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Motivations

@ Small deviations from Standard Model predictions can provide important tests for
New Physics models.

Hunting for such deviations requires high precision predictions to compare with
high precision experiments.

o Next-to-next-to-leading (NNLO) in QCD is the current accuracy standard.

The automation of QCD computations needs a fully general and efficient
treatment of the IR singularities.
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Schemes and tricks to deal with the IR

Few scheme available at NLO:

o Slicing: [Giele, Glover]

o Subtraction: dipole[catani, Seymour 9602277], FKS  [Frixione et al. 9512328, NS [Nagy, Soper 0308127]

Many schemes available at NNLO:

@ Slicing: q | [Catani, Grazzini 0703012], N-Jettiness [Boughezal et al. 1505.03893, Gaunt et al. 1505.04794]

@ Subtraction: Antenna [Gehrmann-DeRidder et al. 0505111], ColorfulNNLO [pel Duca et al. 1603.08927],
Nested soft-collinear [Caola et ai. 1702.01352], Geometric IR subtraction [Herzog 1804.07949],
€e-prescription [Frixione, Grazzini 0411399], Sector decomposition [Bonoth et al. 0402265, Anastasiou et al.
0311311], residue subtraction [czakon 1005.0274]

° . Unsubtraction [sboriini et al. 1608.01584], FDR [pittau 1208.5457]

— Many options, but still there is room for improvement according to the
five criteria rule [Melnikov, talk@ Amplitude2019]

A good subtraction scheme should be
physically transparent
general (scaleable)
local

analytic

S

efficient

rino subtraction scheme for IR singularities at N



NLO

Torino Subtraction scheme at NLO
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Subtraction pattern

IR-safe observable X at NLO: [partons in the final state only, massless]

dUNLO
% - JTA do, V, 6n + d¢n+1 Rn+15n+1

8; = (X — X;), X; the i-particle conf., V,, = 2RE[A(HO)*A(HI)], Rnt1 = \AEELP.

Subtraction idea

make the real contribution finite before performing the PS integration by adding and
subtracting a counterterm, which

@ has the same singular limits as R, locally in phase space

@ is analytically integrable in d dim

do’NLO
£t = Spi1 Knt1, Ih= d®,aq Knt1

aX

do.NLO
= / o, (vn+/n) 5nt / AP (Rn+1 Snp1—Knsn 5n)

finite in d=4 finite in d=4
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Implementation of the Subtraction method: the main ingredients

Ingredients of our method:

o Fundamental limits S;, C;; selecting the leading behaviour in terms of invariants
Sab = 2ka - kp
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Implementation of the Subtraction method: the main ingredients

Ingredients of our method:

o Fundamental limits S;, C;; selecting the leading behaviour in terms of invariants

Sap = 2ka . kb
ki T
leading terms KM‘ ki

SiX({k}) = k.ﬂﬂox({k"})
kj

CixX({kn}) = kynlox({kn})

n leading terms
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Implementation of the Subtraction method: the main ingredients

Ingredients of our method:

o Fundamental limits S;, C;; selecting the leading behaviour in terms of invariants

Sap = 2ka . kb
ki T
leading terms KM ki

SiX({k}) = k.ﬂﬂox({k"})
kj

CixX({kn}) = k}jmo)(({kn})

n leading terms

where the singular structure of R factorises
- universal soft and collinear NLO kernels
- Born matrix element
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Implementation of the Subtraction method: the main ingredients

Ingredients of our method:

o Fundamental limits S;, C;; selecting the leading behaviour in terms of invariants

Sap = 2ka . kb
ki T
leading terms KM‘ ki

SiX({k}) = k.ﬂﬂox({k"})
kj

CixX({kn}) = kynlox({kn})

n leading terms

where the singular structure of R factorises
- universal soft and collinear NLO kernels
- Born matrix element

SIRUKY = =N T, b 0 Bual(K)))
1

CiR({KY) =N — Py" (sir, ir) Buw( )
ij

SICyR({k}) = 2V Gy 85 —— B((K})

ij Sir

Bcg=color-correlated Born, B, =spin-correlated Born.

