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Overview of schemes

@ DREG and variants (CDR, HV, FDH, DRED)
standard, well developed, QS4=QS;4PQS;x,;

@ FDF, SFD (4-, 6-dimensional formulation)
—=DREG/FDH, exploit properties of evanescent quantities

@ Implicit regularization and
FDR (Four-dimensional renormalization)
stay in 4-dim! regularize by “replacement rule”
use constraints/make choices for divergent integrals

@ FDU (4-dimensional unsubtraction)
loop-tree duality, cutting rules, combine real+virtual

Dominik Stsckinger Introductory remarks Overview of schem



OUTLINE

OUTLINE

. The Loop-Tree Duality theorem
. The Four-Dimensional Unsubtraction formalism

Ill. Two-loop computation with LTD



|. THE LOOP-TREE DUALITY THEOREM

Catani, Gleisberg, Krauss, Rodrigo, Winter, JHEP 09 (2008) 065

THE LOOP-TREE DUALITY THEOREM

N-point loop integral

The inverse Feynman propagator (GF(Qi))_l
vanishes for

q'LO—qzo —i\/qz m — 10
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THE LOOP-TREE DUALITY THEOREM

C;[.'(q,' ) qdi.0 C-planc

Positive energy mode:

0y =/ +m? 0

ﬂ®Im

(and negative imaginary part)

A {p C-plane

To obtain the duality relation, we apply Cauchy’s
residue theorem in the loop energy complex
plane and selecting residues with definite

positive energy and negative imaginary part
(which is done with the contour C})

X X X X




|. THE LOOP-TREE DUALITY THEOREM

THE LOOP-TREE DUALITY THEOREM

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary QFT)
represented as a linear combination of N single-cut phase-space integrals

[ ¥t T] Z [ T@a . piv) TLen(@sa)
! i=1 ! =7

» 6(q;) =121 60(qi0) 6(¢2 — m?) sets internal line on-shell, positive energy mode

1
» Gpl(gi;q5) = —

Z—mZ_i0nk, dual propagator, k;; = q; — g;
J J ¢

v

LTD realized by modifying the customary + ;0 prescription of the Feynman propagators, it

compensates for the absence of multiple-cut contributions that appear in the Feynman Tree Theorem

v

Lorentz-covariant dual prescription with 77 a future-like vector (most convenient choiceis ' * = (1,0))

v

Integration domain now Euclidean, with the integration variable being the loop three-momentum
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THE LOOP-TREE DUALITY THEOREM

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary QFT)
represented as a linear combination of N single-cut phase-space integrals
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|. THE LOOP-TREE DUALITY THEOREM

SINGULARITIES OF THE DUAL INTEGRANDS

» LTD: Equivalent to integrating along forward on-shell
hyperboloids/light-cones (positive energy modes)

» Dual loop integrands become singular when more than one
internal propagators go on-shell while integrating

» Local cancellation of singularities among dual amplitudes at
forward-forward intersections: dual! 101 aK;; prescription
change sign (required to have the local cancellation)

» Infrared and threshold singularities occurring at
forward-backward intersections

IR and threshold singularities are
restricted to a compact region of

$o

the loop three-momentum
(essential for FDU)

threshold h

My The proof for the two-loop case, needed for FDU at NNLO, has recently been done in
£, Aguilera-Verdugo et al. (FDM), arXiv:1904.08389
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Sborlini, FDM, Hernandez-Pinto, Rodrigo, JHEP 08 (2016) 160 & Sborlini, FDM, Rodrigo, JHEP 10 (2016) 162

THE MAIN IDEA OF THE FOUR-DIMENSIONAL UNSUBTRACTION

» An alternative technique to traditional subtraction methods

Regularisation method based on LTD (and taking advantage of its features)
No need for infrared subtraction counterterm
Integrand-level amplitudes in four dimensions and free of singularities

» Cancelling infinities in a local way (i.e. before integration)

Infrared singularities are removed by adding real and virtual contributions at the
integrand level

