hard-scattering reaction

The dynamics of scattering processes at high-momentum scales,Q, is well described by pertur-
bative QCD. Thanks to asymptotic freedom, the cross sectionfor su! ciently inclusive reactions
can be computed as a series expansion in the QCD coupling! S(Q2). Until few years ago, the
standard for such calculations was next-to-leading order (NLO) accuracy. Next-to-next-to-leading
order (NNLO) results were known only for few highly-inclusive reactions (see e.g. Refs. [1, 2, 3]).

The extension from NLO to NNLO accuracy is desirable to improve the QCD predictions and
to better assess their uncertainties. In particular, this extension is certainly important in two cases:
in those processes whose NLO corrections are comparable to the leading order (LO) contribution;
in those ÔbenchmarkÕ processes that are measured with high experimental precision. Such a task,
however, implies Þnding methods and techniques to practically achieve the cancellation of infrared
(IR) divergences that appear at intermediate steps of the calculations.

Recently, a new general method [4], based on sector decomposition [5], has been proposed
and applied to the NNLO QCD calculations ofe+ e! ! 2 jets [6], Higgs [7] and vector [8] boson
production in hadron collisions, and to the NNLO QED calculation of the electron energy spectrum
in muon decay [9]. The calculations of Refs. [7, 8] are encoded in publicly available numerical
programs that allow the user to compute the corresponding cross sections with arbitrary cuts on
the momenta of the partons produced in the Þnal state.

The traditional approach to perform NLO computations is based on the introduction of aux-
iliary cross sections that are obtained by approximating the QCD scattering amplitudes in the
relevant IR (soft and collinear) limits. This strategy led to the proposal of thesubtraction [10] and
slicing [11] methods. Exploiting the universality properties of soft and collinear emission, these
methods were later developed in the form of general algorithms [12, 13, 14]. These algorithms
make possible to perform NLO calculations in a (relatively)straightforward manner, as soon as the
corresponding QCD amplitudes are available. In recent years, several research groups have been
working on general NNLO extensions of the subtraction method [15, 16, 17, 18, 19]. Although
NNLO results have been obtained only in some speciÞc processes (e+ e! ! 2 jets [20, 21] and,
partly, e+ e! ! 3 jets [22]), in the case of lepton collisions some of these general projects are near
to completion.

In this letter we reconsider the problem of the extension of the subtraction method to NNLO.
Rather than aiming at a general formulation, we limit ourselves to considering a speciÞc, though
important, class of processes: the production of colourless high-mass systems in hadron collisions.
We present a formulation of the subtraction method for this class of processes, and we apply it to
the NNLO calculation of Higgs boson production via the gluonfusion subprocessgg ! H . This
explicit application crosschecks the results of Ref. [7], by using a completely independent method.

We consider the inclusive hard-scattering reaction

h1 + h2 ! F (Q) + X, (1)

where the collision of the two hadronsh1 and h2 produces the triggered Þnal stateF . The Þnal
state F consists of one or more colourless particles (leptons, photons, vector bosons, Higgs bosons,
. . . ) with momenta qi and total invariant massQ (Q2 = (

!
i qi )2). Note that, sinceF is colourless,

the LO partonic subprocess is eitherqøq annihilation, as in the case of the DrellÐYan process, or
gg fusion, as in the case of Higgs boson production.

At NLO, two kinds of corrections contribute: i) real corrections, where one parton recoils

1

hi = hadron (i=1,2)
Colourless Þnal state F with transverse momentum qT and invariant mass Q

 We are interested in the QCD corrections to this process F

 The basic idea behind the method

elements are known analytically and identifying the missing coe! cients at N3LO. In Sec. 3 we
present a prescription for approximating the missing collinear functions at N3LO based on the
unitarity property of the integral of the transverse momentum distribution. In Sec. 4, we apply
the qT subtraction formalism at N3LO to produce di" erential distributions in the rapidity of the
Higgs boson. To validate our approach, Sec. 4.1 quantiÞes the quality of the approximations by
repeating them at NNLO, where all of the ingredients toqT subtraction are known. We assess
the magnitude of di" erent sources of systematic uncertainties at N3LO in Sec. 4.2, yielding Þnal
results for the N3LO Higgs boson rapidity distribution and the associated theoretical uncertainty
in Sec. 4.3. Finally, in Sec. 5 we summarize our results.

2 The qT subtraction formalism at N 3LO

This section is devoted to the generalisation of the transverse-momentum subtraction formalism
to N3LO in perturbative QCD. The method is illustrated in its general form and special attention
is paid to the case of Higgs boson production through gluonÐgluon fusion. TheqT subtraction
formalism presented in this section is the third order extension of the subtraction method originally
proposed in Refs. [1, 2, 3].

We consider the inclusive hard-scattering reaction

h1(p1) + h2(p2) ! F ({ qi } ) + X , (1)

whereh1 and h2 are the two hadrons which collide with momentap1 and p2 producing the identiÞed
colourless Þnal-state systemF , accompanied by an arbitrary and undetected Þnal stateX . The
colliding hadrons have centreÐofÐmass energy

"
s, and are treated as massless particles (s =

(p1 + p2)2 = 2p1 áp2). The observed Þnal stateF consists of a generic system of non-QCD
partons composed ofone or more colour singlet particles (such as vector bosons, photons, Higgs
bosons, DrellÐYan (DY) lepton pairs and so forth) with momentaqµ

i (i = 3, 4, 5, . . . ). The total
momentum of the systemF is denoted byqµ (q =

!
i qi ) and it can be expressed in terms of the

total invariant mass M (q2 = M 2), the transverse momentumqT with respect to the direction of
the colliding hadrons, and the rapidityy (2y = ln( p2 áq/p1 áq)) in the centreÐofÐmass system of
the collision. SinceF is colourless, the LO partonic Born cross section can be either initiated by
qøq! annihilation, as in the case of the DrellÐYan process, or by gluonÐgluon fusion, as in the case
of Higgs boson production.

In order to explain the basic idea of the subtraction formalism, we Þrst notice that at LO, the
transverse momentumqT =

!
i qT i of the Þnal state systemF is identically zero. Therefore, as

long asqT #= 0, the NnLO QCD contributions (with n = 1, 2, 3) are given by the Nn" 1LO QCD
contributions to the F +jet(s) Þnal state. Consequently, ifqT #= 0 we have:

d! F
Nn LO (qT #= 0) $ d! F +jets

Nn! 1LO with n = 1, 2, 3 . (2)

The notation NnLO stands for: N0LO=LO, N 1LO=NLO, N 2LO=NNLO and so forth. Equa-
tion (2) implies that if qT #= 0 the infrared (IR) divergences that appear in the computation of
d! F

Nn LO (qT #= 0) are those already present in d! F +jets
Nn! 1LO . Therefore, provided that the IR singu-

larities involved in d! F
Nn LO (qT #= 0) can be handled and cancelled with the available subtraction

methods at Nn" 1LO, the only remaining singularities at NnLO are associated with the limit

2

             can be computed with the well known subtractions methods at NLO and NNLO
The remaining true NnLO divergencies are associated to the small-qT limit
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2

Catani, Grazzini  (2007)

The qT -subtraction formalism at NNLO
h1(p1) + h2(p2) ! V (M , qT ) + X

V is one or morecolourlessparticles (vector bosons, leptons, photons, Higgs
bosons,. . . ) [Catani,Grazzini(Õ07)] . øq

q

qT = ! kT
V

kT

g

Key point I: at LO the qT of the V is exactly zero.

d! V
(N)NLO |qT "=0 = d! V + jets

(N)LO ,

for qT "= 0 the NNLO IR divergences cancelled with the NLO subtraction method.

The only remaining NNLO singularities are associated with the qT ! 0 limit.

Key point II: treat the NNLO singularities atqT = 0 by an additional subtraction
using the universality of logarithmically-enhanced contributions from qT

resummation formalism[Catani,de Florian,Grazzini(Õ00)] .

d! V
NnLO

qT # 0
#! d! V

LO $ ! (qT / M )dq2
T = d! V

LO $
$!

n=1

2n!

k=1

" " S

#

#n
! (n,k) M 2

q2
T

lnk! 1 M 2

q2
T

d2qT

d! CT qT # 0
#! d! V

LO $ ! (qT / M )dq2
T

Giancarlo Ferrera Ð Milan University & INFN Loopfest XVII Ð 18/7/2018
An NNLO QCD study of diphoton production at the LHC 25/20
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THE N3LO QT-SUBTRACTION METHOD
The generic form of the qT-subtraction method

qT ! 0 and we treat them with the transverse momentum subtraction method. Since the small-
qT behaviour of the transverse momentum distribution is well known through the resummation
program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
exploit this knowledge to construct the necessary NnLO counterterms (CT) to subtract the re-
maining singularity at qT = 0, thereby promoting the qT subtraction method proposed in Refs. [1]
to N3LO.

The generic form of theqT subtraction method [1] for the NnLO cross section is

d! F
Nn LO = H F

Nn LO " d! F
LO +

!
d! F +jets

Nn! 1LO # d! F CT
Nn LO

"
with n = 1, 2, 3 , (3)

where d! F CT
Nn LO is the contribution of the counterterm to the NnLO cross section which cancels the

divergences of d! F +jets
Nn! 1LO in the limit qT ! 0 and renders the term in square brackets Þnite for all

values ofqT . The n-th order counterterm can be written

d! F CT
Nn LO = ! F

Nn LO (q2
T /M 2) d2qT " d! F

LO , (4)

where the symbol" denotes convolutions over momentum fractions and sums over ßavour indices
of the partons. More precisely, the function! F

Nn LO (q2
T /M 2) is the n-th order truncation of the

perturbative series in" s

! F
cøc! ab

#
q2

T

M 2
;
M 2

ös
; " s;

M 2

µ2
R

,
M 2

µ2
F

$
=

"%

n=1

&" s

#

' n
! F ;(n)

cøc! ab

#
q2

T

M 2
;
M 2

ös
;
M 2

µ2
R

,
M 2

µ2
F

$
, (5)

where the labelsa and b stands for the partonic channels of the NnLO correction to the Born
cross section (d! F

LO $ d
!
! F ;(0)

cøc

"
). Notice that at LO the only available conÞguration isa = c

and b = øc, where cøc is (are) the partonic channel(s) through which the LO cross section is
initiated. The function ! F (q2

T /M 2) embodies all the logarithmic terms that are divergent in the
limit qT ! 0 reproducing the singular behaviour of d! F +jets in the small-qT limit. The deÞnition
of the counterterm is free of terms proportional to$(q2

T ) which are all absorbed in the perturbative
factor H F . The hard coe" cient function H F

Nn LO that encodes all the IR Þnite terms of then-loop
contributions, is obtained by the NnLO truncation of the perturbative function

H F
cøc! ab

#
M 2

ös
; " s;

M 2

µ2
R

,
M 2

µ2
F

$
= $c a $øc b $(1 # z) +

"%

n=1

&" s

#

' n
H F ;(n)

cøc! ab

#
z;

M 2

µ2
R

,
M 2

µ2
F

$
, (6)

where z = M 2/ ös. According to the transverse momentum resummation formula (Eq. (10) of
Ref. [2]) and using the Fourier-Bessel transformation between the conjugate variablesqT and the
impact parameter b, the perturbative hard function H F and the corresponding counterterm are
obtained by the Þxed-order truncation of the identity

#
! F

cøc! ab

#
q2

T

M 2
;
M 2

ös
; " s

$
+ H F

cøc! ab

#
M 2

ös
; " s

$$
" d

!
! F ;(0)

cøc

"
ab

=
M 2

s

( "

0
db

b
2

J0(bqT ) (7)

% Sc(M, b)
( 1

x1

dz1

z1

( 1

x2

dz2

z2
dö! F ;(0)

cøc f a/h 1

)
x1/z 1, b2

0/b2
*

f b/h 2

)
x2/z 2, b2

0/b2
* !

H F C1C2
"

cøc;ab
,

whereJ0(bqT ) is the 0-th order Bessel function,f c/h corresponds to the distribution of a partonc
in a hadron h and b0 = 2e# ! E (%E = 0.5772... is the EulerÐMascheroni constant). In the left-hand
side of Eq. (7), we omit the full scale dependence of these coe" cients, which is however, fully
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How to calculate the qT-subtraction ingredients?

qT ! 0 and we treat them with the transverse momentum subtraction method. Since the small-
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obtained by the Þxed-order truncation of the identity

#
! F

cøc! ab

#
q2

T

M 2
;
M 2

ös
; " s

$
+ H F

cøc! ab

#
M 2

ös
; " s

$$
" d

!
! F ;(0)

cøc

"
ab

=
M 2

s

( "

0
db

b
2

J0(bqT ) (7)

% Sc(M, b)
( 1

x1

dz1

z1

( 1

x2

dz2

z2
dö! F ;(0)

cøc f a/h 1

)
x1/z 1, b2

0/b2
*

f b/h 2

)
x2/z 2, b2

0/b2
* !

H F C1C2
"

cøc;ab
,

whereJ0(bqT ) is the 0-th order Bessel function,f c/h corresponds to the distribution of a partonc
in a hadron h and b0 = 2e# ! E (%E = 0.5772... is the EulerÐMascheroni constant). In the left-hand
side of Eq. (7), we omit the full scale dependence of these coe" cients, which is however, fully

3

Expanding the resummation formula at Þxed order

Catani, Grazzini  (2007)

J. C. Collins, D. E. Soper and G. Sterman (1985)

S. Catani, D. de Florian and M. Grazzini (2001)
S. Catani and M. Grazzini (2011)

15



THE N3LO QT-SUBTRACTION METHOD
Expanding at Þxed-order the following expression
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againstF ; ii) one-loop virtualcorrections to the LO subprocess. Both contributions are separately
IR divergent, but the divergences cancel in the sum. At NNLO,three kinds of corrections must
be considered: i)double realcontributions, where two partons recoil againstF ; ii) real-virtual
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Comparing with the right-hand side of Eq. (2), we have subtracted the truncation of Eq. (3) at
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program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
exploit this knowledge to construct the necessary NnLO counterterms (CT) to subtract the re-
maining singularity at qT = 0, thereby promoting the qT subtraction method proposed in Refs. [1]
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where z = M 2/ ös. According to the transverse momentum resummation formula (Eq. (10) of
Ref. [2]) and using the Fourier-Bessel transformation between the conjugate variablesqT and the
impact parameter b, the perturbative hard function H F and the corresponding counterterm are
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program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
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qT ! 0 and we treat them with the transverse momentum subtraction method. Since the small-
qT behaviour of the transverse momentum distribution is well known through the resummation
program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
exploit this knowledge to construct the necessary NnLO counterterms (CT) to subtract the re-
maining singularity at qT = 0, thereby promoting the qT subtraction method proposed in Refs. [1]
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in a hadron h and b0 = 2e# ! E (%E = 0.5772... is the EulerÐMascheroni constant). In the left-hand
side of Eq. (7), we omit the full scale dependence of these coe" cients, which is however, fully
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The large logarithmic corrections are exponentiated in the Sudakov form factorSc(M, b) of the
quark (c = q, øq) or of the gluon (c = g), which has the following expression:
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dq2
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Ac(#s(q2)) ln
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q2
+ Bc(#s(q2))

&'
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The functionsA and B in Eq. (9) permit a perturbative expansion in#s:
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in Eq.(7), depends on the initial
state channel of the Born subprocess and is explained in detail in Refs. [19, 20]. Here we limit
ourselves to the case in which the Þnal state systemF is composed of a single Higgs boson
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, (12)

whereHF= H
g (#s) is the hardÐvirtual function, andCg a and Gg a are gluonic helicityÐpreserving

and helicityÐßipping hardÐcollinear coefficient functions respectively.

Note that the right-hand side of Eq. (12) does not depend on the direction ofb and this
implies that the qT distribution has no azimuthal correlations in the small-qT region for Higgs
boson production [19].

Note also that the term with two Gg a(z; #s) terms in Eq. (12), is the double helicityÐßip
contribution: helicity conservation in the hard-process factor for Higgs boson production forbids
contributions with a single helicityÐßip. The helicityÐßipGg a(z; #s) functions are absent in pro-
cesses initiated at the Born level by quark annihilation [19].