: mass-shell condition and momenta conservation just in the limits.
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Implementation of the Subtraction method: the main ingredients

o partition of the phase space ¢, ; with sector functions Wj;, that satisfy two
requirements [Frixione, Kunszt, Signer 9512328].
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Implementation of the Subtraction method: the main ingredients

o partition of the phase space ¢, ; with sector functions Wj;, that satisfy two
requirements [Frixione, Kunszt, Signer 9512328].

- select the minimum number of singularities
SiWap =0, Vi#a CijWab:07 va7b¢ﬂ—(i7.j)

— at most one soft and/or two collinear partons in a given sector.
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Implementation of the Subtraction method: the main ingredients

o partition of the phase space ¢, ; with sector functions Wj;, that satisfy two
requirements [Frixione, Kunszt, Signer 9512328].

- select the minimum number of singularities
S,’Wab:O, Vi;éa C,‘jVVa[;,:O7 Va,béﬂ'(i,j)
— at most one soft and/or two collinear partons in a given sector.

- sum to unity

D=1, Y Wi=1, G Wy =1

iJ#i J#i a,beperm(ij)
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Implementation of the Subtraction method: the main ingredients

o partition of the phase space ¢, ; with sector functions Wj;, that satisfy two
requirements [Frixione, Kunszt, Signer 9512328].

- select the minimum number of singularities
S,’Wab:O, Vi;éa C,‘jVVa[;,:O7 Va,béﬂ'(i,j)
— at most one soft and/or two collinear partons in a given sector.

- sum to unity

D=1, Y Wi=1, G Wy =1

iJ#i J#i a,beperm(ij)

o momentum mapping: {ki,...,kni1} — {Ki,...,Kn} (Catani, Seymour 9605323]:
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Implementation of the Subtraction method: the main ingredients

o partition of the phase space ¢, ; with sector functions Wj;, that satisfy two
requirements [Frixione, Kunszt, Signer 9512328].

- select the minimum number of singularities
S,’Wab:O, Vi;éa C,‘jVVa[;,:O7 Va,béﬂ'(i,j)
— at most one soft and/or two collinear partons in a given sector.

- sum to unity

D=1, Y Wi=1, G Wy =1

iJ#i J#i a,beperm(ij)

o momentum mapping: {ki,...,kni1} — {Ki,...,Kn} (Catani, Seymour 9605323]:

- phase space factorisation d®,1 = d®, d®,.q
- n on-shell particles conserving momentum.

kb ];11)
{;}(abc) _ {{k},ﬁé,t: l‘(/f)abc)} l;((:abc) } ko
K + k) =k + Ky + ke k. k.
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Implementation of the Subtraction method: counterterm construction

Definition of the counterterm

Sector: Wj; — minimal singularity structure S;, Cj;

Candidate counterterm:  Kj; = [S,- +Cy(1 - S,‘)} RWi;

— S;, C;j commute both on R and on sector function
— overlap between S;, C;; taken into account

Mapping {kn+1} — {kn}(29): (abc) chosen according to the invariants in the kernels

SIR({K}) = ~N')_ b1 —— Bea(15})

CiR({k}) = /\/'si P (sir, sjr) By ({K}(07))

ij

SiCjR({k}) = 2N C; b¢, S g({k}(n)y

Sij Sir

- Collinear limit: single mapping — dipole=(ijr)
- Soft limit: different mapping for to SiR({k}) —
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Implementation of the Subtraction method: counterterm construction

Sector Wj;: local counterterm in the remapped kinematic
R,’j = (§, + EU — §,EU) RWi;

Sector function sum rules — summing over sectors K becomes independent of W

=1 -1
— — - —
K = YKy _Z SiR) [S ) wi] +> (CaR) [ Cy(Wy+wi) ]
ij#i J#i ij>i
— Z (§,~C,~,~R) [ S,-C,-,-W,'j) }
v —
= Zs R+> C(1-5-5)R
inj>i
Remarks

- the integrated counterterm has to match the poles of V, which is not split into
sectors.

- the sector functions would have made the integration much more involved.