Ultraviolet singularities are removed by scheme-dependent counterterms locally
cancelling the divergent behaviour at very high energies

Resulting integrand can straightforwardly be evaluated numerically
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THE SCALAR THREE-POINT FUNCTION WITHIN LTD

P1
q3 |
||3 #3 $ é :
(1) _ - (1) |
A; Gr(q) Ay’ Wq;) - 4
¢ 1=1 1=1 :
q2 !
The three dual contributions are
P2
! # ¥ I'(
O '(q1)
A ! = — - , . , =/ + (Massless)
3 (Q1) $! (2q1 ap2 - ZO)(—qu apl n ZO) d1 P1
A(l)! "'( )#: — I!' (42) =1l+p + (Massive)
C oy (2M2 — 2g5 &ps + i0) (512 — 2¢0 Bp1a +30) 2~ T AT P2
I, # I
A:(al) Hq3) = — (43) =/ (Massive)

 (2M?2 + 2g3 ap; —i0)(s12 + 2g3 @p12 — ©0)
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THE SCALAR THREE-POINT FUNCTION WITHIN LTD

With a better parametrisation and in the centre-of-mass frame

$o

A/S
qlf p— 12 !1,0 (1,2\/?)1(1 — ?}1) el,! ,1 — 2’01)

2
qf: '812 (!i,o,Q!i\/?}i(l—fU@')e@',! ,|@(1—2?}Z))

threshold
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THE SCALAR THREE-POINT FUNCTION WITHIN LTD

With a better parametrisation and in the centre-of-mass frame
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THE MOMENTUM MAPPING

» Dual loop contributions are tree-level like objects, so we can combine virtual and
real contributions inside the same integral (but cancellation of IR singularities a
priori only true after integration)

» Since infrared singularities are restricted to a compact region of the loop three-
momentum space, it is possible to map the real kinematic onto the virtual one

» {p,lap/27 I 7p§\77p;~} as functions of {p17p2 -+ +-yPN, QZ}

» This allows for an integrand-level combination of virtual and real contributions, in
the soft and collinear regions where infrared singularities must cancel (by virtue of
the KLN theorem)
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THE MOMENTUM MAPPING

»  We first introduce a complete partition of the real phase-space, to isolate collinear

sinqularities ' ' Si
9 Ri(pi,qi) = 9(?{;/4 - y’ir) =1 yl/m — Q_T;L

gkFar
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THE MOMENTUM MAPPING

»  We first introduce a complete partition of the real phase-space, to isolate collinear

singularities  Rilpeag) = Oy — yly) = 1 Y 2_7721
» We then build the massive momenta fréﬁirnassless ones (if partons are massive)
pi“ = B4 13:1 + B_ ﬁju Emitter
pp= (11 Bo)p + (11 B)py Ppectator
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THE MOMENTUM MAPPING

»  We first introduce a complete partition of the real phase-space, to isolate collinear

singularities  Ripoag) = Oyl — yl) = 1 Y 2_7721
» We then build the massive momenta frékr%éirnassless ones (if partons are massive)
pi =B+ b +B-1) Emitter
pf = (10 Bt + (1t 5o Spectater
»  We finally implement an optimised mapping in each region
H = p = (1 —a)p + (1 —)p; — o
p;M - Iﬁf T lﬁ? Momentum conservation
p! = pi K#1,),r fulfilled by construction
The parameters are obtained by (Pi)? = (1 @)1 vi)siz ! 2gi- (1) «)pi + (1Y 7i)p;) +mi = (m))?

solving the two on-shell conditions (P))? = ;i sij =m5

Quasi-collinear configurations are conveniently mapped such that the massless limit is smooth
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ADDING THE REAL AND THE VIRTUAL CONTRIBUTIONS

A6 B 312 / €1,0(1 —51 [2\11) %) 32 (0(R1) + (1 = 6(R1))) A5 (5(aw))
(1) ¢5d[&2] d[vo]
As 812 / £2.0(1 —&20+10)(&2.0 + BE&(1 —2va) — m2) (9(R2) + (1 — 9<R2)))