The gluonic hardÐcollinear coefficient function Cg a(z; #s) (a = q, øq, g) has the following per-
turbative expansion
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!(

n=1

) #s

$

* n

C (n)
g a (z) . (13)
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In contrast, the perturbative expansion of the helicity ßip hardÐcollinear coe! cient function Gga,
which is speciÞc to gluon-initiated processes, starts only atO(! s), and can be written as [19, 20]

Gg a(z; ! s) =
!!

n=1

" ! s

"

#n
G(n)

g a (z) . (14)

The IR Þnite contribution of the n-loop correction terms to the Born subprocess are contained in
the hardÐvirtual function

H F = H
g (! s) = 1 +

!!

n=1

" ! s

"

#n
H F = H ;(n)

g . (15)

The resummation formula in the right-hand side of Eq. (7) is invariant under Òresummation
schemeÓ transformations [21], whereas the individual coe! cients H F = H

g , Bg, Cg a and Gg a are
not separately resummation scheme independent. Through this paper we always use thehard
scheme[20] to report explicit expressions for the perturbative expansion of these individual coef-
Þcients. Thehard schemestates that all the contributions proportional to #(1 ! z) are considered
to belong to the hardÐvirtual functionsH F

c . This directly implies that H F
c is process dependent

whereas the collinearCab functions and the resummation coe! cients Bc are independent of the
Þnal state systemF . In addition, the resummation coe! cients Ac and the helicity-ßip functions
Gab are also independent of the Þnal state process.

The truncation of Eq. (7) at a given Þxed order requires the explicit knowledge of resummation
coe! cients and hard collinear coe! cient functions. For F = H at NLO, the knowledge of the
coe! cients A(1)

g , B (1)
g , C(1)

ga (a = q,øq, g) and H H ;(1)
g are su! cient to compute the inclusive total

cross section and di" erential distributions. Assuming that the Higgs boson couples to a single
heavy quark of massmQ, the Þrst-order coe! cient H H ;(1)

g in the hard resummation scheme is [20]

H H ;(1)
g = CA " 2/ 2 + cH (mQ) . (16)

The function cH (mQ), which depends on the NLO virtual corrections of the Born subprocess, is
given in Eq. (B.2) of Ref. [38]. In the limit mQ " # , the function cH becomes

cH (mQ) !"
5CA ! 3CF

2
=

11
2

. (17)

Therefore the complete set of coe! cients necessary to compute Higgs boson production (in the
limit in which the mass of the top quark Q = t is larger than any other scale involved in the
process) at NLO is

A(1)
g = CA , B (1)

g = !
1
6

(11CA ! 2Nf ) , H H ;(1)
g =

1
2

(11 + CA " 2) ,

C(1)
ga (z) =

1
2

CF z [a = q,øq] , C(1)
gg (z) = 0 . (18)

The coe! cients A(1)
g and B (1)

g are processand resummation scheme independent. The collinear
functions C(1)

ga (a = q,øq, g) are process independent, whileH H ;(1)
g depends on the Þnal-state system

(F = H ). Together, they depend on the resummation scheme in such a way to ensure the
resummation scheme independence of Eq. (7) at NLO. In the hard resummation scheme (18),
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Helicity-flip functions 
in gg initiated processes

Collinear coefficient functions

Hard virtual factors 
 (loop-virtual contributions)

Sudakov form factor

Last line not present 
 in qq initiated sub-

processes

qT ! 0 and we treat them with the transverse momentum subtraction method. Since the small-
qT behaviour of the transverse momentum distribution is well known through the resummation
program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
exploit this knowledge to construct the necessary NnLO counterterms (CT) to subtract the re-
maining singularity at qT = 0, thereby promoting the qT subtraction method proposed in Refs. [1]
to N3LO.

The generic form of theqT subtraction method [1] for the NnLO cross section is

dσF
NnLO = HF

NnLO " dσF
LO +

[
dσF +jets

Nn−1LO # dσF CT
NnLO

]
with n = 1, 2, 3 , (3)

where dσF CT
NnLO is the contribution of the counterterm to the NnLO cross section which cancels the

divergences of dσF +jets
Nn−1LO in the limit qT ! 0 and renders the term in square brackets Þnite for all

values ofqT . The n-th order counterterm can be written

dσF CT
NnLO = ! F

NnLO(q2T /M 2) d2qT " dσF
LO , (4)

where the symbol" denotes convolutions over momentum fractions and sums over ßavour indices
of the partons. More precisely, the function! F

NnLO(q2T /M 2) is the n-th order truncation of the
perturbative series inαs

! F
cc̄←ab

(
q2T
M 2

;
M 2

ös
;αs;

M 2

µ2
R

,
M 2

µ2
F

)
=
∞∑

n=1

(αs

π

)n
! F ;(n)

cc̄←ab

(
q2T
M 2

;
M 2

ös
;
M 2

µ2
R

,
M 2

µ2
F

)
, (5)

where the labelsa and b stands for the partonic channels of the NnLO correction to the Born
cross section (dσF

LO $ d
[
σF ;(0)

cc̄

]
). Notice that at LO the only available conÞguration isa = c

and b = øc, where cøc is (are) the partonic channel(s) through which the LO cross section is
initiated. The function ! F (q2T /M 2) embodies all the logarithmic terms that are divergent in the
limit qT ! 0 reproducing the singular behaviour of dσF +jets in the small-qT limit. The deÞnition
of the counterterm is free of terms proportional toδ(q2T ) which are all absorbed in the perturbative
factor HF . The hard coe" cient function HF

NnLO that encodes all the IR Þnite terms of then-loop
contributions, is obtained by the NnLO truncation of the perturbative function

HF
cc̄←ab

(
M 2

ös
;αs;

M 2

µ2
R

,
M 2

µ2
F

)
= δc a δc̄ b δ(1 # z) +

∞∑

n=1

(αs

π

)n
HF ;(n)

cc̄←ab

(
z;

M 2

µ2
R

,
M 2

µ2
F

)
, (6)

where z = M 2/ ös. According to the transverse momentum resummation formula (Eq. (10) of
Ref. [2]) and using the Fourier-Bessel transformation between the conjugate variablesqT and the
impact parameter b, the perturbative hard function HF and the corresponding counterterm are
obtained by the Þxed-order truncation of the identity
(

! F
cc̄←ab

(
q2T
M 2

;
M 2

ös
;αs

)
+ HF

cc̄←ab

(
M 2

ös
;αs

))
" d

[
σF ;(0)

cc̄

]
ab

=
M 2

s

∫ ∞

0

db
b
2

J0(bqT ) (7)

% Sc(M, b)
∫ 1

x1

dz1
z1

∫ 1

x2

dz2
z2

döσF ;(0)
cc̄ f a/h 1

(
x1/z 1, b20/b

2
)

f b/h 2

(
x2/z 2, b20/b

2
) [

H F C1C2

]
cc̄;ab

,

whereJ0(bqT ) is the 0-th order Bessel function,f c/h corresponds to the distribution of a partonc
in a hadron h and b0 = 2e−! E (γE = 0.5772... is the EulerÐMascheroni constant). In the left-hand
side of Eq. (7), we omit the full scale dependence of these coe" cients, which is however, fully
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straightforwardly integrated with respect to some of the Þnal-state variables{ ! A , ! B , . . . } , thus
leading to results for observables that are more inclusive than the di" erential cross section in
Eq. (2).

We also recall that we are considering the production of a systemF of colourless particles or,
more precisely, a system of non-strongly interacting particles (i.e.,F cannot include QCD partons
and their fragmentation products). Therefore, at the Born (lowest-order) level, the cross section
in Eq. (2) is controlled by the partonic subprocesses of quarkÐantiquark (qøq) annihilation,

qf + øqf ! ! F , (3)

and gluon fusion,
g + g ! F . (4)

Owing to colour conservation, no other partonic subprocesses can occur at the Born level. More
importantly (see below), the distinction betweenqøq annihilation and gluon fusion leads to relevant
(and physical) di" erences [42, 10] in the context of small-qT resummation.

To study the qT dependence of the di" erential cross section in Eq. (2) within QCD perturbation
theory, we introduce the following decomposition:

d! F = d! (sing)
F + d! (reg)

F . (5)

Both terms in the right-hand side are obtained through convolutions of partonic cross sections
and the scale-dependent parton distributionsf a/h (x, µ2) (a = qf , øqf , g is the parton label) of
the colliding hadrons. We use parton densities as deÞned in theMS factorization scheme, and
" S(q2) is the QCD running coupling in the MS renormalization scheme. The partonic cross
sections that enter the singular component (the Þrst term in the right-hand side of Eq. (5))
contain all the contributions that are enhanced (or ÔsingularÕ) at smallqT . These contributions
are proportional to #(2) (qT ) or to large logarithms of the type 1

q2
T

lnm(M 2/q 2
T ). On the contrary,

the partonic cross sections of the second term in the right-hand side of Eq. (5) are regular (i.e.
free of logarithmic terms) order-by-order in perturbation theory asqT ! 0. More precisely, the
integration of d! (reg)

F /d 2qT over the range 0" qT " Q0 leads to a Þnite result that, at each Þxed
order in " S, vanishesin the limit Q0 ! 0.

The regular componentd! (reg)
F of the qT cross section depends on the speciÞc process in Eq. (1)

that we are considering. In the following we focus on the singular component,d! (sing)
F , which has

a universal all-order structure. The corresponding resummation formula is written as [6, 9, 10]

d! (sing)
F (p1, p2; qT , M, y, ⌦)

d2qT dM 2 dy d⌦
=

M 2

s

!

c= q,øq,g

"
d! (0)

cøc,F

#$
d2b

(2$)2
ei báqT Sc(M, b)

#
!

a1,a2

$ 1

x1

dz1

z1

$ 1

x2

dz2

z2

%
H F C1C2

&
cøc;a1a2

f a1/h 1 (x1/z 1, b2
0/b2) f a2/h 2 (x2/z 2, b2

0/b2) , (6)

where b0 = 2e! ! E (%E = 0.5772. . . is the Euler number) is a numerical coe# cient, and the
kinematical variablesx1 and x2 are

x1 =
M
$

s
e+ y , x2 =

M
$

s
e! y . (7)
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THE N3LO QT-SUBTRACTION METHOD
Third-order ingredients

All the ingredients which describe the cancellation of the large 
logarithmic terms (in the small-qT limit) are known from the 
previous orders (NNLO and NLO) (using convolutions written 
in function of Goncharov PolyLogarithms GPLS)

againstF ; ii) one-loop virtualcorrections to the LO subprocess. Both contributions are separately
IR divergent, but the divergences cancel in the sum. At NNLO,three kinds of corrections must
be considered: i)double realcontributions, where two partons recoil againstF ; ii) real-virtual
corrections, where one parton recoils againstF at one-loop order; iii) two-loop virtual corrections
to the LO subprocess. The three contributions are still separately divergent, and the calculation
has to be organized so as to explicitly achieve the cancellation of the IR divergences.

Our method is based on a (process- and observable-independent) generalization of the proce-
dure used in the speciÞc NNLO calculation of Ref. [23]. We Þrst note that, at LO, the transverse
momentum q T =

!
i q T i of the triggered Þnal stateF is exactly zero. As a consequence, as

long asqT != 0, the (N)NLO contributions are actually given by the (N)LO contributions to the
triggered Þnal stateF + jet(s). Thus, we can write the cross section as

d! F
(N )NLO |qT !=0 = d! F +jets

(N )LO . (2)

This means that, whenqT != 0, the IR divergences in our NNLO calculation are those ind! F +jets
NLO :

they can be handled and cancelled by using available NLO formulations of the subtraction method.
The only remaining singularities of NNLO type are associated to the limit qT " 0, and we treat
them by an additional subtraction. Our key point is that the singular behaviour ofd! F +jets

(N )LO when
qT " 0 is well known: it comes out in the resummation program [24] of logarithmically-enhanced
contributions to transverse-momentum distributions. Then, to perform the additional subtraction,
we follow the formalism used in Ref. [25, 26] to combine resummed and Þxed-order calculations.

The following sketchy presentation is illustrative; the details will appear elsewhere. We use a
shorthand notation that mimics the notation of Ref. [25]. WedeÞne the subtraction counterterm 

d! CT = d! F
LO # ! F (qT /Q ) d2q T . (3)

The function ! F (qT /Q ) embodies the singular behaviour ofd! F +jets when qT " 0. In this limit
it can be expressed as follows in terms ofqT -independent coe" cients ! F (n;k) :

! F (qT /Q ) $$$"
qT " 0

#"

n=1

# " S

#

$n 2n"

k=1

! F (n;k) Q2

q2
T

lnk$ 1 Q2

q2
T

. (4)

The extension of Eq. (2) to include the contribution atqT = 0 is Þnally:

d! F
(N )NLO = H F

(N )NLO # d! F
LO +

%
d! F +jets

(N )LO $ d! CT
(N )LO

&
. (5)

Comparing with the right-hand side of Eq. (2), we have subtracted the truncation of Eq. (3) at
(N)LO and added a contribution at qT = 0 needed to obtain the correct total cross section. The
coe" cient H F

(N )NLO does not depend onqT and is obtained by the (N)NLO truncation of the
perturbative function

H F = 1 +
" S

#
H F (1) +

# " S

#

$2
H F (2) + . . . . (6)

A few comments are in order.

¥ The counterterm of Eq. (3) regularizes the singularity ofd! F +jets when qT " 0: the term
in the square bracket on the right-hand side of Eq. (5) is thusIR Þnite (or, better, inte-
grable overqT ). Note that, at NNLO, d! CT

(N )LO acts as a counterterm for thesum of the two

  The symbol # understands convolutions over momentum fractions and sum over ßavour indeces of the partons.

2

The third-order contribution at qT = 0 presents two missing 
pieces 

 The universal relation between the three-loop virtual 
scattering amplitudes and the hard-virtual factor
 The collinear coefÞcient functions at the third-order
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THE N3LO QT-SUBTRACTION METHOD
Third-order ingredients at qT = 0

Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (26)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T
≡

"
dö" F +jets

ab

dq2
T
− dö" F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to writeH H
gg in terms of the functionsCg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. consideringµF = µR = M )

H H
gg! ab(z; #s) ≡ H H

g (#s)
! 1

0
dz1

! 1

0
dz2 ! (z− z1z2)

$
Cg a(z1; #s)Cg b(z2; #s) + Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression forH F

ab was written requiring speciÞcallyF = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The Þrst di! erence is related to the fact that the
function H H depends on the energy fractionz, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned
(i.e., it is independent of the resummation scheme) [21]. TheH H function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant#s.
The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for the
Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (29)

H H ;(2)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(2)

g + ! g a C(2)
g b (z) + ! g bC(2)

g a (z)

+ H H ;(1)
g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'
+

&
C(1)

g a ⊗ C(1)
g b

'
(z) +

&
G(1)

g a ⊗G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol⊗ denotes the convolution integral (i.e., we deÞne
(g⊗ h)(z) ≡

( 1
0 dz1

( 1
0 dz2 ! (z− z1z2) g(z1) h(z2)). The new third-order contribution is given by

H H ;(3)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(3)

g + ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
&

G(1)
g a ⊗G(2)

g b

'
(z) +

&
G(2)

g a ⊗G(1)
g b

'
(z)

+ H H ;(1)
g

&
! g a C(2)

g b (z) + ! g bC(2)
g a (z)

'
+ H H ;(2)

g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'

+
&

C(1)
g a ⊗ C(2)

g b

'
(z) +

&
C(2)

g a ⊗ C(1)
g b

'
(z)

+ H H ;(1)
g

&
C(1)

g a ⊗ C(1)
g b

'
(z) + H H ;(1)

g

&
G(1)

g a ⊗G(1)
g b

'
(z) . (31)

8Where we fix " R=" F=M

The hard-virtual, collinear and helicity-ßip contributions

Since the the hard-scattering function HF
cøc! ab is simply proportional to ! (q2

T ), we evaluate the qT
spectrum on right-hand side of Eq. (3) according to the following decomposition

"̂ tot
F ab =

M 2

ŝ
HF

ab +

! "

0
dq2

T

d"̂ (Þn.)
F ab

dq2
T

, (26)

where d"̂ (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

d"̂ (Þn.)
F ab

dq2
T

!