— this way analytic integration is feasible with standard techniques.
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Implementation of the Subtraction method: counterterm integration

o Parametrisation of the phase space [catani, Seymour 9605323]

d®pi1 = dOFP) dol) = g0l » do,,q (sfjc"c); vz, ¢>)

T 1 1
do*e) o (s};"")l‘é/ do sin_2€¢/ dy/ dz(1—y) [(1=y)y(1 - 2)z]
0 0 0

b, b, b by
5[(; 9 = Sabcs Sab :}/5[(; c)7 Sac :2(17}/)51(; C)7 Sbc = (172)(17)/)5[(; &
o Integration
1 we choose different parametrisation for the soft and the hard-collinear contr.
2 soft kernel is parametrised differently for each term of the sum.
Sn+1 icd Scd -
F= NN e ) / d®,0q (s£§ \iy.z, ¢) < Beg ({K}1<)
Sn ) Sic Sid
i c,d#i
—2
oy Snl 7 (icd) (icd)\ —¢ (4m)e2T (1 —¢e)T (2 —¢)
= N E Sfg E Beg ({K}U<) (sii”)) 2r@ =39
i c,d#i

Remark:
o freedom to adapt the parametrisation to the invariants appearing in the kernels.
@ integrated counterterm exact in e.
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Subtraction pattern at NNLO
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NNLO Subtraction pattern

@ more configurations contribute

dO’NNLO
—_— = /dd)n vV, 5,1(X) +/d¢n+1 RV,,+1 5n+1(X) +/d¢n+2 RRp+2 5,,+2(X)

daX
2
+2Re [ADTAP]  RVoix = 2Re |40 AT

WV, = ‘Aﬁf)

2
RR"+2 ‘An+2

@ more counterterms to add and subtract

/d¢,,+2 K Op+1 © same l-unr. singularities as RR
/ K12 4+ k) 5 same 2-unr. singularities as RR.

KO

o, ( + K)oy
[1-unr.(2-unr.), pure 2-unr.]

same l-unr. singularities as RV

/dcb,,ﬂ K®V) s, KRV

and integrate in the radiative phase space

1) = / Ao, KU, 102 = / g1 KD, 1RV = / g KV,

Torino subtraction scheme for IR singularities at NNLO
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Subtraction pattern at NNL

d NNLO
T = [ do, [ W, } 5n
dX ~—~
singular in d=4 , finite in &,
+ [ dops [ (RVas1) &H}
——

singular in d=4, singular in &, 1

+ [ dPnio { RRn12 5n+2:|

finite in d=4, singular in &,
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Subtraction pattern at NNLO

doNNLO
9 _ [ 40, [ W, } n
dX ~—
singular in d=4 , finite in ¢,
+ / d®ni1 [ (Rvn+1) 5n+1]
——

singular in d=4, singular in &, 1

I / ddns [RRM Snt2 — KMépyy — (K12 4 K“")an}

finite in d=4 and in ¢, >
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Subtraction pattern at NNLO

NNLO
dUT = / do,, [ W, }an

singular in d=4 , finite in ¢,

+/d¢n+1 [(Rvnﬂ) Sne1 — (K®V)) 5n]

singular in d=4, finite in &, 1

I / ddns [RRM Snt2 — KMépyy — (K12 4 K“")an}

finite in d=4 and in ¢, >
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Subtraction pattern at NNLO

d NNLO
L = [ do, [ W, } 5n
dX ~—~
singular in d=4 , finite in ¢,
+ / dPpi1 [ (RVar1 +1M) 6o = (KB - 02) an}
—_—
finite in d=4, singular in &, finite in d=4, singular in &,

finite in d=4 and in &, 1

& / ddns [RRn+2 Sny2 — KWopp — (K2 + W)an]

finite in d=4 and in ®, >
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Subtraction pattern at NNLO

dO'NNLO

s /dcb,, [vvn+/(3)+/(RV)}5n

finite in d=4 and in &,

+ / sy [ (RVarr +10)  bppa = (K —102)) 64
—_——
finite in d=4, singular in ®, finite in d=4, singular in ®,

finite in d=4 and in &,

+ / d®,io [RRM Snpa — KMpp — (K12 4 K@)an}

finite in d=4 and in &, >
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Subtraction algorithm at NNLO: ingredients

Ingredients of our method:

@ new singular configurations of RR

Sjj — ij soft
Cjik — ijk collinear Cijt — (if), (kl) indep. collinear
SCjjx — isoft, jk collinear Cj [Si] CSjjx — ijcollinear, ksoft ~ S; [Cj]

o partition of @, 5: s4i = 2qcm - ki, € = Sqi/s, wij = (55jj)/(Sqi Sqj)
O jjkl 1 1
y  Oijkl =

D abta Dctadotac Oabed e wj] (e + dijer)wi

different topologies to select the minimum number of singularities:

a>p>1

W,'jk/ =

W,’jjk : S,‘ C,’j SU cijk SC,'jk
W,’jkj : S,‘ C,'j SU Cijk SC,-jk CSUk
WUM . S,' C,j SU ijk/ SC,‘k/ CSUk

factorisation into NLO sector function under single-unresolved limits
SiWiiki = Wi SfW,_(jaﬁ) CiWik = Wi CUWI_(j&ﬁ) SiCiWiki = Wi S,'CUW,-(jaﬁ)

sum rules that reduce to 1 the sectors sharing the same singular limits
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Subtraction algorithm at NNLO: ingredients

@ counterterm identification [sector Wj]

(1-8/)(1—-C) (1—Cy) (1—SCyjx) RR Wy = finite

according to the number of unresolved partons and the nature (democratic or
hierarchical) of the limits, we define

(1) _ 4@ _pe12) _ g
RR Wi — Ki) — K — KU = finite

(1) = one unres. , 3 = two unres. democratic , (!2) = two unres. hierarchical

1
KG3) = [5i+Cy(1—5) | RRWi

K& =[S + Cipe (1 Sy) + SCy (1~ Sy) (1 — ) | RR Wi
KO2 = L[ +Cy(1-5)] [Sy +Cue (1 - Si) ]

ijik
+SC (1 55) (1- Cy) bR
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Subtraction algorithm at NNLO: ingredients

@ counterterm identification [sector Wj]

(1-81)(1-Cj) (1—Cy) (1—SCjx) RR Wy = finite

according to the number of unresolved partons and the nature (democratic or
hierarchical) of the limits, we define

(1) (2) (12) _ o
RR Wijik — quk Kq/k Kwk = finite

2) (12)

(1) = one unres. , () = two unres. democratic , — two unres. hierarchical

KO = [s;+ C; (1 - $1)] RR Wy

KE) =[S+ Cipe (1 Sy) + SCi (1 — Sy) (1 — Cy ) | RR W
KD = —{[Si+Cy(1-5)][Sy+ Ciu (1 - Sy)]
+SCiji (1 = Sy) (1= Cije) } RR Wi

Remarks:
- Si,C, Sjj, Cijk, SCjx commute

- soft-collinear contribution cancels in the sum K2 4+ K® = minimal structure
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Subtraction algorithm at NNLO: ingredients

o Singular structure of RR under the fundamental limits
- universal kernel [Catani, Grazzini 9903516, 9810389] [Campbell, Glover 9710255]
- Born matrix element

SU RR({k} Z |: Z I( Z Bcdef( )+Z£g) Bcd( ):|
c,d#i,j e,f#i,j

1
Cise RR({K}) o o5 P! (sirs5ir k) By ( )
ijk

1 v o
Cijt RR({k}) o< —— P (sir, 5j:) Pl (Sker» Sir') Buuwpo ( )
Sij Skl
1 v
SCij RR({k}) = CSjiRR({k}) o« — E Pl zggsfg( )
ik
c,d#i

I(i) = single eikonal current, I(U) = double eikonal current.

Uk Y (irs Sjr, Skr) = triple spllttmg function.

K(lk), K.(..lkz), K(Zk) do not satisfy mass-shell condition and momenta conservation
ijjk > i ijj

— momentum mapping needed!
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Subtraction algorithm at NNLO: ingredients

o double momentum mapping: {ki,..., knia} — {ki,..., kn}.
two kind of mapping to treat different kernels and simplify the integration.