» Inthe first region, we have

* The part of .Aél) (g(ql)) generating infrared singularities

7 0- ) \\\
~11" N
) \ . . . . .
2 \ * The soft and first (quasi-)collinear limit of the real
\ . .
| contribution
collinear \
i
I
1
I

/ » Inthe second region, we have
/ * The part of .Aél) ('N(qQ)) generating infrared singularities

A * The second (quasi-)collinear limit of the real contribution

”
-
-
—————
=

» What remains does not exhibit infrared singularities

$z

Both regions after unifying the coordinate system
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Becker, Reuschle, Weinzierl, JHEP 12 (2010) 13
Donati, Pittau, EPJ C74 (2014) 2864

BUILDING A LOCAL UV COUNTER-TERMS

» Expand the unintegrated amplitude around the UV propagator

1
Gr(q:) = + ... quv =1L+ kyy
Gy — Koy + 10

» By choosing kyyv = 0, this is equivalent to applying the following replacements...

2 = XNqdy + (1= A)udy
C-pi — Aquv - Di

» ...and then expanding around A and taking only the divergent terms

» For the scalar two-point function

SO -

1
A<1>:/ ALY |
S S (2 M ao)((! +p)2' M? +0) => ¢ (qGv — Hy +10)?
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BUILDING A LOCAL UV COUNTER-TERMS

» At first, the counterterm indeed removes the singular behaviour, but also exhibits

an arbitrary finite part

Ag\lf’UV) — é -|_ + (’)(61) after integration in DREG

» Itis necessary to adjust|the finite piece|of the counterterm to recover well-known
renormalisation schemes (for instance in the MS scheme, B = 0)

» This is done by integrating in DREG (at one loop the integrals are trivial), and fixing
the finite part with subleading contributions such as

duv M%V/(GF (quv))®
¢

» and choosing the appropriate value for duvy
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THE PARTICULAR CASE OF SELF-ENERGY INSERTIONS

1

a3 X
ql
72\

P2

”1

1
q3
q2
q1

P2

71

P2

A* — qq

o
7

Wép'r

P2

]
14

MA<5€p’r

P2
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THE PARTICULAR CASE OF SELF-ENERGY INSERTIONS

» To compute the NLO correction to a process such as A* — qq, self-energy diagrams
must be taken into account

Q1 m m P; ]
q3
/ /
P P
% r Py
p2 7 p2 P Ph

» However, even though for massless particles they do not contribute in DREG, self-

energy diagrams feature non-trivial IR/UV behaviours, and within FDU we need to
disentangle them

= e
Has to be included in
1 ]- the UV counter-term
> —0=K

|€UV €IR Will cancel the square of
the real contributions

_\ — 14
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BENCHMARK COMPUTATION SAMPLES

6 . FDU

Three-point ¢,
scalar function

=y r(l)r1

a
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H ———
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w

49

A =2 2 H+qq
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COMPARISON WITH DREG (CDR)
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FDM, Sborlini, Torres, Rodrigo, JHEP 02 (2019) 143

GOING TO TWO LOOPS WITH LTD

» The leap from one to two loops is a big one

* Before extending FDU to NNLO, we need to have a good understanding of two-

loop scattering amplitudes within LTD
* We need to develop techniques to efficiently handle more complex integrands
* We also need systematic procedures to deal with singularities

» TheH — ~v attwo-loop level is a very good starting point

* |tis infrared safe, only ultraviolet divergences appear
* |f below mass threshold, the amplitude is real (no contour deformation needed

for the numerical integration)
* We already analysed the one-loop case with LTD so we already know more or

less what we can expect



l1l. TWO-LOOP COMPUTATIONS WITH LTD

Bierenbaum, Catani, Draggiotis, Rodrigo, JHEP 10 (2010) 073

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

» Consider three sets of momenta Ps
( .
041:{€1+po,i, ZE{O,...,T}} O

<052:{£2+p7:_173_1, ZE{T"'].,,S}} ® Ps_9

g = {li+ b+ p,, i€{s+1l,...,N}} e

» Two loops means... cutting twice: we need to
impose two conditions on the couple (41, £2).