"
d"̂ F+jets

ab

dq2
T

"
d"̂ F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to write HH
gg in terms of the functions Cg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. considering µF = µR = M )

HH
gg! ab(z; #s) ! H H

g (#s)

! 1

0
dz1

! 1

0
dz2 ! (z " z1z2)

$
Cg a(z1; #s)Cg b(z2; #s)+Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression for HF

ab was written requiring specifically F = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The first di! erence is related to the fact that the
functionHH depends on the energy fraction z, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent function HH

gg! ab is unambiguously defined
(i.e., it is independent of the resummation scheme) [21]. The HH function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant #s.
The perturbative expansion of the function HH directly follows from Eqs. (13)–(15) and for the
first-order and second-order contributions we have

HH;(1)
gg! ab(z) = ! g a ! g b ! (1 " z)H H;(1)

g + ! g a C(1)
g b (z) + ! g b C(1)

g a (z) , (29)

HH;(2)
gg! ab(z) = ! g a ! g b ! (1 " z)H H;(2)

g + ! g a C(2)
g b (z) + ! g b C(2)

g a (z)

+ H H;(1)
g

&
! g a C(1)

g b (z) + ! g b C(1)
g a (z)

'
+

&
C(1)

g a # C(1)
g b

'
(z) +

&
G(1)

g a # G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol # denotes the convolution integral (i.e., we define
(g # h)(z) !

( 1
0 dz1

( 1
0 dz2 ! (z " z1z2) g(z1) h(z2)). The new third-order contribution is given by

HH;(3)
gg! ab(z) = ! g a ! g b ! (1 " z)H H;(3)

g + ! g a C(3)
g b (z) + ! g b C(3)

g a (z)

+
&

G(1)
g a # G(2)

g b

'
(z) +

&
G(2)

g a # G(1)
g b

'
(z)

+ H H;(1)
g

&
! g a C(2)

g b (z) + ! g b C(2)
g a (z)

'
+ H H;(2)

g

&
! g a C(1)

g b (z) + ! g b C(1)
g a (z)

'

+
&

C(1)
g a # C(2)

g b

'
(z) +

&
C(2)

g a # C(1)
g b

'
(z)

+ H H;(1)
g

&
C(1)

g a # C(1)
g b

'
(z) + H H;(1)

g

&
G(1)

g a # G(1)
g b

'
(z) . (31)

8

S. Catani, L. C, D. de Florian, G. Ferrera and M. Grazzini (2013)

Scale dependent terms already known from NNLO 

De Florian, Grazzini  (2001)
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THE N3LO QT-SUBTRACTION METHOD

Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (26)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T
≡

"
dö" F +jets

ab

dq2
T
− dö" F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to writeH H
gg in terms of the functionsCg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. consideringµF = µR = M )

H H
gg! ab(z; #s) ≡ H H

g (#s)
! 1

0
dz1

! 1

0
dz2 ! (z− z1z2)

$
Cg a(z1; #s)Cg b(z2; #s) + Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression forH F

ab was written requiring speciÞcallyF = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The Þrst di! erence is related to the fact that the
function H H depends on the energy fractionz, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned
(i.e., it is independent of the resummation scheme) [21]. TheH H function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant#s.
The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for the
Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (29)

H H ;(2)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(2)

g + ! g a C(2)
g b (z) + ! g bC(2)

g a (z)

+ H H ;(1)
g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'
+

&
C(1)

g a ⊗ C(1)
g b

'
(z) +

&
G(1)

g a ⊗G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol⊗ denotes the convolution integral (i.e., we deÞne
(g⊗ h)(z) ≡

( 1
0 dz1

( 1
0 dz2 ! (z− z1z2) g(z1) h(z2)). The new third-order contribution is given by

H H ;(3)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(3)

g + ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
&

G(1)
g a ⊗G(2)

g b

'
(z) +

&
G(2)

g a ⊗G(1)
g b

'
(z)

+ H H ;(1)
g

&
! g a C(2)

g b (z) + ! g bC(2)
g a (z)

'
+ H H ;(2)

g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'

+
&

C(1)
g a ⊗ C(2)

g b

'
(z) +

&
C(2)

g a ⊗ C(1)
g b

'
(z)

+ H H ;(1)
g

&
C(1)

g a ⊗ C(1)
g b

'
(z) + H H ;(1)

g

&
G(1)

g a ⊗G(1)
g b

'
(z) . (31)

8Where we fix " R=" F=M

These ingredients are partially known or completely missing

The hard-virtual, collinear and helicity-ßip contributions

Third-order ingredients at qT = 0
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THE N3LO QT-SUBTRACTION METHOD

Up to the previous slide the discussion about the N3LO qT-
subtraction formalism, was completely general. The following slides 
are for Þnal processes F initiated by gluon fusion. In particular for 

Higgs boson production via gluon fusion in the large top-mass limit.Introduction

X

H

Gluon!gluon fusion is the dominant production 
channel of the Higgs boson at hadron colliders: 
enormous activity in the last 15 years

 Total cross section up to NNLO
R.Harlander, W.B. Kilgore "2002# $

C. Anastasiou, K. Melnikov "2002#$
V. Ravindran, J. Smith, W.L.Van Neerven "2003#

 EW corrections
U. Aglietti et al. "2004#$

G. Degrassi, F. Maltoni "2004#$
G. Passarino et al. "2008#

 NNLO beyond large!mtop approximation

Partial N3LO and approximations
Anastasiou et al. "2014#; de Florian et al. "2014#$

S.Forte et al "2013, 2014#

 Threshold resummations
S.Catani, D. de Florian, P. Nason, MG "2003#$

M.Neubert et al. "2011#$
M.Bonvini, S.Marzani "2014#

S.Marzani et al. "2008#$
R.Harlander et al. "2009,2010#$

M.Steinhauser et al. "2009#

 Fully exclusive NNLO calculations
                    C.Anastasiou et al. "2005, 2009#

S.Catani, MG "2007#;MG "2008# FEHIPro ,  HNNLO
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THE N3LO QT-SUBTRACTION METHOD

H H ;(3)
g ; C(3)

g a ; G(2)
g a

<latexit sha1_base64="scO4Oc4NiTvd8nX+fNdKc0mR8mY="></latexit><latexit sha1_base64="scO4Oc4NiTvd8nX+fNdKc0mR8mY="></latexit><latexit sha1_base64="scO4Oc4NiTvd8nX+fNdKc0mR8mY="></latexit><latexit sha1_base64="kqsWseslVslUKu9ZX4dHsM0k9WI="></latexit>

These ingredients are partially known or completely missing

Nonetheless, within the qT-subtraction formalism,            can be 
reliably approximated for any hard-scattering process whose 

corresponding total cross section is known at N3LO.

H H ;(3)
g g! ab

<latexit sha1_base64="BKkSYGsDjoyO5JsyAg8W5I8xN9s="></latexit><latexit sha1_base64="BKkSYGsDjoyO5JsyAg8W5I8xN9s="></latexit><latexit sha1_base64="BKkSYGsDjoyO5JsyAg8W5I8xN9s="></latexit><latexit sha1_base64="EX19odREacKzsn8zbwsBA5fEfp8="></latexit>

G. Bozzi, S. Catani, D. de Florian and M. Grazzini (2005)

In our case we use the N3LO Higgs boson cross section 
recently calculated and implemented in the numerical code 
ihixs 2.0 B. Mistlberger (2018)

F. Dulat, A. Lazopoulos and B. Mistlberger (2018)

Third-order ingredients at qT = 0
L. C, X. Chen, T. Gehrmann, E. W. N. Glover, and A. Huss (2018)
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THE N3LO QT-SUBTRACTION METHOD

H H ;(3)
g ; C(3)

g a ; G(2)
g a
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Numerical procedure to extract
qT ! 0 and we treat them with the transverse momentum subtraction method. Since the small-
qT behaviour of the transverse momentum distribution is well known through the resummation
program [17] of logarithmically-enhanced contributions to transverse-momentum distributions, we
exploit this knowledge to construct the necessary NnLO counterterms (CT) to subtract the re-
maining singularity at qT = 0, thereby promoting the qT subtraction method proposed in Refs. [1]
to N3LO.

The generic form of theqT subtraction method [1] for the NnLO cross section is

d! F
Nn LO = H F

Nn LO " d! F
LO +

!
d! F +jets

Nn! 1LO # d! F CT
Nn LO

"
with n = 1, 2, 3 , (3)

where d! F CT
Nn LO is the contribution of the counterterm to the NnLO cross section which cancels the

divergences of d! F +jets
Nn! 1LO in the limit qT ! 0 and renders the term in square brackets Þnite for all

values ofqT . The n-th order counterterm can be written

d! F CT
Nn LO = ! F

Nn LO (q2
T /M 2) d2qT " d! F

LO , (4)

where the symbol" denotes convolutions over momentum fractions and sums over ßavour indices
of the partons. More precisely, the function! F

Nn LO (q2
T /M 2) is the n-th order truncation of the

perturbative series in" s

! F
cøc! ab

#
q2

T

M 2
;
M 2

ös
; " s;

M 2

µ2
R

,
M 2

µ2
F

$
=

"%

n=1

&" s

#

' n
! F ;(n)

cøc! ab

#
q2

T

M 2
;
M 2

ös
;
M 2

µ2
R

,
M 2

µ2
F

$
, (5)

where the labelsa and b stands for the partonic channels of the NnLO correction to the Born
cross section (d! F

LO $ d
!
! F ;(0)

cøc

"
). Notice that at LO the only available conÞguration isa = c

and b = øc, where cøc is (are) the partonic channel(s) through which the LO cross section is
initiated. The function ! F (q2

T /M 2) embodies all the logarithmic terms that are divergent in the
limit qT ! 0 reproducing the singular behaviour of d! F +jets in the small-qT limit. The deÞnition
of the counterterm is free of terms proportional to$(q2

T ) which are all absorbed in the perturbative
factor H F . The hard coe" cient function H F

Nn LO that encodes all the IR Þnite terms of then-loop
contributions, is obtained by the NnLO truncation of the perturbative function

H F
cøc! ab

#
M 2

ös
; " s;

M 2

µ2
R

,
M 2

µ2
F

$
= $c a $øc b $(1 # z) +

"%

n=1

&" s

#

' n
H F ;(n)

cøc! ab

#
z;

M 2

µ2
R

,
M 2

µ2
F

$
, (6)

where z = M 2/ ös. According to the transverse momentum resummation formula (Eq. (10) of
Ref. [2]) and using the Fourier-Bessel transformation between the conjugate variablesqT and the
impact parameter b, the perturbative hard function H F and the corresponding counterterm are
obtained by the Þxed-order truncation of the identity

#
! F

cøc! ab

#
q2

T

M 2
;
M 2

ös
; " s

$
+ H F

cøc! ab

#
M 2

ös
; " s

$$
" d

!
! F ;(0)

cøc

"
ab

=
M 2

s

( "

0
db

b
2

J0(bqT ) (7)

% Sc(M, b)
( 1

x1

dz1

z1

( 1

x2

dz2

z2
dö! F ;(0)

cøc f a/h 1

)
x1/z 1, b2

0/b2
*

f b/h 2

)
x2/z 2, b2

0/b2
* !

H F C1C2
"

cøc;ab
,

whereJ0(bqT ) is the 0-th order Bessel function,f c/h corresponds to the distribution of a partonc
in a hadron h and b0 = 2e# ! E (%E = 0.5772... is the EulerÐMascheroni constant). In the left-hand
side of Eq. (7), we omit the full scale dependence of these coe" cients, which is however, fully

3

Starting point is the sketchy form of the qT-subtraction method

At N 3LO, the numerical implementation of Eq. (7) requires the following ingredients:A(3)
g ,

B (3)
g , C(3)

ga , G(2)
ga (a = q,øq, g) and H H ;(3)

g . The coe! cient A(3)
g [42] reads

A(3)
g = C3

A

!
245
96

!
67
36

! 2 +
11
24

! 3 +
11
20

! 2
2

"
+ CA CF Nf

!
!

55
96

+
1
2

! 3

"
! CA N 2

f
1

108

+ C2
A Nf

!
!

209
432

+
5
18

! 2 !
7
12

! 3

"
+ " 0C2

A

!
101
27

!
7
2

! 3

"
! " 0CA Nf

14
27

. (23)

The explicit expression of theB (3)
c (a = q, g) coe! cients in the hard scheme can be computed

from Refs. [39, 40]. In the particular case of the gluon channel we have

B (3)
g = !

2133
64

+
3029
576

Nf !
349
1728

N 2
f +

109
6

#2 !
283
144

#2Nf +
5

108
#2N 2

f !
253
160

#4 +
23
240

#4Nf

!
843
8

! 3 + 2! 3Nf +
1
6

! 3N 2
f +

9
4

#2! 3 +
135
2

! 5 . (24)

The analytical form of the function " F ;(3) in Eq. (5) can be obtained by expanding Eq. (7)
to the corresponding matching order. The full analytical formula for" F is resummation scheme
independent order by order in the strong coupling constant. Therefore, the logarithmic singular
behaviour for " F at qT " 0 at each given order in$s does not depend on the resummation
scheme, and can be validated against the behaviour of the Þxed order results at smallqT . To
fully account for the logarithmically enhanced terms at a given order requires a su! cient depth
in the resummation prior to its Þxed-order expansion in Eq. (5). SpeciÞcally, the LO Higgs
bosonqT distribution receives singular contributions from up to NLL (next-to-leading-logarithm)
resummation [33, 34], the NLO Higgs bosonqT distribution requires the expansion of NNLL
resummation [35, 24], and the NNLO Higgs bosonqT distribution has been recently validated
against the singular contributions from N3LL resummation [36, 37].

The function H F ;(3)
cøc! ab which is proportional to %(q2

T ), contains the functionsH H ;(3)
c , C(3)

ga and
G(2)

ga that are only known in parts or not at all. Nevertheless, within theqT subtraction formalism,
H F ;(3) can be inferred for any hard-scattering process whose corresponding total cross section is
known at N3LO. This point is discussed in detail in the next section.

3 The Higgs boson total cross section at N 3LO

We start this section with some observations related to the hard-scattering functionH F
cøc! ab. This

function is resummation-scheme independent, but it depends on the speciÞc hard-scattering sub-
processc + øc " F . The coe! cients H F ;(n)

cøc! ab of the perturbative expansion in Eq. (6) can be
determined by performing a perturbative calculation of theqT distribution in the limit qT " 0. In
right-hand side of Eq. (7), the functionH F controls the strict perturbative normalization of the
corresponding total cross section (i.e. the integral of the totalqT distribution). This unitary-related
property can be exploited to determine the coe! cients H F ;(n)

cøc! ab from the perturbative calculation
of the total cross section. At the partonic level, the integral of the totalqT distribution in Eq. (3)
gives the total cross section ö&tot

F ab,

ö&tot
F ab(M, ös; $s(µ2

R), µ2
R, µ2

F ) =
# "

0
dq2

T
dö&F ab

dq2
T

(qT , M, ös; $s(µ2
R), µ2

R, µ2
F ) . (25)
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Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (26)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T

!

"
dö" F +jets

ab

dq2
T

"
dö" F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to writeH H
gg in terms of the functionsCg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. consideringµF = µR = M )

H H
gg! ab(z; #s) ! H H

g (#s)
! 1

0
dz1

! 1

0
dz2 ! (z " z1z2)

$
Cg a(z1; #s)Cg b(z2; #s) + Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression forH F

ab was written requiring speciÞcallyF = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The Þrst di! erence is related to the fact that the
function H H depends on the energy fractionz, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned
(i.e., it is independent of the resummation scheme) [21]. TheH H function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant#s.
The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for the
Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (29)

H H ;(2)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(2)

g + ! g a C(2)
g b (z) + ! g bC(2)

g a (z)

+ H H ;(1)
g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'
+

&
C(1)

g a # C(1)
g b

'
(z) +

&
G(1)

g a # G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol# denotes the convolution integral (i.e., we deÞne
(g # h)(z) !

( 1
0 dz1

( 1
0 dz2 ! (z " z1z2) g(z1) h(z2)). The new third-order contribution is given by

H H ;(3)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(3)

g + ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
&

G(1)
g a # G(2)

g b

'
(z) +

&
G(2)

g a # G(1)
g b

'
(z)

+ H H ;(1)
g

&
! g a C(2)

g b (z) + ! g bC(2)
g a (z)

'
+ H H ;(2)

g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'

+
&

C(1)
g a # C(2)

g b

'
(z) +

&
C(2)

g a # C(1)
g b

'
(z)

+ H H ;(1)
g

&
C(1)

g a # C(1)
g b

'
(z) + H H ;(1)

g

&
G(1)

g a # G(1)
g b

'
(z) . (31)
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+
4481CF

2592
� ⇡4CF

3240
� 23⇡2CF

432

!