1) two-steps mapping

k(acd bef) (acd) n#ab,ef

(scd.ber) _ pocd) | placd) __ She  pGed)  plectiber) _ _ Sher e
7(acd,bef) __ 7(acd 7(acd be 7.(acd 7.(acd, bef bef 7(acd
k! = kL) LR G K k¢ = K

PS fact.: d®ni2 = dOFP) . do g 15857y, 2, ¢') - dPrad,1 (Saca: vs 2, D)

2) one-step mapping

Klabed) — o n£abcd k 3
kaq
K@D g4k ke — ——2be b
¢ ° b ¢ Sad + Sbd + Scd d
;t(jabcd) _ Sabcd g I P

Sad + Sbd + Scd

PS fact.: db,io = do{) . dd,,q4 (5 y, 2,0,y 2/, x').
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From the ingredients to the recipe

Example: double unresolved counterterm and its integral

Applying the sum rules to the sector functions we end up with

K® = Z{Z&HrZZ%k 1— U_s’k_sfk)

i j>i Jj>i k>j

+ZZZCUM 1— ,k—SJk—S,/—gj,)

j>i k>i 1>k

k#j  1#]
+ Z Z Eijk 1-S; - gik) (1 — Cijk —Z Ei/jk)
A ki 1£i,j,k
k>j
+ Z Z CSjji (1 —Si _gjk) (1 — Cijk —Z Eijk!) } RR,
J>i ki 1.,k

- No sector functions left as needed for matching the VV poles.
- Full freedom in defining the mapped terms.

Torino subtraction scheme for IR singularities at NNLO
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From the ingredients to the recipe

Example: double unresolved counterterm and its integral

Applying the sum rules to the sector functions we end up with

K® = Z{Z&ﬂrZZ%k 1— U_s’k_sfk)

i j>i Jj>i k>j

+ZZZCUM 1— ,k—SJk—S,/—gj,)

j>i k>i 1>k

k#j  1#]
+ Z Z Eijk 1-S; - gik) (1 — Cijk —Z Ei/jk)
A ki 1£i,j,k
k>j
+ Z Z CSjji (1 —Si _gjk) (1 — Cijk —Z Eijk!) } RR,
J>i ki 1.,k

- No sector functions left as needed for matching the VV poles.
- Full freedom in defining the mapped terms.

Torino subtraction scheme for IR singularities at NNLO
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Starting from the limit
S RROKY o >0 [ D7 2979 Bear (141,) + 29 Bea (1))
c,d#i,j e,fH#i,j

we are free to map each term separately, adapting the choice to the invariants
appearing in the kernel

icd
SiRR x [ 7070 )Bcdef< )
e#i,j,c,d

c#i,j
d#i,j,c f#i,j,c,d

+4 Z I( I(j )(ied) Bcded( )

e#i,j,c,d

i) 1oy 1 g
270 T8y (11107 4 (70 - 220 - L) )]

The PS parametrisation follows the mapping structure to simplify the integral

Chiara Signorile-Signorile Torino subtraction scheme for IR singularities at NNLO
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Starting from the limit
S RROKY o >0 [ D7 2979 Bear (141,) + 29 Bea (1))
c,d#i,j e,fH#i,j

we are free to map each term separately, adapting the choice to the invariants
appearing in the kernel

S, RR Z[ DI cdef( )

c#i,j “e#i,j,c,d
d#i,j,c f#i,j,c,d

+4 Z I( I(j )(ied) cded( )

e#i,j,c,d

i) 1oy 1 g
270 T8y (11107 4 (70 - 220 - L) )]

The PS parametrisation follows the mapping structure to simplify the integral

Qear = [ d00aary 70 = [l 0700 [aole 1]

- 5.5 (471')‘72 M1l—e)f(2—c¢) (471')‘72 M1—e)f(2—c¢)
=  Ofig0fg (gigcd.jef))F 2T (2 - 3¢) (gi:'{cdﬁjef))F 2T (2 - 3¢)
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All the contributions to R(z) have been integrated

2
a 2 2 2
10 = (2Y 19+ 2+ 12+ 3]

hce

and organised according to the different colour structures

1@ = [ (Zcfacfb)lcc +8(Zc2)
—(Zo)(/\/f TRIET, — CZA QCA)} B({k})

s Ca
+2Z[—2(Zcfa)/¢:3d 241655, + N Tr s, — 2 16, | Beal(R)

c,d#c
+2 ) g, Beaa({RD) +4 > 15, Batea{K})
c,d#c c,d#c
e#d
+ > I, Baer (1K) +O(e).
c,d#c
e,f#e

Remark: 1 1@) feature a NLOXNLO complexity.