» The idea is therefore to put on shell two
particles belonging to two different sets fre
(to open the diagram to a tree-level like object)
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

» Fora given set ag, or a union of sets, we introduce

Gr(ag) = H Gr(t), Gplag)= Z o(0p) H Gp(d;0;)
1€l 1€! & jjey!éik

» These functions fulfill the following identity...

4

Gp(a;Uay) =Gp(a;) Gplaj) + Gp(a;) Grlaj) + Gr(a;) Gp(ay)

... which allows to iteratively extend LTD to two loops, and even beyond
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

»  With these notations, the LTD theorem at one
loop can be written P2

Agy_/N Apibn) Gl /N Apitn) Go("1)

» Using this, and starting from the Feynman
amplitude

AD / N1t (pid ) Gr( G5 U s) | o
b1 J s \‘

=S, e N1, e Apitn)Gr("1)Gp ("2 U™ 3)

1 J 4o
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

»  With these notations, the LTD theorem at one
loop can be written P2

AV = /N Apitn) Gr(" /N Apitn) Gp("1)

» Using this, and starting from the Feynman
amplitude

AD / N1t (pid ) Gr( G5 U s) | o
b1 J s \‘

=S, e N1, e Apitn)Gr("1)Gp ("2 U™ 3)

1 J 4o

» GF(()q)GD(OzQ)GD(CVg) -+ GF(Ckl)GF(&Q)GD(Ckg) —+ GF(OQ)GD(OAQ)GF(O@)
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

»  With these notations, the LTD theorem at one
loop can be written P2

AV = /N Apitn) Gr(" /N Apitn) Gp("1)

» Using this, and starting from the Feynman
amplitude

AD / N1t (pid ) Gr( G5 U s) | o
b1 J s \‘

=S, e N1, e Apitn)Gr("1)Gp ("2 U™ 3)

1 J 4o

» GF(()q)GD(OzQ)GD(CVg) -+ GF(Ckl)GF(&Q)GD(Ckg) —+ GF(OQ)GD(OAQ)GF(O@)
N T~
Ok —Gp (—Oég U al) —Gp (Ozl U 043)
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

»  Which |leads to the master formula at two loops

Aff):/ /N(fl,eQ,{pi}N) Gp (a2) Gp (a1 Uas) + Gp (—as U ar) Gp (as) — Gr (1) Gp (as) Gp (a3)
b1 J¥ls

(1, a2, xgcompletely interchangeable)
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

»  Which |leads to the master formula at two loops

AP = / / N (1, o, {pitn) | Go (a2) Gp (a1 Uag) + Gp (—as U a1) Gp (as) — Ge (a1) Gp (as) Go (ag)]
b1 J¥ls

(a1, g, vg completely interchangeable)

» Notice the minus sign in the secondterm —q = {—qj , 45 € Ozk}

» The on-shell delta is modified Qo 1
accordingly

~ 1T
5(_%’) — es) 5(‘]] 0t q]( O)
450

) Yas
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“NON-MIXED™ QED CORRECTIONS

P1

P12 - » P12 - P12 - »

P2

12 diagrams with the top quark as the internal particle

37 diagrams with a charged scalar as the internal particle

Blue lines are photons or gluons

27
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LOCAL ULTRAVIOLET RENORMALISATION AT TWO LOOPS

» Instead of one, there are now three UV regimes, generating three counterterms

S ¢y fixed | 1"
l, fixed l5 — 00 o 1"
2. 2,
AT A
1 1
€ €

» But getting the UV divergent behaviour at the integrand level is not straightforward

23
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HIGGS BOSON VERTEX RENORMALISATION

» There are two contributing diagrams for the top, three for the scalar and the
counter-term is computed by taking ¢; — oo at integrand level