+ Nf

"
101C2

A⇣5

72
� 97

216
⇡2C2

A⇣3 +
29C2

A⇣3

8
+

1849⇡4C2
A

38880
� 35⇡2C2

A

243
� 98059C2

A

5184

+
5CACF ⇣5

2
+

13CACF ⇣3

2
+

1
2
⇡2CACF ⇣3 �

63991CACF

5184
+

11⇡4CACF

6480

� 71
216

⇡2CACF +
1
9
⇡2CAL t �

5
36

⇡2CA⇣3 �
55CA⇣3

36
� 5⇡4CA

54
� 1409⇡2CA

864

� 5C2
F ⇣5 +

37C2
F ⇣3

12
+

19C2
F

18

!
, (23)

with L t = ln( M 2/m 2
t ) and ⇣n denoting the Riemann zeta-function for integer valuesn (⇣2 = ⇡2/ 6,

⇣3 = 1.202. . . , ⇣4 = ⇡4/ 90). Note that we neglect all the third-order terms in the exponent
of Eq. (81) in Ref. [20], considering the entireO(↵3

s) correction (in the exponent) as unknown.
However, the full top-mass dependence ofH H;(3)

g is already fully embodied in #H H;(3)
g . The cur-

rently unknown
$
H H;(3)

g

%
(�

qT
(2))

represents asingle coe�cient (of soft origin) belonging to the Þnite

part of the structure of the IR singularities contained in the third-order virtual amplitude of the
corresponding partonic subprocessgg! H .

As a consequence, the only missing ingredients toHH ;(3) are the functionsG(2)
g a(z), C(3)

g a (z) and$
H H;(3)

g

%
(�

qT
(2))

. The details on their numerical extraction will be discussed in the following section.

3 The Higgs boson total cross section at N3LO

We start this section by reviewing some properties of the hard-scattering functionHF
cøc ab. This

function is resummation-scheme independent, but it depends on the speciÞc hard-scattering sub-
processc + øc ! F . The coe�cients HF ;(n)

cøc ab of the perturbative expansion in Eq. (9) can be
determined by performing a perturbative calculation of theqT distribution in the limit qT ! 0.
In the right-hand side of Eq. (10), the functionHF controls the strict perturbative normaliza-
tion of the corresponding total cross section (i.e. the integral of the totalqT distribution). This
unitarity-related property can be exploited to determine the coe�cients HF ;(n)

cøc ab from the pertur-
bative calculation of the inclusive cross section. In particular, the integral of the fullqT spectrum
in Eq. (5) must reproduce the inclusive cross section�F (tot.) ,

�F (tot.)
NnLO =

& 1

0
dq2

T

d�F
NnLO

dq2
T

,
d�F

NnLO

dq2
T

⌘
&

dM 2 dY
d�F

NnLO

dq2
TdM 2dY

. (24)

Since the hard-scattering functionHF
cøc ab is proportional to �(q2

T ), we evaluate theqT spectrum
on right-hand side of Eq. (5) according to the following decomposition [2]

�F (tot.)
NnLO = HF

NnLO ⌦ �F
LO +

& 1

0
dq2

T

d�F (Þn.)
NnLO

dq2
T

, (25)

where d�F (Þn.) is directly related to the quantity in square brackets in the right-hand side of Eq. (5)

d�F (Þn.)
NnLO

dq2
T

⌘
'

d�F+jet(s)
Nn�1LO

dq2
T

� d�F CT
NnLO

dq2
T

(

. (26)
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THE N3LO QT-SUBTRACTION METHOD
Subtracting two consecutive orders, we arrive to an expression 
that can be used to extract numerically the missing terms  

As stated in Sec. 2, the second-order helicity-flip functions G(2)
g a(z) and the third-order collinear

functions C(3)
g a (z) are not known. In addition, the third-order hard–virtual coe! cient HH;(3)

g is not
fully determined. In the following, we describe a procedure to obtain an approximation to these
missing contributions.

The relation in Eq. (26) is valid order-by-order in QCD perturbation theory. If all the per-

turbative coe! cients of the fixed order expansion of !̂ tot
F ab, HF

ab and d!̂ (fin.)
F ab /dq

2
T are all known,

the relation (26) has to be regarded as an identity, which can be explicitly checked. Since the

fixed-order truncation of d!̂ (fin.)
F ab /dq

2
T is free of any contribution proportional to " (q2T ), the cross

section
!
d!̂ (fin.)

F ab /dq
2
T

"

NLO
does not contain the coe! cient HF ;(1)

ab . At the next perturbative order,
!
d!̂ (fin.)

F ab /dq
2
T

"

NNLO
does not explicitly depend on the coe! cient HF ;(2)

ab , and so forth. Therefore,

Eq. (26) proposes a method to analytically (or numerically) compute the NnLO coe! cient HF ;(n)
ab

from the knowledge of !̂ tot
F ab at N

nLO and of d!̂ (fin.)
F ab /dq

2
T at NnLO, without the need of explicitly

computing the small-qT behaviour of the spectrum d!̂ F ab/dq2T at NnLO. For example, the N3LO
term in Eq. (26) reads

# #s

$

$3 M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(3)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'

=
()

!̂ tot
F ab

"

N3LO
!

)
!̂ tot
F ab

"

NNLO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

N3LO
!

) d!̂ (fin.)
F ab

dq2T

"

NNLO

-

, (32)

where #s = #s(µ2
R) and we have used

)
!̂ tot
F ab(M, ŝ; #s)

"

LO
= " (1 ! M2/ŝ)

%

c

! (0)
cc̄, F (#s,M) "ca " c̄b . (33)

The generalization at any order n > 1 is [2]

# #s

$

$n M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(n)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'
(34)

=
()

!̂ tot
F ab

"

NnLO
!

)
!̂ tot
F ab

"

Nn! 1LO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

NnLO
!

) d!̂ (fin.)
F ab

dq2T

"

Nn! 1LO

-

.

At LO, where only the Born subprocess is available,
)
d!̂ (Þn .)

F ab
dq2

T

"

LO
is zero by definition. Notice that

in Eqs. (32) and (34) the full HF ;(n)
cc̄! ab coe! cient is used, i.e., the scale independent terms as well

as the terms that we omitted in Eq. (28) (and therefore in Eqs. (29), (30) and (31)) embody the
scale dependence through the ratios M2/µ2

F and M2/µ2
R.

If all the components on the right-hand side of Eq. (34) are known analytically (as it was the
case at NNLO in Refs. [25, 26]) the function HF

ab can be extracted exactly in analytical form.

At NLO the extraction of the function HF ;(1)
ab is straightforward for Drell–Yan and Higgs boson

production. The function HF ;(2)
ab at NNLO (for Higgs (F = H) boson production [25] and Drell–

Yan (F = DY ) [26]) can be obtained with a dedicated analytical computation using Eq. (34) for
n = 2. Since for Higgs boson production, the transverse momentum cross section H+jet at NNLO
is not known analytically, Eq. (32) can be used only numerically to compute HF ;(3)

ab .
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Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (26)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T
≡

"
dö" F +jets

ab

dq2
T
− dö" F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to writeH H
gg in terms of the functionsCg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. consideringµF = µR = M )

H H
gg! ab(z; #s) ≡ H H

g (#s)
! 1

0
dz1

! 1

0
dz2 ! (z− z1z2)

$
Cg a(z1; #s)Cg b(z2; #s) + Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression forH F

ab was written requiring speciÞcallyF = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The Þrst di! erence is related to the fact that the
function H H depends on the energy fractionz, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned
(i.e., it is independent of the resummation scheme) [21]. TheH H function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant#s.
The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for the
Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (29)

H H ;(2)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(2)

g + ! g a C(2)
g b (z) + ! g bC(2)

g a (z)

+ H H ;(1)
g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'
+

&
C(1)

g a ⊗ C(1)
g b

'
(z) +

&
G(1)

g a ⊗G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol⊗ denotes the convolution integral (i.e., we deÞne
(g⊗ h)(z) ≡

( 1
0 dz1

( 1
0 dz2 ! (z− z1z2) g(z1) h(z2)). The new third-order contribution is given by

H H ;(3)
gg! ab(z) = ! g a ! g b ! (1− z) H H ;(3)

g + ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
&

G(1)
g a ⊗G(2)

g b

'
(z) +

&
G(2)

g a ⊗G(1)
g b

'
(z)

+ H H ;(1)
g

&
! g a C(2)

g b (z) + ! g bC(2)
g a (z)

'
+ H H ;(2)

g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'

+
&

C(1)
g a ⊗ C(2)

g b

'
(z) +

&
C(2)

g a ⊗ C(1)
g b

'
(z)

+ H H ;(1)
g

&
C(1)

g a ⊗ C(1)
g b

'
(z) + H H ;(1)

g

&
G(1)

g a ⊗G(1)
g b

'
(z) . (31)
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THE N3LO QT-SUBTRACTION METHOD

As stated in Sec. 2, the second-order helicity-flip functions G(2)
g a(z) and the third-order collinear

functions C(3)
g a (z) are not known. In addition, the third-order hard–virtual coe! cient HH;(3)

g is not
fully determined. In the following, we describe a procedure to obtain an approximation to these
missing contributions.

The relation in Eq. (26) is valid order-by-order in QCD perturbation theory. If all the per-

turbative coe! cients of the fixed order expansion of !̂ tot
F ab, HF

ab and d!̂ (fin.)
F ab /dq

2
T are all known,

the relation (26) has to be regarded as an identity, which can be explicitly checked. Since the

fixed-order truncation of d!̂ (fin.)
F ab /dq

2
T is free of any contribution proportional to " (q2T ), the cross

section
!
d!̂ (fin.)

F ab /dq
2
T

"

NLO
does not contain the coe! cient HF ;(1)

ab . At the next perturbative order,
!
d!̂ (fin.)

F ab /dq
2
T

"

NNLO
does not explicitly depend on the coe! cient HF ;(2)

ab , and so forth. Therefore,

Eq. (26) proposes a method to analytically (or numerically) compute the NnLO coe! cient HF ;(n)
ab

from the knowledge of !̂ tot
F ab at N

nLO and of d!̂ (fin.)
F ab /dq

2
T at NnLO, without the need of explicitly

computing the small-qT behaviour of the spectrum d!̂ F ab/dq2T at NnLO. For example, the N3LO
term in Eq. (26) reads

# #s

$

$3 M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(3)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'

=
()

!̂ tot
F ab

"

N3LO
!

)
!̂ tot
F ab

"

NNLO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

N3LO
!

) d!̂ (fin.)
F ab

dq2T

"

NNLO

-

, (32)

where #s = #s(µ2
R) and we have used

)
!̂ tot
F ab(M, ŝ; #s)

"

LO
= " (1 ! M2/ŝ)

%

c

! (0)
cc̄, F (#s,M) "ca " c̄b . (33)

The generalization at any order n > 1 is [2]

# #s

$

$n M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(n)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'
(34)

=
()

!̂ tot
F ab

"

NnLO
!

)
!̂ tot
F ab

"

Nn! 1LO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

NnLO
!

) d!̂ (fin.)
F ab

dq2T

"

Nn! 1LO

-

.

At LO, where only the Born subprocess is available,
)
d!̂ (Þn .)

F ab
dq2

T

"

LO
is zero by definition. Notice that

in Eqs. (32) and (34) the full HF ;(n)
cc̄! ab coe! cient is used, i.e., the scale independent terms as well

as the terms that we omitted in Eq. (28) (and therefore in Eqs. (29), (30) and (31)) embody the
scale dependence through the ratios M2/µ2

F and M2/µ2
R.

If all the components on the right-hand side of Eq. (34) are known analytically (as it was the
case at NNLO in Refs. [25, 26]) the function HF

ab can be extracted exactly in analytical form.

At NLO the extraction of the function HF ;(1)
ab is straightforward for Drell–Yan and Higgs boson

production. The function HF ;(2)
ab at NNLO (for Higgs (F = H) boson production [25] and Drell–

Yan (F = DY ) [26]) can be obtained with a dedicated analytical computation using Eq. (34) for
n = 2. Since for Higgs boson production, the transverse momentum cross section H+jet at NNLO
is not known analytically, Eq. (32) can be used only numerically to compute HF ;(3)

ab .
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the third-order hardÐvirtual coe! cient deÞned in Eq. (35)

!H H ;(3)
g ! H H ;(3)

g "
"
H H ;(3)

g

#
(!

qT
(2) )

. (36)

Therefore the only missing ingredients toH F ;(3) are the functionsG(2)
g a(z), C(3)

g a (z) and
"
H H ;(3)

g
#

(!
qT
(2) )

.

Their contribution to Eq. (32) can be approximated as follows:

CN 3 ! g a ! g b ! (1 " z) # ! g a ! g b ! (1 " z)
"
H H ;(3)

g

#
(!

qT
(2) )

+ ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
$

G(1)
g a $ G(2)

g b

%
(z) +

$
G(2)

g a $ G(1)
g b

%
(z) , (37)

where the third-order numerical coe! cient CN 3 embodies the numerical extraction of the hardÐ
virtual coe! cient

"
H H ;(3)

g
#

(!
qT
(2) )

plus the numerical approximation of a function of the variablez

by a numerical term proportional to ! (1 " z). The resulting numerical coe! cient
"
H H ;(3)

g
#

(!
qT
(2) )

is

exact sinceCN 3 is proportional to ! (1 " z). The approximation that implies Eq. (37) is related
only to the functions G(2)

g a(z) and C(3)
g a (z), whose functional dependence on the variablez goes

beyond terms proportional to! (1 " z).

The method outlined in Eq. (37) to approximate numerically unknown terms in the hardÐ
virtual function H H

gg! ab(z) is not new. It was Þrst used in Ref. [2] in order to compute the second

order function H H ;(2)
gg! ab(z) numerically at NNLO, providing a reasonable estimate of the exact result

to better than 1% accuracy. Notice that Eq. (37) allows to recover the total cross section (at N3LO
in this case) with no approximation. After integration over the transverse momentumqT , Eq. (25)
provides the same total integral (numerically in this case) as in the fully analytical case. Even
more, for IR safe observables (at Þxed order) which fulÞl that theback-to-backkinematical region
(qT = 0) is located in a single phase space point (e.g. theqT distribution, the angular separation
"# "" between the two photons for a Higgs boson decaying into diphotons, etc.), the Þxed order
result is also exact, i.e. the integral of the analytical unknown terms in Eq. (37) (which all have
qT = 0) is located in one single point of the exclusive di$erential distributions.

The previous considerations about the approximation that proposes Eq. (37) were regarding
the total cross section or di$erential distributions in which the BornÐlike conÞgurations belong
to one single phase space point. In order to quantify the quality of the approximation proposed
in Eq. (37) at the di$erential level even when the Born di$erential cross section populates the
entire di$erential range, we perform a detailed numerical study of the Higgs boson rapidityyH

distribution in Sec. 4.1 at NNLO. Anticipating these results, we Þnd that in the rapidity range
0 % yH % 4 the approximated NNLO result di$ers by less than 0.2% from the exact NNLO Higgs
boson rapidity distribution.

3.1 Implementation and setup of the numerical calculations

To extract the value of CN 3, we Þrst introduce the numerical tools and the calculational setup
in this section. We use the same setup for the inclusive and di$erential predictions presented in
Sections 3.2, 4.1, 4.2 and 4.3.
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We extract numerically these information that we put in a constant (independent of z) 

Exact numerical extraction Approximation of a z function by a constant (a delta term)

Third-order ingredients at qT = 0
Subtracting two consecutive orders, we arrive to an expression 
that can be used to extract numerically the missing terms  

L. C, X. Chen, T. Gehrmann, E. W. N. Glover, and A. Huss (2018)
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THE N3LO QT-SUBTRACTION METHOD

As stated in Sec. 2, the second-order helicity-flip functions G(2)
g a(z) and the third-order collinear

functions C(3)
g a (z) are not known. In addition, the third-order hard–virtual coe! cient HH;(3)

g is not
fully determined. In the following, we describe a procedure to obtain an approximation to these
missing contributions.

The relation in Eq. (26) is valid order-by-order in QCD perturbation theory. If all the per-

turbative coe! cients of the fixed order expansion of !̂ tot
F ab, HF

ab and d!̂ (fin.)
F ab /dq

2
T are all known,

the relation (26) has to be regarded as an identity, which can be explicitly checked. Since the

fixed-order truncation of d!̂ (fin.)
F ab /dq

2
T is free of any contribution proportional to " (q2T ), the cross

section
!
d!̂ (fin.)