ccd’ 'sc3

Chiara Signorile-Signorile Torino subtraction scheme for IR singularities at NNLO



NN
0O0000000e

ss — 1 4 7 ..2\1 14 2 50 1 56 .2 _ 200 29 4
&, = ?4+:3+(1675 ™ )6—2+(607?7r -0 ¢(3))2+216—3¢ 7*— 20 ((3)+F%
ss — 2\ 1 2 2 1 2 7 4
’c§ = (17%)§+(107§w —6¢(3))L+68—4 72 —24((3)— L ™
ss — 2 1 34 1 464 7.2\1 5896 131 _2_ 76
&, = F3+3 HHF )t -F T
ss — 2 35 1 487 8 .2\ 1 248 269 2 154 1 77404 3829 .2 _ 2050 23 4
18, = F+¥5+(F-1°) 5+ - -5 @)+ - - TR E)-F
ss — Sed 1 4 7.2\1 14 2, 50
I8, = IniY [7?37:27(16757r )L 60+ 1 n21 50 ¢(3)
1,%d (1,4 7.2 1,.25d(1 1.3 Scd
+§In:—(5—2+;+1675ﬂ )= 4 g (Lra)+ & in ;7]
3 2 3 2
ss — CC s 1 2.2 1 Scd s
1&g, = 4ng [7 (17?);710+§7r +6C(3)+§Inﬁ(177)]
ss — Scd 2 1 341 464 ,7 2 Scd (2 1,.34)_ 4.2 5d
ITpey = % [—3 Z-o e tsT +'"fz(§ t+¥)-¢m ﬁ]
ss — 5 5 1 487 _ 8 _2\1 _ 6248 , 269 _2 , 154
leaeg = MF -2 5-(F-5 ) -G+ B E)
Scd (2,35 1,487 8 2 2112 5d (2,35 21,3 Scd
+ '"ﬁ(:ﬁ? ctig—3m )* $in® 4 (2+F)+5m ﬁ]
3 2
— 1 d 13 _4
Iy = —41=CE)(2-2in g ) —a0- I 2@+ B
3 3 2
S8 = Scd |p 2ed (1 =2
IBcded In w In 1 (1 6 )
5 — InZcdnlef|Lli4,96_7 72 1 (1n3d 1y, Sef)(1 1(1n2 3%cd 1|2 %ef ) 1, Scd |, Zef
I, = gk L2+6+16 Ix2_1 (In o +in :2)(£+4)+6 (In o +in :2)+4 In 4 In :2]
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Outlook

Some work is done:

@ General structure of a local, analytic sector subtraction has been proposed.

o All the integrals needed for K@ and K(RY) are done.

Some work is in progress:

o Combining the results to check the cancellation of the IR poles for a generic
process.

A lot of work remains to be done:

o Implementation in a differential code.
@ Generalisation to initial state radiation.

o Extension to massive particles.
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Sum rules and factorisation for NNLO sector functions

Sik (Z S Wi+ >, kaid) =1,

b#i d#ik b#£k d#k,i

Cik >, (Wabbo+Waber) = 1,
abc € perm(ijk)

S; Ci (W,](.QB) + W,-(kaﬂ)) =1,

S Cijk Z (Wabbk +Wakok) = 1, Sik Cijki (Wijk/ + Wk/,'j) = T,
ab € perm(ij)
SCjkSj > Wik = 1, CSikSik > Wikg = 1,
b#i dAik
CSjk Cixc Wikj +Wiki) = 1, CSji Cit Wikt + Wii) = 1,
CSi Cijk Sik Wixj = 1, CSiik Cji Sik Wi = 1,
SCiCik > (Wiaap + Wiava) = 1, SCix Cjla Wik + Wi) = 1,
ab € perm(jk)
SCii Ciik Sik Wik + Wik) = 1, SCik Cija Sik Wiy = 1.