F ab /dq
2
T

"

NLO
does not contain the coe! cient HF ;(1)

ab . At the next perturbative order,
!
d!̂ (fin.)

F ab /dq
2
T

"

NNLO
does not explicitly depend on the coe! cient HF ;(2)

ab , and so forth. Therefore,

Eq. (26) proposes a method to analytically (or numerically) compute the NnLO coe! cient HF ;(n)
ab

from the knowledge of !̂ tot
F ab at N

nLO and of d!̂ (fin.)
F ab /dq

2
T at NnLO, without the need of explicitly

computing the small-qT behaviour of the spectrum d!̂ F ab/dq2T at NnLO. For example, the N3LO
term in Eq. (26) reads

# #s

$

$3 M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(3)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'

=
()

!̂ tot
F ab

"

N3LO
!

)
!̂ tot
F ab

"

NNLO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

N3LO
!

) d!̂ (fin.)
F ab

dq2T

"

NNLO

-

, (32)

where #s = #s(µ2
R) and we have used

)
!̂ tot
F ab(M, ŝ; #s)

"

LO
= " (1 ! M2/ŝ)

%

c

! (0)
cc̄, F (#s,M) "ca " c̄b . (33)

The generalization at any order n > 1 is [2]

# #s

$

$n M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(n)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'
(34)

=
()

!̂ tot
F ab

"

NnLO
!

)
!̂ tot
F ab

"

Nn! 1LO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

NnLO
!

) d!̂ (fin.)
F ab

dq2T

"

Nn! 1LO

-

.

At LO, where only the Born subprocess is available,
)
d!̂ (Þn .)

F ab
dq2

T

"

LO
is zero by definition. Notice that

in Eqs. (32) and (34) the full HF ;(n)
cc̄! ab coe! cient is used, i.e., the scale independent terms as well

as the terms that we omitted in Eq. (28) (and therefore in Eqs. (29), (30) and (31)) embody the
scale dependence through the ratios M2/µ2

F and M2/µ2
R.

If all the components on the right-hand side of Eq. (34) are known analytically (as it was the
case at NNLO in Refs. [25, 26]) the function HF

ab can be extracted exactly in analytical form.

At NLO the extraction of the function HF ;(1)
ab is straightforward for Drell–Yan and Higgs boson

production. The function HF ;(2)
ab at NNLO (for Higgs (F = H) boson production [25] and Drell–

Yan (F = DY ) [26]) can be obtained with a dedicated analytical computation using Eq. (34) for
n = 2. Since for Higgs boson production, the transverse momentum cross section H+jet at NNLO
is not known analytically, Eq. (32) can be used only numerically to compute HF ;(3)

ab .
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the third-order hardÐvirtual coe! cient deÞned in Eq. (35)

!H H ;(3)
g ! H H ;(3)

g "
"
H H ;(3)

g

#
(!

qT
(2) )

. (36)

Therefore the only missing ingredients toH F ;(3) are the functionsG(2)
g a(z), C(3)

g a (z) and
"
H H ;(3)

g
#

(!
qT
(2) )

.

Their contribution to Eq. (32) can be approximated as follows:

CN 3 ! g a ! g b ! (1 " z) # ! g a ! g b ! (1 " z)
"
H H ;(3)

g

#
(!

qT
(2) )

+ ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
$

G(1)
g a $ G(2)

g b

%
(z) +

$
G(2)

g a $ G(1)
g b

%
(z) , (37)

where the third-order numerical coe! cient CN 3 embodies the numerical extraction of the hardÐ
virtual coe! cient

"
H H ;(3)

g
#

(!
qT
(2) )

plus the numerical approximation of a function of the variablez

by a numerical term proportional to ! (1 " z). The resulting numerical coe! cient
"
H H ;(3)

g
#

(!
qT
(2) )

is

exact sinceCN 3 is proportional to ! (1 " z). The approximation that implies Eq. (37) is related
only to the functions G(2)

g a(z) and C(3)
g a (z), whose functional dependence on the variablez goes

beyond terms proportional to! (1 " z).

The method outlined in Eq. (37) to approximate numerically unknown terms in the hardÐ
virtual function H H

gg! ab(z) is not new. It was Þrst used in Ref. [2] in order to compute the second

order function H H ;(2)
gg! ab(z) numerically at NNLO, providing a reasonable estimate of the exact result

to better than 1% accuracy. Notice that Eq. (37) allows to recover the total cross section (at N3LO
in this case) with no approximation. After integration over the transverse momentumqT , Eq. (25)
provides the same total integral (numerically in this case) as in the fully analytical case. Even
more, for IR safe observables (at Þxed order) which fulÞl that theback-to-backkinematical region
(qT = 0) is located in a single phase space point (e.g. theqT distribution, the angular separation
"# "" between the two photons for a Higgs boson decaying into diphotons, etc.), the Þxed order
result is also exact, i.e. the integral of the analytical unknown terms in Eq. (37) (which all have
qT = 0) is located in one single point of the exclusive di$erential distributions.

The previous considerations about the approximation that proposes Eq. (37) were regarding
the total cross section or di$erential distributions in which the BornÐlike conÞgurations belong
to one single phase space point. In order to quantify the quality of the approximation proposed
in Eq. (37) at the di$erential level even when the Born di$erential cross section populates the
entire di$erential range, we perform a detailed numerical study of the Higgs boson rapidityyH

distribution in Sec. 4.1 at NNLO. Anticipating these results, we Þnd that in the rapidity range
0 % yH % 4 the approximated NNLO result di$ers by less than 0.2% from the exact NNLO Higgs
boson rapidity distribution.

3.1 Implementation and setup of the numerical calculations

To extract the value of CN 3, we Þrst introduce the numerical tools and the calculational setup
in this section. We use the same setup for the inclusive and di$erential predictions presented in
Sections 3.2, 4.1, 4.2 and 4.3.

11

We extract numerically these information that we put in a constant (independent of z) 

Let me postpone the discussion of the universal terms inside the hard-virtual factors, since it is orthogonal to the 
following slides

Third-order ingredients at qT = 0
Subtracting two consecutive orders, we arrive to an expression 
that can be used to extract numerically the missing terms  

L. C, X. Chen, T. Gehrmann, E. W. N. Glover, and A. Huss (2018)+ ! g a ! (1 ! z1) C(1)
g b (z2) + ! g b ! (1 ! z2) C(1)

g a (z1) , (19)

H H ;(2)
gg! ab(z1, z2; µF = µR = M ) = ! g a ! g b ! (1 ! z1) ! (1 ! z2) H H ;(2)

g

+ ! g a ! (1 ! z1) C(2)
g b (z2) + ! g b ! (1 ! z2) C(2)

g a (z1)

+ H H ;(1)
g

!
! g a ! (1 ! z1) C(1)

g b (z2) + ! g b ! (1 ! z2) C(1)
g a (z1)

"

+ C(1)
g a (z1) C(1)

g b (z2) + G(1)
g a(z1) G(1)

g b(z2) . (20)

Explicit expressions for the known Þxed-order coe! cients are collected in Appendix A.
The new third-order contribution is given by

H H ;(3)
gg! ab(z1, z2; µF = µR = M ) = ! g a ! g b ! (1 ! z1) ! (1 ! z2) H H ;(3)

g

+ ! g a ! (1 ! z1) C(3)
g b (z2) + ! g b ! (1 ! z2) C(3)

g a (z1)

+ G(1)
g a(z1)G(2)

g b(z2) + G(2)
g a(z1)G(1)

g b(z2)

+ H H ;(1)
g

!
! g a ! (1 ! z1) C(2)

g b (z2) + ! g b ! (1 ! z2) C(2)
g a (z1)

"

+ H H ;(2)
g

!
! g a ! (1 ! z1) C(1)

g b (z2) + ! g b ! (1 ! z1) C(1)
g a (z1)

"

+ H H ;(1)
g C(1)

g a (z1) C(1)
g b (z2) + H H ;(1)

g G(1)
g a(z1) G(1)

g b(z2)

+ C(1)
g a (z1) C(2)

g b (z2) + C(2)
g a (z1) C(1)

g b (z2) . (21)

The second-order helicity-ßip functionsG(2)
g a(z), the third-order collinear functionsC(3)

g a (z) and the
third-order hardÐvirtual coe! cient H H ;(3)

g are only known in parts or not at all, thereby present-
ing an obstacle to applying theqT subtraction formalism at N3LO. Nevertheless, within theqT

subtraction formalism, all these resummation coe! cients can be inferred for any hard scattering
process whose corresponding total cross section is known at N3LO. This point is discussed in detail
in Sect. 3.

Although the hardÐvirtual coe! cient H H ;(3)
g is currently not known in analytical form, parts

of it can be inferred from known results in threshold resummation. This relies on the knowledge
of the general structure ofH F

c (to all orders), which relatesH F ;(n)
c to the Þnite part of the n-loop

virtual Matrix Element [20]. To this end, we split H H ;(3)
g into two pieces,

H H ;(3)
g " #H H ;(3)

g +
$
H H ;(3)

g

%
(!

qT
(2) )

, (22)

where #H H ;(3)
g can be computed using the corresponding hardÐvirtual factorCth(3)

gg" H [43] from thresh-
old resummation (in the large-mt limit) and the exponential equation that relates hardÐvirtual
coe! cients in threshold- andqT -resummation (Eq. (81) of Ref. [20]). We Þnd,

#H H ;(3)
g = C3

A

&
!

15649"3

432
!

121#2"3

432
+

3" 2
3

2
+

869"5

144
+

215131
5184

+
16151#2

7776
!

961#4

15552

+
#6

810
+

105
32

"6

'
+ C2

A

&
605"3

72
+

55#2"3

36
+

737#2

432
+

167#4

432
+

#6

72

'

+ CA

&
19#2L t

48
!

55#2"3

8
!

#6

480
+

133#4

72
+

11399#2

864
+

63
32

"6

'

+ N 2
f

&
43CA "3

108
!

19#4CA

3240
!

133#2CA

1944
+

2515CA

1728
!

7CF "3

6
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THE N3LO QT-SUBTRACTION METHOD

As stated in Sec. 2, the second-order helicity-flip functions G(2)
g a(z) and the third-order collinear

functions C(3)
g a (z) are not known. In addition, the third-order hard–virtual coe! cient HH;(3)

g is not
fully determined. In the following, we describe a procedure to obtain an approximation to these
missing contributions.

The relation in Eq. (26) is valid order-by-order in QCD perturbation theory. If all the per-

turbative coe! cients of the fixed order expansion of !̂ tot
F ab, HF

ab and d!̂ (fin.)
F ab /dq

2
T are all known,

the relation (26) has to be regarded as an identity, which can be explicitly checked. Since the

fixed-order truncation of d!̂ (fin.)
F ab /dq

2
T is free of any contribution proportional to " (q2T ), the cross

section
!
d!̂ (fin.)

F ab /dq
2
T

"

NLO
does not contain the coe! cient HF ;(1)

ab . At the next perturbative order,
!
d!̂ (fin.)

F ab /dq
2
T

"

NNLO
does not explicitly depend on the coe! cient HF ;(2)

ab , and so forth. Therefore,

Eq. (26) proposes a method to analytically (or numerically) compute the NnLO coe! cient HF ;(n)
ab

from the knowledge of !̂ tot
F ab at N

nLO and of d!̂ (fin.)
F ab /dq

2
T at NnLO, without the need of explicitly

computing the small-qT behaviour of the spectrum d!̂ F ab/dq2T at NnLO. For example, the N3LO
term in Eq. (26) reads

# #s

$

$3 M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(3)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'

=
()

!̂ tot
F ab

"

N3LO
!

)
!̂ tot
F ab

"

NNLO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

N3LO
!

) d!̂ (fin.)
F ab

dq2T

"

NNLO

-

, (32)

where #s = #s(µ2
R) and we have used

)
!̂ tot
F ab(M, ŝ; #s)

"

LO
= " (1 ! M2/ŝ)

%

c

! (0)
cc̄, F (#s,M) "ca " c̄b . (33)

The generalization at any order n > 1 is [2]

# #s

$

$n M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(n)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'
(34)

=
()

!̂ tot
F ab

"

NnLO
!

)
!̂ tot
F ab

"

Nn! 1LO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

NnLO
!

) d!̂ (fin.)
F ab

dq2T

"

Nn! 1LO

-

.

At LO, where only the Born subprocess is available,
)
d!̂ (Þn .)

F ab
dq2

T

"

LO
is zero by definition. Notice that

in Eqs. (32) and (34) the full HF ;(n)
cc̄! ab coe! cient is used, i.e., the scale independent terms as well

as the terms that we omitted in Eq. (28) (and therefore in Eqs. (29), (30) and (31)) embody the
scale dependence through the ratios M2/µ2

F and M2/µ2
R.

If all the components on the right-hand side of Eq. (34) are known analytically (as it was the
case at NNLO in Refs. [25, 26]) the function HF

ab can be extracted exactly in analytical form.

At NLO the extraction of the function HF ;(1)
ab is straightforward for Drell–Yan and Higgs boson

production. The function HF ;(2)
ab at NNLO (for Higgs (F = H) boson production [25] and Drell–

Yan (F = DY ) [26]) can be obtained with a dedicated analytical computation using Eq. (34) for
n = 2. Since for Higgs boson production, the transverse momentum cross section H+jet at NNLO
is not known analytically, Eq. (32) can be used only numerically to compute HF ;(3)

ab .
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Third-order ingredients at qT = 0
Subtracting two consecutive orders, we arrive to an expression 
that can be used to extract numerically the missing terms  

L. C, X. Chen, T. Gehrmann, E. W. N. Glover, and A. Huss (2018)

B. Mistlberger (2018)

Ihixs 2.0: F. Dulat, A. Lazopoulos and B. Mistlberger (2018)

Total exact Xsec. from

28



THE N3LO QT-SUBTRACTION METHOD

As stated in Sec. 2, the second-order helicity-flip functions G(2)
g a(z) and the third-order collinear

functions C(3)
g a (z) are not known. In addition, the third-order hard–virtual coe! cient HH;(3)

g is not
fully determined. In the following, we describe a procedure to obtain an approximation to these
missing contributions.

The relation in Eq. (26) is valid order-by-order in QCD perturbation theory. If all the per-

turbative coe! cients of the fixed order expansion of !̂ tot
F ab, HF

ab and d!̂ (fin.)
F ab /dq

2
T are all known,

the relation (26) has to be regarded as an identity, which can be explicitly checked. Since the

fixed-order truncation of d!̂ (fin.)
F ab /dq

2
T is free of any contribution proportional to " (q2T ), the cross

section
!
d!̂ (fin.)

F ab /dq
2
T

"

NLO
does not contain the coe! cient HF ;(1)

ab . At the next perturbative order,
!
d!̂ (fin.)

F ab /dq
2
T

"

NNLO
does not explicitly depend on the coe! cient HF ;(2)

ab , and so forth. Therefore,

Eq. (26) proposes a method to analytically (or numerically) compute the NnLO coe! cient HF ;(n)
ab

from the knowledge of !̂ tot
F ab at N

nLO and of d!̂ (fin.)
F ab /dq

2
T at NnLO, without the need of explicitly

computing the small-qT behaviour of the spectrum d!̂ F ab/dq2T at NnLO. For example, the N3LO
term in Eq. (26) reads

# #s

$

$3 M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(3)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'

=
()

!̂ tot
F ab

"

N3LO
!

)
!̂ tot
F ab

"

NNLO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

N3LO
!

) d!̂ (fin.)
F ab

dq2T

"

NNLO

-

, (32)

where #s = #s(µ2
R) and we have used

)
!̂ tot
F ab(M, ŝ; #s)

"

LO
= " (1 ! M2/ŝ)

%

c

! (0)
cc̄, F (#s,M) "ca " c̄b . (33)

The generalization at any order n > 1 is [2]

# #s

$

$n M2

ŝ

%

c

! (0)
cc̄, F (#s,M) HF ;(n)

cc̄! ab

&
M2

ŝ
;
M2

µ2
R

,
M2

µ2
F

'
(34)

=
()

!̂ tot
F ab

"

NnLO
!

)
!̂ tot
F ab

"

Nn! 1LO

*
!

+ "

0

dq2T

,
) d!̂ (fin.)

F ab

dq2T

"

NnLO
!

) d!̂ (fin.)
F ab

dq2T

"

Nn! 1LO

-

.

At LO, where only the Born subprocess is available,
)
d!̂ (Þn .)

F ab
dq2

T

"

LO
is zero by definition. Notice that

in Eqs. (32) and (34) the full HF ;(n)
cc̄! ab coe! cient is used, i.e., the scale independent terms as well

as the terms that we omitted in Eq. (28) (and therefore in Eqs. (29), (30) and (31)) embody the
scale dependence through the ratios M2/µ2

F and M2/µ2
R.

If all the components on the right-hand side of Eq. (34) are known analytically (as it was the
case at NNLO in Refs. [25, 26]) the function HF

ab can be extracted exactly in analytical form.

At NLO the extraction of the function HF ;(1)
ab is straightforward for Drell–Yan and Higgs boson

production. The function HF ;(2)
ab at NNLO (for Higgs (F = H) boson production [25] and Drell–

Yan (F = DY ) [26]) can be obtained with a dedicated analytical computation using Eq. (34) for
n = 2. Since for Higgs boson production, the transverse momentum cross section H+jet at NNLO
is not known analytically, Eq. (32) can be used only numerically to compute HF ;(3)

ab .
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The lower limit in the integral has to be replaced by a technical cut, the qTcut 

qTcut^2

HN3LO NNLOJET

Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (26)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T

!

"
dö" F +jets

ab

dq2
T

"
dö" F CT

ab

dq2
T

#

. (27)

Considering Eqs. (7) and (12) it is possible to writeH H
gg in terms of the functionsCg a(z1; #s) and

Gg a(z1; #s) (in the particular case F = H ), neglecting the scale dependent terms which are all
known analytically (i.e. consideringµF = µR = M )

H H
gg! ab(z; #s) ! H H

g (#s)
! 1

0
dz1

! 1

0
dz2 ! (z " z1z2)

$
Cg a(z1; #s)Cg b(z2; #s) + Gg a(z1; #s)Gg b(z2; #s)

%
.

(28)
This expression forH F

ab was written requiring speciÞcallyF = H , since its form depends on
the initial state of the Born subprocess (quark annihilation or gluon fusion). Notice two main
di! erences considering Eqs. (12) and (28). The Þrst di! erence is related to the fact that the
function H H depends on the energy fractionz, due to the convolution integral (over the momentum
fractions z1 and z2) in the right-hand side of Eq. (28). The second di! erence concerns the scale
of #s: in the functions H H

g (#s), C(#s) and G(#s) on the right-hand side of Eq. (28), the strong
coupling constant depends on a common scale, which is not explicitly denoted in the precedent
equation. Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned
(i.e., it is independent of the resummation scheme) [21]. TheH H function in Eq. (28) can be
expanded perturbatively without approximation at any order in the strong coupling constant#s.
The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for the
Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (29)

H H ;(2)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(2)

g + ! g a C(2)
g b (z) + ! g bC(2)

g a (z)

+ H H ;(1)
g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'
+

&
C(1)

g a # C(1)
g b

'
(z) +

&
G(1)

g a # G(1)
g b

'
(z) . (30)

In Eq. (30) and in the following, the symbol# denotes the convolution integral (i.e., we deÞne
(g # h)(z) !

( 1
0 dz1

( 1
0 dz2 ! (z " z1z2) g(z1) h(z2)). The new third-order contribution is given by

H H ;(3)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(3)

g + ! g a C(3)
g b (z) + ! g bC(3)

g a (z)

+
&

G(1)
g a # G(2)

g b

'
(z) +

&
G(2)

g a # G(1)
g b

'
(z)

+ H H ;(1)
g

&
! g a C(2)

g b (z) + ! g bC(2)
g a (z)

'
+ H H ;(2)

g

&
! g a C(1)

g b (z) + ! g bC(1)
g a (z)

'

+
&

C(1)
g a # C(2)

g b

'
(z) +

&
C(2)

g a # C(1)
g b

'
(z)

+ H H ;(1)
g

&
C(1)

g a # C(1)
g b

'
(z) + H H ;(1)

g

&
G(1)

g a # G(1)
g b

'
(z) . (31)
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Third-order ingredients at qT = 0
Subtracting two consecutive orders, we arrive to an expression 
that can be used to extract numerically the missing terms  

L. C, X. Chen, T. Gehrmann, E. W. N. Glover, and A. Huss (2018)
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THE N3LO QT-SUBTRACTION METHOD
For the extraction, we consider Higgs boson production at 
N3LO in gluon fusion in the large top mass limit, at 

!
s= 13 TeV
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Figure 1: The qT integrated Þnite contribution to the cross section of Eq. (26) at N3LO-only (i.e.
N3LO ! NNLO) betweenqcut

T and " , for three di! erent scales (µ = µR = µF).

of Eq. (21) are all scale independent and the relation betweenCN 3 and !H H ;(3)
g is deÞned through

Eqs. (21), (22) and (28). The uncertainties shown in Fig. 2 are determined using conventional
error propagation and are almost entirely dominated by the size of the statistical errors of the
N3LO ! (Þn.)

H cross section shown in Fig. 1.
Since the resulting cross sections at di! erent scale values are statistically correlated, we propose

as our estimation for theCN 3 coe" cient the value obtained forqcut
T = 1 GeV at the central scale

µF = µR = MH / 2, CN 3 = ! 943± 222, which is indicated in bold typeface in Table 1. The solid
red central line in Fig. 2, and the associated red band are obtained using this single value.

The numerically extracted CN 3 coe" cient allows the total cross section to be computed at
N3LO using the qT subtraction method, which serves as a closure test of the approach and the ap-
proximations used, and allows the impact of uncertainties associated with the numerical evaluation
of the ingredients to be quantiÞed. In Fig. 3 we compare the fully analytical N3LO Higgs boson
total cross section [13] (red dot) and our estimation (red dot with error bar) for three central scales,
using qcut

T = 2 GeV. The yellow dots with error bar represent our best approximation without the
use of theCN 3 coe" cient (i.e. CN 3 = 0), that can be considered as the prediction of theqT subtrac-
tion method in the case in which the total cross section is unknown (e.g. for DrellÐYan at N3LO).
The uncertainty bars in the qT subtraction prediction correspond to the statistical errors of the
numerical computations and are mainly due to the Þnite contribution in Eq. (26) at N3LO-only.
The green crosses and purple squares correspond to our N3LO prediction using qcut

T = 1 GeV and
3 GeV respectively. Notice that theqcut

T variation is performed at N3LO-only, while the NNLO
cross section is evaluated at Þxedqcut

T parameter. The NNLO cross section is also shown in Fig. 3
(blue dots) in order to put the size of the N3LO corrections in relation to the previous perturbative
order. The total cross sections shown in Fig. 3 are reported in Table 2.
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as our estimation for theCN 3 coe" cient the value obtained forqcut
T = 1 GeV at the central scale

µF = µR = MH / 2, CN 3 = ! 943± 222, which is indicated in bold typeface in Table 1. The solid
red central line in Fig. 2, and the associated red band are obtained using this single value.

The numerically extracted CN 3 coe" cient allows the total cross section to be computed at
N3LO using the qT subtraction method, which serves as a closure test of the approach and the ap-
proximations used, and allows the impact of uncertainties associated with the numerical evaluation
of the ingredients to be quantiÞed. In Fig. 3 we compare the fully analytical N3LO Higgs boson
total cross section [13] (red dot) and our estimation (red dot with error bar) for three central scales,
using qcut

T = 2 GeV. The yellow dots with error bar represent our best approximation without the
use of theCN 3 coe" cient (i.e. CN 3 = 0), that can be considered as the prediction of theqT subtrac-
tion method in the case in which the total cross section is unknown (e.g. for DrellÐYan at N3LO).
The uncertainty bars in the qT subtraction prediction correspond to the statistical errors of the
numerical computations and are mainly due to the Þnite contribution in Eq. (26) at N3LO-only.
The green crosses and purple squares correspond to our N3LO prediction using qcut

T = 1 GeV and
3 GeV respectively. Notice that theqcut

T variation is performed at N3LO-only, while the NNLO
cross section is evaluated at Þxedqcut

T parameter. The NNLO cross section is also shown in Fig. 3
(blue dots) in order to put the size of the N3LO corrections in relation to the previous perturbative
order. The total cross sections shown in Fig. 3 are reported in Table 2.
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µF = µR = MH / 2, CN 3 = ! 943± 222, which is indicated in bold typeface in Table 1. The solid
red central line in Fig. 2, and the associated red band are obtained using this single value.
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proximations used, and allows the impact of uncertainties associated with the numerical evaluation
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analytical result, therefore, there is 
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Third-order ingredients at qT = 0
For the extraction, we consider Higgs boson production at 
N3LO in gluon fusion in the large top mass limit, at 

!
s= 13 TeV
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The size of the uncertainty bands are 
almost entirely due to the F+Jet 

calculation
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Repeating the same procedure for 7-point scale variation 
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Figure 2: The numerically extractedCN 3 coe! cient (for three di" erent values ofqcut
T ) as a function

of the combination of scales, as enumerated in Table 1. The error bars for each particularCN 3

point are obtained propagating the statistical uncertainties of the di" erent terms involved in the
computation. The red band corresponds to our best estimation forCN 3 obtained with the central
scaleµ = MH / 2 at qcut

T = 1 GeV, as detailed in the text.

n
!

÷µR, ÷µF
"

! MH CN 3 ( qcut
T = 1 GeV) CN 3 ( qcut

T = 2 GeV) CN 3 ( qcut
T = 3 GeV)

(1)
!
1/ 2, 1/ 2

"
" 943 ± 222 " 967 ± 179 " 988 ± 164

(2)
!
1, 1

"
" 971 ± 207 " 965 ± 168 " 989 ± 151

(3)
!
1/ 4, 1/ 4

"
" 883 ± 243 " 866 ± 198 " 850 ± 162

(4)
!
1/ 2, 1

"
" 986 ± 222 " 1021 ± 179 " 1033 ± 179

(5)
!
1, 1/ 2

"
" 990 ± 206 " 976 ± 167 " 968 ± 158

(6)
!
1/ 2, 1/ 4

"
" 985 ± 221 " 978 ± 181 " 923 ± 152

(7)
!
1/ 4, 1/ 2

"
" 977 ± 243 " 859 ± 199 " 883 ± 179

Table 1: Extracted values of theCN 3 coe! cients as a function of theqcut
T as shown in Fig. 2 for

each scale choice. In bold typeface theCN 3 coe! cient (for the caseqcut
T =1 GeV) which constitutes

our best estimation. The uncertainty for each one of theCN 3 coe! cients is determined with the
customary propagations of the uncertainties. The Þrst column is used to label each particular scale
choice used in Fig. 2.
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THE N3LO TOTAL XSECTION
With the extracted CN3 coefÞcient (only one value 
corresponding to the central scale) we can use the qT-
subtraction method to predict total Xsections at N3LO
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Figure 3: Total cross section of Higgs boson production,! H (tot.)
N3LO

, as obtained by theqT subtraction

formalism, compared with the corresponding analytical! H (tot.)
N3LO

of Ref. [13] (red dots). Green
crosses with error bar denote theqT subtraction prediction for qcut

T = 1 GeV, red dots with
error bar represents! H (tot.)

N3LO
using qcut

T = 2 GeV, and purple square dots with error bar having
qcut

T = 3 GeV. Whereas theqcut
T is changed (from 1 to 3 GeV) the coe! cient CN 3 is always Þxed

to be the value extracted in Fig. 2 forqcut
T = 1 GeV. The qT subtraction prediction at N3LO with

the CN 3 numerical coe! cient Þxed to zero (usingqcut
T = 1 GeV) is shown using yellow dots with

error bar. The NNLO analytical Higgs boson cross section (! H (tot.)
N3LO

) is represented by blue dots.
All the cross sections are shown for three di" erent scales:µ ! µR = µF = { 1/ 4, 1/ 2, 1} MH and
horizontally displaced for better visibility. The uncertainty bars in theqT subtraction predictions
are calculated with the customary propagation of statistical uncertainties.

4 The rapidity distribution of the Higgs boson

In this section we use theCN 3 coe! cient (extracted in Sec. 3.2) to produce di" erential predictions at
N3LO. In particular, we present di" erential results for the rapidity distribution of the Higgs boson.
In Sec. 4.1 we Þrst estimate at NNLO the uncertainties introduced in the rapidity distribution by
the procedure proposed in Eq. (28). In Sec. 4.2 we present the rapidity distribution at N3LO with
the estimation of the uncertainties associated to the variation of theqcut

T and CN 3 parameters.

4.1 The NNLO rapidity distribution

In this section we aim to quantify the uncertainty in the approximation used in Eq. (28). This
approximation was Þrst proposed in Ref. [2] for Higgs production at NNLO. Since all the ingredients
of the qT subtraction formalism at NNLO are known in analytical form [25], it is possible to quantify
the di" erence induced by the approximation compared to the exact result. This analysis further
allows to assess the potential impact of the approximation that could be present at N3LO in
Sec. 4.2 and 4.3 below. For this quantitative study we consider the collinear functionsC(1)

g a and the
hardÐvirtual factor H H ;(1)

g in Eq. (20) as known. The collinear functionsC(2)
g a and the Þrst order
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THE N3LO TOTAL XSECTION
With the extracted CN3 coefÞcient (only one value 
corresponding to the central scale) we can use the qT-
subtraction method to predict total Xsections at N3LO
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the procedure proposed in Eq. (28). In Sec. 4.2 we present the rapidity distribution at N3LO with
the estimation of the uncertainties associated to the variation of theqcut
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4.1 The NNLO rapidity distribution

In this section we aim to quantify the uncertainty in the approximation used in Eq. (28). This
approximation was Þrst proposed in Ref. [2] for Higgs production at NNLO. Since all the ingredients
of the qT subtraction formalism at NNLO are known in analytical form [25], it is possible to quantify
the di" erence induced by the approximation compared to the exact result. This analysis further
allows to assess the potential impact of the approximation that could be present at N3LO in
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g in Eq. (20) as known. The collinear functionsC(2)
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! H (tot.) (pb) Exact qT subtraction
(qcut

T = 1 GeV)

qT subtraction
(qcut

T = 2 GeV)

qT subtraction
(qcut

T = 3 GeV)

qT subtraction
(CN 3 = 0)

N3LO!
µ = M H / 2

" 44.97 44.97 ± 0.21 44.98 ± 0.17 45.01 ± 0.15 45.86 ± 0.21
N3LO!

µ = M H
" 43.50 43.51 ± 0.12 43.51 ± 0.10 43.53 ± 0.09 44.08 ± 0.12

N3LO!
µ = M H / 4

" 45.06 44.97 ± 0.38 44.95 ± 0.31 44.92 ± 0.28 46.44 ± 0.38
NNLO !

µ = M H / 2
" 43.47 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02

NNLO !
µ = M H

" 39.64 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02
NNLO !

µ = M H / 4
" 47.33 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02

Table 2: The total cross section for Higgs boson production! H (tot.) at the LHC (
!

s = 13 TeV).
Results for NNLO and N3LO cross sections for three di! erent scalesµ = MH / 2 (central scale),
µ = MH and µ = MH / 4. The column ÔÔExactÕÕ contains the results of Ref. [13] computed with the
numerical code of Ref. [61] as detailed in the text. The results with theqT subtraction method are
obtained using three di! erent values ofqcut

T (1,2 and 3 GeV), and their uncertainties are calculated
with the customary propagation of statistical errors. The last column shows! H (tot.) obtained with
the qT subtraction method and usingCN 3 = 0 at N 3LO. The values of! H (tot.) reported in this
Table are shown in Fig. 3. The NNLO cross sections computed with theqT subtraction method
are obtained usingqcut

T = 1 GeV, i.e. the variation of this parameter in the N3LO cross section is
considered at N3LO-only.

helicity-ßip functions G(1)
g a are regarded as unknown. The hardÐvirtual factorH H ;(2)

g is divided in
two contributions in analogy to Eq. (22)

H H ;(2)
g " !H H ;(2)

g +
"
H H ;(2)

g

#
(!

qT
(1) )

, (30)

where
"
H H ;(2)

g
#

(!
qT
(1) )

is considered as unknown for the present NNLO study.