SiWijjk = Wik Si W("ﬁ) y Cij Wijjke =Wiijik Cij W(ﬂ ), s Cij Wijjk =Wk Si Cij Wi(;’ﬁ) )
Si Wijkj = Whj SiWV, 2f) , CijWijkj = Wk[,]] CiyW, aﬁ) , SiCij Wijkj = Wi Si Cij W(aﬁ)
Si Wijki =W Si Wi(j ef) Cij Wijki = Wi Ci W, i] ) » SiCij Wijki = Wi Si Cyj W( A,
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Example: one unresolved counterterm and its integral

KW = Z [S,- +Cy(1 - 5/)} RR Z (W,'ij + Wik + Z Wijk/)

ij7i k#isj I#i.j;k

NNLO sectors factorise into NLO sectors and mapping is applied

K ZZ{SW‘””)(S RR) Wi + (C; W) (T RR) Wiy

ij#i k#i
I#i k

~(sic; W) (SiC; RR) Wk,}

Z \W,,:,/ {Z§,.RR+ZEU(175,-7§])RR}

k#i NLO sector i ij>i
141,k

1-unresolved structure

Kinematic mapping of sector functions allows to factorise the structure of NLO
sectors out of the radiation phase space, and integrate only single-unresolved kernels.

ocZWk/|:Z/ do") T;(1 -5~ 5;) RR( {k})+Z/d¢,adls RR({k})}

ij>i
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Real-virtual limits

Collinear, soft and soft-collinear limits of the real-virtual matrix element read
[Bern et al. 9903516] [Catani, Grazzini 0007142]

1 v —€ v
CjRV = le—U{P; Viw + Nicr ()€ cos(me) P BW}
i Ca mecr M€ BoSe
S;RV = -\ 70y, 4\[[(— (I ) 7)5
! ! Z kI { K U@ tan(re) W + 2e(am)2p2e ) M
K, Ik
27 Y\ €
- (Z,(;)) Bk/p] }
p#k,l
i Ca mecr i\ BoSe 0
SiC;RV = Nzc.[z!)v—/\/(— (z. ) 0o 7l )B}
v e "\ e tan(mwe) \ /" + 2e(4m)2p2e T

2e
Ny = B8l S, = (4meE), By = >

5. fabe (MB|TZ TP TS| Mp) — tripole

a, b, c
VV:%{7L<ZC,:>BV+E<Z'yfl))ByfiZInﬂB ,~+HV}
# T 2¢2 i) € — " 26”#, w2 rnd #
i L7

Remark: S;C;iRV is independent of tripoles thank to the symmetry properties of Byyp.
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Double virtual poles

vv

- (S

by Sjj Si
+(I+2Z'y, )ZI 20 By~ Z| 2 In—BUk/]
i

ij#i ij7i
11 s ol
-z ~(2) 20 g
= DILES DL}
ij7i
as 1 o 11 sj
() {-Fa () () -t v

i iJ#i
Cp— N, N N

b= At TR - 5y vg”:—%cp, =1y, AP =(S—¢()Ca—EN,

PP =(~ 3 +3¢(2)-3¢3)) 2 (— B~ L2+ B¢(3))CaCrt (£ +1¢))NeCr

O (— B U e(2)+1¢(3))C + (& — & C)NrCa+ EN:CE

Chiara Signorile-Signorile Torino subtraction scheme for IR singularities at NNLO



Backup

Cancellation of poles proportional to V

v
s 1 1 11CA74TRN1
= —|—= — G| V+— é C Opg————— | V
1 (ﬂ){262 (Z ﬂ) +62{f{qq}4 F+0fg 2
1 i
+i§ In 3L v,
2¢ w2

iJj#i

The hard-collinear and the soft contributions to I(RY) are

v v
(RV) (RV) (RV) - as Ca+4Tr N 1 CF
fic 1 [IC o } e (7) > {5ng 12 PR ey i
P
| (s LI 5 Cr+0,;Ca)V log X v,
S ~\x 22 T3 Z fo{q,qy CF T 06,6 Ca +*Z Og* ki
1e " ‘ ‘ p k, Ik
The contribution [II({Rg) — IéRV)] ‘Y/E cancels all the poles of VV proportional to V.