These so-calledunknown functions (for this exercise) which depend on the variableszi in
Eq. (20) are approximated with a single numerical coe" cient CN 2 proportional to " (1# z1)" (1# z2)
(the CN 2 here was labeled asCN in Ref. [2]) in direct analogy to Eq. (28):

"
H H ;(2)

g

#
!

qT
(1)

"g a " (1 # z1) "g b" (1 # z2)

+ C(2)
g a (z1) "g b" (1 # z2) + "g a " (1 # z1) C(2)

g b (z2) + G(1)
g a(z1) G(1)

g b(z2)

$ CN 2 "g a " (1 # z1) "g b" (1 # z2) , (31)

In Fig. 4 we show the rapidity distribution of the Higgs boson at NNLO computed with the exactqT

subtraction (blue hatched band) and the NNLO prediction using theCN 2 coe" cient (dot, cross and
square points). For this particular example at NNLO, we employ the three-point scale variation:
µ = µR = µF = { MH / 4, MH / 2, MH } . Repeating the analysis performed for Table 1 and Fig. 2, we
obtain: CN 2 = 28 ± 1. The numerical value of theCN 2 parameter corresponds to a speciÞc!H H ;(2)

g

hard coe" cient:
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144
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Nf L t +
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6

#2 #
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#2Nf +
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16

#4 #
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4

$3 +
5
6

Nf $3 , (32)

which is obtained with the same method that was used to arrive at Eq. (23). Using thisCN 2

parameter we can produce di! erential predictions which are obtainedmimicking the strategy that
we intend to apply at N3LO.
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ihixs 2.0 

HN3LO 
+ 

NNLOJET

Using the extracted value of 
CN3, we performed a 

closure test for the inclusive 
total cross section for three 
different scale choices and 
Þnd excellent agreement 

with the exact results (from 
ihixs 2.0) at the 0.2% level
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N3LO DIFFERENTIAL DISTRIBUTIONS
The precedent results (CN3 coefÞcient) allow us to compute 
more exclusive observables (distributions) at N3LO

Before starting with the N3LO computation, a couple of 
questions are in order (regarding CN3): uncertainty 
introduced by the proposed numerical strategy?

In order to answer this question we can repeat the numerical 
strategy, but at one order less (NNLO) where all the 
coefÞcients are known analytically 

Figure 5: Rapidity distribution at NNLO as predicted by theqT subtraction formalism (solid green
band) compared with the prediction using theCN numerical coe! cient (red, blue and black points).
In the lower panel we show the ratio to the exact NNLO result. For this particular example at
NNLO, we employ the three points scale variation:µ = µR = µF = { MH / 4, MH / 2, MH } .

functions (for this exercise) which depend on the variablez in Eq. (34) are approximated with a
single numerical coe! cient CN proportional to ! (1 ! z)

CN ! g a ! g b ! (1 ! z) " ! g a ! g b ! (1 ! z)
!
H H ;(2)

g

"
(!

qT
(1) )

+ ! g a C(2)
g b (z) + ! g bC(2)

g a (z) +
#

G(1)
g a # G(1)

g b

$
(z) . (43)

In Fig. 5 we show the rapidity distribution of the Higgs boson at NNLO computed with the exact
qT subtraction (green band) and the NNLO prediction using theCN coe! cient (red, blue and
black points). For this particular example at NNLO, we employ the threeÐpoint scale variation:
µ = µR = µF = { MH / 4, MH / 2, MH } .

In the lower panel of Fig. 5 we show the ratio to the exact NNLO result, i.e we present the
ratio for each scale. As expected, the approximation presents its best behaviour at central rapidity
and for |yH | $ 3.5 it is at the sub percentlevel.

The numerical implementation of theqT subtraction method (more precisely Eq. (38) at
NNLO) requires the implementation of a lower technical cut (qcut

T ) in the integral performed over
the transverse momentum of the Þnite contribution in Eq. (31). We postpone the discussion of
the choice ofqcut

T to Section 4.2. The computation of the NNLO Higgs boson cross section and
di" erential distributions do not represent a technical challenge, and theqcut

T can be considered as
low as the computation demands. We performed variations of theqcut

T between 0.1 GeV and 3
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NNLO DIFFERENTIAL DISTRIBUTIONS
In order to answer this question we can repeat the numerical 
strategy, at one order less (NNLO) where all the coefÞcient 
are known analytically 

Figure 5: Rapidity distribution at NNLO as predicted by theqT subtraction formalism (solid green
band) compared with the prediction using theCN numerical coe! cient (red, blue and black points).
In the lower panel we show the ratio to the exact NNLO result. For this particular example at
NNLO, we employ the three points scale variation:µ = µR = µF = { MH / 4, MH / 2, MH } .

functions (for this exercise) which depend on the variablez in Eq. (34) are approximated with a
single numerical coe! cient CN proportional to ! (1 ! z)

CN ! g a ! g b ! (1 ! z) " ! g a ! g b ! (1 ! z)
!
H H ;(2)

g

"
(!

qT
(1) )

+ ! g a C(2)
g b (z) + ! g bC(2)

g a (z) +
#

G(1)
g a # G(1)

g b

$
(z) . (43)

In Fig. 5 we show the rapidity distribution of the Higgs boson at NNLO computed with the exact
qT subtraction (green band) and the NNLO prediction using theCN coe! cient (red, blue and
black points). For this particular example at NNLO, we employ the threeÐpoint scale variation:
µ = µR = µF = { MH / 4, MH / 2, MH } .

In the lower panel of Fig. 5 we show the ratio to the exact NNLO result, i.e we present the
ratio for each scale. As expected, the approximation presents its best behaviour at central rapidity
and for |yH | $ 3.5 it is at the sub percentlevel.

The numerical implementation of theqT subtraction method (more precisely Eq. (38) at
NNLO) requires the implementation of a lower technical cut (qcut

T ) in the integral performed over
the transverse momentum of the Þnite contribution in Eq. (31). We postpone the discussion of
the choice ofqcut

T to Section 4.2. The computation of the NNLO Higgs boson cross section and
di" erential distributions do not represent a technical challenge, and theqcut

T can be considered as
low as the computation demands. We performed variations of theqcut

T between 0.1 GeV and 3
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Since the the hard-scattering functionH F
cøc! ab is simply proportional to ! (q2

T ), we evaluate theqT

spectrum on right-hand side of Eq. (3) according to the following decomposition

ö" tot
F ab =

M 2

ös
H F

ab +
! "

0
dq2

T
dö" (Þn.)

F ab

dq2
T

, (30)

wheredö" (Þn.)
F ab is directly related to the quantity in square bracket in the right-hand side of Eq. (3)

dö" (Þn.)
F ab

dq2
T

!

"
dö" F +jets

ab

dq2
T

"
dö" F CT

ab

dq2
T

#

. (31)

Using Eqs. (7) and (12) it is possible to writeH H
gg in function of the functions Cg a(z1; #S) and

Gg a(z1; #S) (in the particular caseF = H )

H H
gg! ab(z; #S) ! H H

g (#S)
! 1

0
dz1

! 1

0
dz2 ! (z" z1z2)

$
Cg a(z1; #S)Cg b(z2; #S)+ Gg a(z1; #S)Gg b(z2; #S)

%
.

(32)
The precedent expression forH F

ab was written requiring speciÞcallyF = H , since its form depends
strongly on the initial state of the Born sub-process (i.e quark annihilation or gluon fusion). There
are only two di! erences between Eqs. (12) and (32). The Þrst di! erence is due to the fact that
the function H H depends on the energy fractionz, since the right-hand side of Eq. (32) involves
a convolution integral over the momentum fractionsz1 and z2. The second di! erence regards the
scale of#S: in the functions H H (#S), C(#S) and G(#S) on the right-hand side of Eq. (32), the
argument of#S is set to the same value (this common scale is not explicitly denoted in Eq. (32)).
Owing to this feature, the process-dependent functionH H

gg! ab is unambiguously deÞned (i.e., it is
independent of the speciÞcation of the resummation scheme) [8]. TheH H function in Eq. (32) can
be expanded perturbatively without approximation at any order in the strong coupling constant
#S. The perturbative expansion of the functionH H directly follows from Eqs. (13)Ð(15) and for
the Þrst-order and second-order contributions we have

H H ;(1)
gg! ab(z) = ! g a ! g b ! (1 " z) H H ;(1)

g + ! g a C(1)
g b (z) + ! g bC(1)

g a (z) , (33)
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(z) . (34)

In Eq. (34) and in the following, the symbol# denotes the convolution integral (i.e., we deÞne
(g # h)(z) !

( 1
0 dz1

( 1
0 dz2 ! (z " z1z2) g(z1) h(z2)). The new third-order contribution is
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! H (tot.) (pb) Exact qT subtraction
(qcut

T = 1 GeV)

qT subtraction
(qcut

T = 2 GeV)

qT subtraction
(qcut

T = 3 GeV)

qT subtraction
(CN 3 = 0)

N3LO!
µ = M H / 2

" 44.97 44.97 ± 0.21 44.98 ± 0.17 45.01 ± 0.15 45.86 ± 0.21
N3LO!

µ = M H
" 43.50 43.51 ± 0.12 43.51 ± 0.10 43.53 ± 0.09 44.08 ± 0.12

N3LO!
µ = M H / 4

" 45.06 44.97 ± 0.38 44.95 ± 0.31 44.92 ± 0.28 46.44 ± 0.38
NNLO !

µ = M H / 2
" 43.47 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02

NNLO !
µ = M H

" 39.64 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02
NNLO !

µ = M H / 4
" 47.33 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02

Table 2: The total cross section for Higgs boson production! H (tot.) at the LHC (
!

s = 13 TeV).
Results for NNLO and N3LO cross sections for three di! erent scalesµ = MH / 2 (central scale),
µ = MH and µ = MH / 4. The column ÔÔExactÕÕ contains the results of Ref. [13] computed with the
numerical code of Ref. [61] as detailed in the text. The results with theqT subtraction method are
obtained using three di! erent values ofqcut

T (1,2 and 3 GeV), and their uncertainties are calculated
with the customary propagation of statistical errors. The last column shows! H (tot.) obtained with
the qT subtraction method and usingCN 3 = 0 at N 3LO. The values of! H (tot.) reported in this
Table are shown in Fig. 3. The NNLO cross sections computed with theqT subtraction method
are obtained usingqcut

T = 1 GeV, i.e. the variation of this parameter in the N3LO cross section is
considered at N3LO-only.

helicity-ßip functions G(1)
g a are regarded as unknown. The hardÐvirtual factorH H ;(2)

g is divided in
two contributions in analogy to Eq. (22)

H H ;(2)
g " !H H ;(2)

g +
"
H H ;(2)

g

#
(!

qT
(1) )

, (30)

where
"
H H ;(2)

g
#

(!
qT
(1) )

is considered as unknown for the present NNLO study.

These so-calledunknown functions (for this exercise) which depend on the variableszi in
Eq. (20) are approximated with a single numerical coe" cient CN 2 proportional to " (1# z1)" (1# z2)
(the CN 2 here was labeled asCN in Ref. [2]) in direct analogy to Eq. (28):

"
H H ;(2)

g

#
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qT
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"g a " (1 # z1) "g b" (1 # z2)

+ C(2)
g a (z1) "g b" (1 # z2) + "g a " (1 # z1) C(2)

g b (z2) + G(1)
g a(z1) G(1)

g b(z2)

$ CN 2 "g a " (1 # z1) "g b" (1 # z2) , (31)

In Fig. 4 we show the rapidity distribution of the Higgs boson at NNLO computed with the exactqT

subtraction (blue hatched band) and the NNLO prediction using theCN 2 coe" cient (dot, cross and
square points). For this particular example at NNLO, we employ the three-point scale variation:
µ = µR = µF = { MH / 4, MH / 2, MH } . Repeating the analysis performed for Table 1 and Fig. 2, we
obtain: CN 2 = 28 ± 1. The numerical value of theCN 2 parameter corresponds to a speciÞc!H H ;(2)

g
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$3 +
5
6

Nf $3 , (32)

which is obtained with the same method that was used to arrive at Eq. (23). Using thisCN 2

parameter we can produce di! erential predictions which are obtainedmimicking the strategy that
we intend to apply at N3LO.
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Only scale independent part

Second order constant of “soft origin”, belonging to the finite part of 
the second-order structure of the IR singularities

! H (tot.) (pb) Exact qT subtraction
(qcut

T = 1 GeV)

qT subtraction
(qcut

T = 2 GeV)

qT subtraction
(qcut

T = 3 GeV)

qT subtraction
(CN 3 = 0)

N3LO!
µ = M H / 2

" 44.97 44.97 ± 0.21 44.98 ± 0.17 45.01 ± 0.15 45.86 ± 0.21
N3LO!

µ = M H
" 43.50 43.51 ± 0.12 43.51 ± 0.10 43.53 ± 0.09 44.08 ± 0.12

N3LO!
µ = M H / 4

" 45.06 44.97 ± 0.38 44.95 ± 0.31 44.92 ± 0.28 46.44 ± 0.38
NNLO !

µ = M H / 2
" 43.47 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02 43.46 ± 0.02

NNLO !
µ = M H

" 39.64 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02 39.62 ± 0.02
NNLO !

µ = M H / 4
" 47.33 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02 47.33 ± 0.02

Table 2: The total cross section for Higgs boson production! H (tot.) at the LHC (
!

s = 13 TeV).
Results for NNLO and N3LO cross sections for three di! erent scalesµ = MH / 2 (central scale),
µ = MH and µ = MH / 4. The column ÔÔExactÕÕ contains the results of Ref. [13] computed with the
numerical code of Ref. [61] as detailed in the text. The results with theqT subtraction method are
obtained using three di! erent values ofqcut

T (1,2 and 3 GeV), and their uncertainties are calculated
with the customary propagation of statistical errors. The last column shows! H (tot.) obtained with
the qT subtraction method and usingCN 3 = 0 at N 3LO. The values of! H (tot.) reported in this
Table are shown in Fig. 3. The NNLO cross sections computed with theqT subtraction method
are obtained usingqcut

T = 1 GeV, i.e. the variation of this parameter in the N3LO cross section is
considered at N3LO-only.

helicity-ßip functions G(1)
g a are regarded as unknown. The hardÐvirtual factorH H ;(2)

g is divided in
two contributions in analogy to Eq. (22)

H H ;(2)
g " !H H ;(2)

g +
"
H H ;(2)

g

#
(!

qT
(1) )

, (30)

where
"
H H ;(2)

g
#

(!
qT
(1) )

is considered as unknown for the present NNLO study.

These so-calledunknown functions (for this exercise) which depend on the variableszi in
Eq. (20) are approximated with a single numerical coe" cient CN 2 proportional to " (1# z1)" (1# z2)
(the CN 2 here was labeled asCN in Ref. [2]) in direct analogy to Eq. (28):

"
H H ;(2)

g

#
!

qT
(1)

"g a " (1 # z1) "g b" (1 # z2)

+ C(2)
g a (z1) "g b" (1 # z2) + "g a " (1 # z1) C(2)

g b (z2) + G(1)
g a(z1) G(1)

g b(z2)

$ CN 2 "g a " (1 # z1) "g b" (1 # z2) , (31)

In Fig. 4 we show the rapidity distribution of the Higgs boson at NNLO computed with the exactqT

subtraction (blue hatched band) and the NNLO prediction using theCN 2 coe" cient (dot, cross and
square points). For this particular example at NNLO, we employ the three-point scale variation:
µ = µR = µF = { MH / 4, MH / 2, MH } . Repeating the analysis performed for Table 1 and Fig. 2, we
obtain: CN 2 = 28 ± 1. The numerical value of theCN 2 parameter corresponds to a speciÞc!H H ;(2)

g

hard coe" cient:

!H H ;(2)
g =

11399
144

+
19
8
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2
3
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83
6

#2 #
5
18
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#4 #
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6

Nf $3 , (32)

which is obtained with the same method that was used to arrive at Eq. (23). Using thisCN 2

parameter we can produce di! erential predictions which are obtainedmimicking the strategy that
we intend to apply at N3LO.
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NNLO DIFFERENTIAL DISTRIBUTIONS
In order to assess the intrinsic uncertainty of the method we can repeat 
the numerical strategy, at one order less (NNLO) where all the coefÞcients 
are known analytically 
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Figure 4: Rapidity distribution at NNLO computed using the qT subtraction formalism (blue
hatched) compared with the evaluation using theCN 2 numerical coe! cient (cross, dot and square
points). In the lower panel we show the ratio to the exact NNLO result. For this particular example
at NNLO, we employ the three-point scale variation:µ = µR = µF = { MH / 4, MH / 2, MH } .

In the lower panel of Fig. 4 we show the ratio to the exact NNLO result, i.e. we present the
ratio for each scale. As expected, the approximation presents its best behaviour at central rapidity
and the deviation from the exact results is atper mille level throughout the considered rapidity
range of|yH | ! 4.