— WV + IRV): only "finite x V" coming from the finite part of /(RY),

Chiara Signorile-Signorile Torino subtraction scheme for IR singularities at NNLO



NLO counterterms: factorisation approach

Chiara Signorile-Signorile Torino subtraction scheme for IR singularities at NNLO



Backup

Factorised virtual amplitude

A n-particle massless virtual amplitude factorises in regions according to
[Sterman 9606312] [Gardi, Magnea 0908.3273]

Factorisation formula

pi\ 1o [ (e mi)?/(n202)) pi-pj (pi-ni)?
4 (2) =11 Salfi- ) M ( PR, ST

2 7 2.2
2 e

Tie ((8: - mi)?/n2)

where p!' = QB!, 82 =0, and n? # 0 auxiliary vector, 1 renormalisation scale.

@ universality
Functions’ properties: @ gauge invariance

@ simple operator definition

Remarks:  Je avoids soft-collinear double counting;
n? # 0 avoids spurious collinear singularities (in practice n? =0).
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Backup
o

Factorised virtual amplitude

A n-particle massless virtual amplitude factorised in regions according to
[Sterman 9606312] [Gardi, Magnea 0908.3273]

Factorisation formula

pi\ 1 [F((pi - m2/(n242)) s pi-pi (pi-m)?
Ay (—) = 1} [ Sa(Bi - B) Ha W)

" Tie((Bi - mi)?/n?) wom?

where p!' = QB¥, 82 =0, and n? # 0 auxiliary vector, y renormalisation scale.

e Collinear function: Ts(p)Jq = (p, 5| (0)®,(0, o) |0)
o Soft-Collinear function: Jg = (0] ®g(o0,0)®4(0, co) |0)

o Soft function: Sa(B; - Bj) = (0] szl g, (c0,0)]0) W\C(

@ Hard region: H, colour vector, finite reminder

Wilson line operator: ®, (A2, A1)

Remarks:  Je avoids soft-collinear double counting;
n? # 0 avoids spurious collinear singularities (in practice n'? =0).
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Counterterms at NLO

do’NLO
Recall: X = do, |:Vn + :| on + d®, 1 |:R,,+1 Opnt1 — Knt1 0n

finite in d=4 finite in d=4

Factorisation — virtual contribution decomposed in functions

Vo = HPT (o) ST 1O (pr) + 327 1O (o) [49 (1) — S o ()] 1 (1) -

Completeness — virtual functions linked to real functions
JI.(,IO)(I, p,n) + = fin. Sl(ig)(ﬁ,) + = fin.

— Starting from the virtual structure we can identify real emission counterterms.

Counterterm list at NLO
K1 =Mo" (1) ST 1 (1)

© 0 0
Kii=3) ., HOT( ~Pi71717Pi+1~~-)J,-(’1)(ki§lypi:”i)Hg)(n~Pi71:/7Pi+1~-~)
1 = Z, 1H O)T ,Pi—17/7Pi+1.,.)Ji(f?,l(k,';/,p,'7n,')7'[£,0)(...p;_17/,p,-+1,,,
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Collinear splitting at NLO

Test: splitting function for quark-induced process

TET 0880000

Single-radiative jet function at the lowest perturbative order, Feynman gauge

E:Jv (ki p.m) = ST (2ma7 (1= p - k)[—hmww1+kfn(Mp+pno]

=—> Sudakov parametrisation for momenta p* and k*
pt = zI"+0O(l), kF = (1-2)"+0(), n” =0.

—> Leading behaviour in the /| — 0 limit

8masC
}:JJw/p,)f - @n)?e (1 -p—k)

1 2
tz _6(1_2)} ,
— Z

The leading order DGLAP splitting function Pg_;qg.
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NNLO counterterms for the purely soft co

bution
Factorisation @NNLO — pure soft contribution

vV,

L= (W)P - (W) = DTS 1D 4 (DTS 1) 4 he)
0 T 0
RV Loft = Hﬁﬁl SnA1,0H£1+)1

Completeness — virtual functions linked to real functions

sfg(ﬂ,-)+/d¢1 S,(i%(k,ﬁ,-)-i—/dd)g SOk, ke, B7) = finite
s a',-)+/d<1>1 S (k, B;) = finite
sﬂl_o(“sf”/d% S8, 1 (k, i) = finite

= from the virtual structure we can identify real emission soft counterterms
according to their kinematics

Purely Soft counterterms at NNLO

HOTSD 1D + (HOTsO 1D +he) - kKEY
HgO)TS,S?% HY o KD 4 K@) ng 5,(3-)1,1 HESQ1 =
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