We performed at NNLO variations of theqcut
T value between 0.1 GeV and 3 GeV, and the NNLO

cross sections (and di" erential distributions) present deviations within a range of size 0.26% (the
largest deviation is always observed for the scale choiceµ = MH / 4). We considerqcut

T = 1 GeV
enough to proceed at NNLO (and as our reference value), as we can understand from Table 2 at
NNLO.

4.2 Numerical stability of the N 3LO rapidity distribution

In this section, we quantify the numerical stability (as well as the involved intrinsic uncertainties)
of the Higgs boson rapidity distribution at N3LO concerning theqcut

T and CN 3 parameters and the
statistical uncertainties introduced by d! H (Þn.) / dyH at N3LO-only.

In Fig. 5 we show the rapidity distribution at N3LO obtained with the qT subtraction method
using the CN 3 coe! cient determined in Sec. 3.2 (CN 3 = " 943± 222). The NNLO prediction is
always computed withqcut

T = 1 GeV. The red band in Fig. 5 shows the size of the seven-point scale
variation for qcut

T = 2 GeV.
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The uncertainties at the differential 
distributions are at the 0.2% level!

With the exception of the scale MH/4, 
the rest of the scales show their best 
behaviour in the low rapidity region 
and they start to separate from the 

exact result at large rapidities, which 
is what we expect.
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40

H F;(2)
c øc! ab

!
H F;(2)

c ; C(2)
ab ; G(1)

g a

"
! H F;(2)

c øc! ab (CN2)
<latexit sha1_base64="xRWLdRQt5ilgiURb6uw5ld8TJug="></latexit>

This is the expected level of 
precision in our 
approximation 

NNLO exercise 

Approximated numerical extraction

Exact numerical extraction



N3LO DIFFERENTIAL DISTRIBUTIONS

41



N3LO DIFFERENTIAL DISTRIBUTIONS
Uncertainties at N3LO
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Figure 5: Rapidity distribution of the Higgs boson as computed using theqT subtraction formalism
at N3LO. All bands include the seven-point scale variation as detailed in Table 1. The red band
constitutes our result with qcut

T = 2 GeV using the central value for theCN 3 coe! cient (CN 3 =
! 943). The pale yellow band is obtained as the envelope between the prediction atqcut

T = 1 GeV
and 2 GeV usingCN 3 = ! 943. The black band is computed at Þxedqcut

T = 2 GeV taking the
two extremal values of the CN 3 coe! cient according to the uncertainty (CN 3 = ! 943± 222), and
performing seven-point scale variation as described in the text.

The pale yellow band is calculated as the envelope of the scale variation bands for two di" erent
values ofqcut

T : 1 GeV and 2 GeV. Therefore, the pale yellow band in Fig. 5 can be taken as an
estimate of the uncertainty due to the variation of theqcut

T parameters at N3LO. In Fig. 3 (and
Table 2), we observed that the total cross section (for the three central scales) is rather stable as
a function of the qcut

T value. The variations of the N3LO cross sections were at theper mille level
of accuracy if we considerqcut

T = 2 ± 1 GeV, which is far better than the associated statistical
uncertainty (see Table 2). The uncertainty estimate due to theqcut

T variation performed in Fig. 5,
which is di" erential in the Higgs-boson rapidity, conÞrms the stability of the total cross section
reported in Table 2. The rapidity distribution is almost insensitive to the change in theqcut

T
parameter in the region where the bulk of the cross section is concentrated (|yH | " 3.6). At large
rapidities (|yH | # 4), where the overall contribution to the total cross section is less than 0.5%,
we found the largest deviations. Such deviations are mainly related to the numerical uncertainties
from d! H (Þn.) / dyH at N3LO-only.

Finally, we consider the uncertainty introduced by the statistical errors of theCN 3 coe! -
cient. The black band in Fig. 5 is obtained as the envelope of the seven-point scale variation at
qcut

T = 2 GeV now considering for each scale the two extremalCN 3 coe! cients corresponding to
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N3LO DIFFERENTIAL DISTRIBUTIONS
Rapidity distribution

its maximum and minimum statistical deviations: CN 3 = { ! 1165, ! 721} . The envelope is there-
fore taken from a total of 14 rapidity distributions (two extremal predictions for each one of the
seven scales). The net e! ect of this CN 3 variation result in an overall enlargement of the red band
at qcut

T = 2 GeV. Our Þnal uncertainty estimate in the rapidity of the Higgs boson at N3LO is
computed as the envelope of three bands: seven-point scale variation only, combined withqcut

T
variation, and combined with CN 3 variation.

4.3 The rapidity distribution of the Higgs boson at N 3LO

In this section we present our predictions for the Higgs boson rapidity distributions at the LHC,
applying the N3LO qT subtraction method presented in Sec. 2. The setup of the calculation is
summarised in Sec. 3.2.
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Figure 6: Rapidity distribution of the Higgs boson computed using theqT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in Table 1) of the LO, NLO, NNLO
and N3LO (CN 3) results are as follows: LO (pale grey Þll), NLO (green Þll), NNLO (blue hatched)
and N3LO (CN 3) (red cross-hatched). The central scale (µ = MH / 2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction
is shown. While the bands for the predictions at LO, NLO and NNLO are computed with the
seven scales as detailed in the text, the N3LO (CN 3) band is obtained after considering also the
uncertainties due to the variation of theqcut

T and theCN 3 coe" cient in the N3LO-only contribution.

Figure 6 shows the rapidity distribution of the Higgs boson at LO (pale grey Þll), NLO (green
Þll), NNLO (blue hatched) and N3LO (red cross-hatched). The central scale (µ = MH / 2) is shown
as a solid line while the bands correspond to the envelope of seven-point scale variation. At N3LO,
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distribution at N3LO 
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Compared to the NNLO 
yH distributions, we 

observe a large 
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uncertainties by more 
than 50% at N3LO. The 
scale variation band at 
N3LO stays within the 

NNLO band with a flat K-
factor of about 1.034 in 

the central rapidity 
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its maximum and minimum statistical deviations: CN 3 = { ! 1165, ! 721} . The envelope is there-
fore taken from a total of 14 rapidity distributions (two extremal predictions for each one of the
seven scales). The net e! ect of this CN 3 variation result in an overall enlargement of the red band
at qcut

T = 2 GeV. Our Þnal uncertainty estimate in the rapidity of the Higgs boson at N3LO is
computed as the envelope of three bands: seven-point scale variation only, combined withqcut

T
variation, and combined with CN 3 variation.

4.3 The rapidity distribution of the Higgs boson at N 3LO

In this section we present our predictions for the Higgs boson rapidity distributions at the LHC,
applying the N3LO qT subtraction method presented in Sec. 2. The setup of the calculation is
summarised in Sec. 3.2.
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Figure 6: Rapidity distribution of the Higgs boson computed using theqT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in Table 1) of the LO, NLO, NNLO
and N3LO (CN 3) results are as follows: LO (pale grey Þll), NLO (green Þll), NNLO (blue hatched)
and N3LO (CN 3) (red cross-hatched). The central scale (µ = MH / 2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction
is shown. While the bands for the predictions at LO, NLO and NNLO are computed with the
seven scales as detailed in the text, the N3LO (CN 3) band is obtained after considering also the
uncertainties due to the variation of theqcut

T and theCN 3 coe" cient in the N3LO-only contribution.

Figure 6 shows the rapidity distribution of the Higgs boson at LO (pale grey Þll), NLO (green
Þll), NNLO (blue hatched) and N3LO (red cross-hatched). The central scale (µ = MH / 2) is shown
as a solid line while the bands correspond to the envelope of seven-point scale variation. At N3LO,
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its maximum and minimum statistical deviations: CN 3 = { ! 1165, ! 721} . The envelope is there-
fore taken from a total of 14 rapidity distributions (two extremal predictions for each one of the
seven scales). The net e! ect of this CN 3 variation result in an overall enlargement of the red band
at qcut

T = 2 GeV. Our Þnal uncertainty estimate in the rapidity of the Higgs boson at N3LO is
computed as the envelope of three bands: seven-point scale variation only, combined withqcut

T
variation, and combined with CN 3 variation.

4.3 The rapidity distribution of the Higgs boson at N 3LO

In this section we present our predictions for the Higgs boson rapidity distributions at the LHC,
applying the N3LO qT subtraction method presented in Sec. 2. The setup of the calculation is
summarised in Sec. 3.2.
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Figure 6: Rapidity distribution of the Higgs boson computed using theqT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in Table 1) of the LO, NLO, NNLO
and N3LO (CN 3) results are as follows: LO (pale grey Þll), NLO (green Þll), NNLO (blue hatched)
and N3LO (CN 3) (red cross-hatched). The central scale (µ = MH / 2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction
is shown. While the bands for the predictions at LO, NLO and NNLO are computed with the
seven scales as detailed in the text, the N3LO (CN 3) band is obtained after considering also the
uncertainties due to the variation of theqcut

T and theCN 3 coe" cient in the N3LO-only contribution.

Figure 6 shows the rapidity distribution of the Higgs boson at LO (pale grey Þll), NLO (green
Þll), NNLO (blue hatched) and N3LO (red cross-hatched). The central scale (µ = MH / 2) is shown
as a solid line while the bands correspond to the envelope of seven-point scale variation. At N3LO,
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Figure 3: Total cross section of Higgs boson production,! H (tot.)
N3LO

, as obtained by theqT subtraction

formalism, compared with the corresponding analytical! H (tot.)
N3LO

of Ref. [13] (red dots). Green
crosses with error bar denote theqT subtraction prediction for qcut

T = 1 GeV, red dots with
error bar represents! H (tot.)

N3LO
using qcut

T = 2 GeV, and purple square dots with error bar having
qcut

T = 3 GeV. Whereas theqcut
T is changed (from 1 to 3 GeV) the coe! cient CN 3 is always Þxed

to be the value extracted in Fig. 2 forqcut
T = 1 GeV. The qT subtraction prediction at N3LO with

the CN 3 numerical coe! cient Þxed to zero (usingqcut
T = 1 GeV) is shown using yellow dots with

error bar. The NNLO analytical Higgs boson cross section (! H (tot.)
N3LO

) is represented by blue dots.
All the cross sections are shown for three di" erent scales:µ ! µR = µF = { 1/ 4, 1/ 2, 1} MH and
horizontally displaced for better visibility. The uncertainty bars in theqT subtraction predictions
are calculated with the customary propagation of statistical uncertainties.

4 The rapidity distribution of the Higgs boson

In this section we use theCN 3 coe! cient (extracted in Sec. 3.2) to produce di" erential predictions at
N3LO. In particular, we present di" erential results for the rapidity distribution of the Higgs boson.
In Sec. 4.1 we Þrst estimate at NNLO the uncertainties introduced in the rapidity distribution by
the procedure proposed in Eq. (28). In Sec. 4.2 we present the rapidity distribution at N3LO with
the estimation of the uncertainties associated to the variation of theqcut

T and CN 3 parameters.

4.1 The NNLO rapidity distribution

In this section we aim to quantify the uncertainty in the approximation used in Eq. (28). This
approximation was Þrst proposed in Ref. [2] for Higgs production at NNLO. Since all the ingredients
of the qT subtraction formalism at NNLO are known in analytical form [25], it is possible to quantify
the di" erence induced by the approximation compared to the exact result. This analysis further
allows to assess the potential impact of the approximation that could be present at N3LO in
Sec. 4.2 and 4.3 below. For this quantitative study we consider the collinear functionsC(1)

g a and the
hardÐvirtual factor H H ;(1)

g in Eq. (20) as known. The collinear functionsC(2)
g a and the Þrst order
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fore taken from a total of 14 rapidity distributions (two extremal predictions for each one of the
seven scales). The net e! ect of this CN 3 variation result in an overall enlargement of the red band
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T = 2 GeV. Our Þnal uncertainty estimate in the rapidity of the Higgs boson at N3LO is
computed as the envelope of three bands: seven-point scale variation only, combined withqcut

T
variation, and combined with CN 3 variation.

4.3 The rapidity distribution of the Higgs boson at N 3LO

In this section we present our predictions for the Higgs boson rapidity distributions at the LHC,
applying the N3LO qT subtraction method presented in Sec. 2. The setup of the calculation is
summarised in Sec. 3.2.
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Figure 6: Rapidity distribution of the Higgs boson computed using theqT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in Table 1) of the LO, NLO, NNLO
and N3LO (CN 3) results are as follows: LO (pale grey Þll), NLO (green Þll), NNLO (blue hatched)
and N3LO (CN 3) (red cross-hatched). The central scale (µ = MH / 2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction
is shown. While the bands for the predictions at LO, NLO and NNLO are computed with the
seven scales as detailed in the text, the N3LO (CN 3) band is obtained after considering also the
uncertainties due to the variation of theqcut

T and theCN 3 coe" cient in the N3LO-only contribution.

Figure 6 shows the rapidity distribution of the Higgs boson at LO (pale grey Þll), NLO (green
Þll), NNLO (blue hatched) and N3LO (red cross-hatched). The central scale (µ = MH / 2) is shown
as a solid line while the bands correspond to the envelope of seven-point scale variation. At N3LO,
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, as obtained by theqT subtraction

formalism, compared with the corresponding analytical! H (tot.)
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of Ref. [13] (red dots). Green
crosses with error bar denote theqT subtraction prediction for qcut
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error bar represents! H (tot.)
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to be the value extracted in Fig. 2 forqcut
T = 1 GeV. The qT subtraction prediction at N3LO with

the CN 3 numerical coe! cient Þxed to zero (usingqcut
T = 1 GeV) is shown using yellow dots with

error bar. The NNLO analytical Higgs boson cross section (! H (tot.)
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) is represented by blue dots.
All the cross sections are shown for three di" erent scales:µ ! µR = µF = { 1/ 4, 1/ 2, 1} MH and
horizontally displaced for better visibility. The uncertainty bars in theqT subtraction predictions
are calculated with the customary propagation of statistical uncertainties.
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In this section we use theCN 3 coe! cient (extracted in Sec. 3.2) to produce di" erential predictions at
N3LO. In particular, we present di" erential results for the rapidity distribution of the Higgs boson.
In Sec. 4.1 we Þrst estimate at NNLO the uncertainties introduced in the rapidity distribution by
the procedure proposed in Eq. (28). In Sec. 4.2 we present the rapidity distribution at N3LO with
the estimation of the uncertainties associated to the variation of theqcut

T and CN 3 parameters.

4.1 The NNLO rapidity distribution

In this section we aim to quantify the uncertainty in the approximation used in Eq. (28). This
approximation was Þrst proposed in Ref. [2] for Higgs production at NNLO. Since all the ingredients
of the qT subtraction formalism at NNLO are known in analytical form [25], it is possible to quantify
the di" erence induced by the approximation compared to the exact result. This analysis further
allows to assess the potential impact of the approximation that could be present at N3LO in
Sec. 4.2 and 4.3 below. For this quantitative study we consider the collinear functionsC(1)

g a and the
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CONCLUSIONS AND OUTLOOK
 We presented results at N3LO for completely differential 
distributions for observables measured at the LHC                  
(in particular for Higgs boson production in gluon fusion)

The qT-subtraction method at N3LO, presented here, can be 
applied to other processes initiated by gluon fusion (if the 
three-loop scattering amplitudes are known),                          
i.e the CN3 in gluon fusion is universal
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We can describe IR safe differential observables,  
not only the rapidity, and apply any set of cuts on the Þnal state



CONCLUSIONS AND OUTLOOK
 We presented results at N3LO for completely differential 
distributions for observables measured at the LHC                  
(in particular for Higgs boson production in gluon fusion)

The qT-subtraction method at N3LO, presented here, can be 
applied to other processes initiated by gluon fusion (if the 
three-loop scattering amplitudes are known),                          
i.e the CN3 in gluon fusion is universal

More work is necessary in order to calculate the CN3 
coefÞcient for processes initiated by qqb annihilation, since the 
total cross section at N3LO for Drell-Yan is not known
In the future, two elements are necessary in order to complete 
analytically the qT-subtraction method at N3LO

The universal relation between the three-loop virtual scattering amplitudes 
and the hard virtual factor
The third order collinear functions
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CONCLUSIONS AND OUTLOOK

 The approximation related to the CN3 coefÞcient in our 
approach can be easily replaced by the full analytical 
results for the coefÞcients once available
Our results can be applied to perform qT-resummation at the 
corresponding level of logarithmic accuracy. i.e without 
reweighing by the total cross section
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