» The Higgs vertex corrections read, for both particles,

? 07
Dy =een?® [ (@rlanon))? (ciov ! Grlauw) dfoy ) T
1

) 2 —€ C(f)
(cep)? Se (Muv> LUV [(0.5)

€

24
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HIGGS BOSON VERTEX RENORMALISATION

» There are two contributing diagrams for the top, three for the scalar and the
counter-term is computed by taking ¢; — oo at integrand level

» The Higgs vertex corrections read, for both particles,

Depends on what we renormalise (here the Higgs vertex) = Depends on the renormalisation scheme

1,
F&J{J)V :(eef)Q/ (
5 =
2 e (0,f)
I
1672 ( (2 > € H

Is a combination of Cg,)UV and dg,)Uv and is obtained by integrating in d dimensions

=(eey)

24
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PHOTON VERTEX RENORMALISATION

» The idea is exactly the same (there are more diagrams though), with this time the
limit that needs to be considered being ¢;5 — o

» The corresponding counter-term for the top reads

00 = e [ @rlarnon)* (o ~ Grlarnon) o i) P90 + S A1)

lo
5 e (1)
(e S (Fov) T G pon
Y162 | p2 € K

25
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PHOTON VERTEX RENORMALISATION

» The idea is exactly the same (there are more diagrams though), with this time the
limit that needs to be considered being ¢;5 — o

» The corresponding counter-term for the top reads

O = (ee? [ @ranon))* (¢S = Grtaaun) oy i) 19+ ci’?w

~

e (1)
(e S (Fov) T G pon
Y162 | p2 € K

» The additional term A(yli?v integrates to 0 in d dimensions but is needed for local
renormalisation

25
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LOCAL ULTRAVIOLET RENORMALISATION AT TWO LOOPS

» However the quantity A®") — A_ﬁ]}\)/ — A%\)f is not yet UV safe

» We need to regularise the double limit of the amplitude and of the counter-terms

» We need to generate double UV counterterms

6= N qiuy + (1= A)udy
We use the replacement 010y — N\? qQ1.uv - q2,uv + (1 — )\Z)M%V at the integrand level
i~ kj = Agi,uv - k;

» This gives a first expression of «48\),2 but once again we need to adjust the finite part

26
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DOUBLE UV RENORMALISATION

» Accorded to the replacement, the double UV counterterm must have the form

A5 = grsatee)? [ [ [Gr(@um )™ Gr(@m )" (Gr(aaw )™ A
b Jb

— 4 (Gr(th,uv )’ (Gr(th2,uv )’ dfj@ > My ] ,

True f -|
» By using IBP, we can show that AR ) g) 12 rue for any two-loop

uvez — fe lg +c UV counterterm

Massive sunrise diagram with ,
-y Massive tadpole
vanishing external momenta

» By replacing the integrals by their values in d dimensions, we can choose dg?,g to fix

the renormalisation scheme

27
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DOUBLE UV RENORMALISATION

» The total double UV counterterms for the top and the scalar read

o\ 2o\ 16K
2, € M
A%\Q = gy s12 (eeq)’ < ) (LQV) (40 + T@ + 4(d§f1),Uv — df(yt,)UV) — dgiﬂ + O(e))

1672 L4
2
~ 2 —2€
2,¢ Se M 8K@ )
A%V; = gf S12 (6 €¢)2 (1671‘2) (%) (—18 — T — d%\)/vg + O(€>> )

» Even though they do not actually renormalise anything, their presence is still
necessary to remove local double UV divergences

» This is very similar to the one-loop case: it is finite, but still requires a local
counterterm to obtain the correct result
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NUMERICAL INTEGRATION

» The quantity Ag’f) = A2 A?Uf\)/ ! ,452{{3[ ! Ag\’};) is completely free of local
UV singularities

» The renormalised amplitude can be integrated numerically, using

512 512

5

El == 9 €1 (Sin(ﬁl), O, COS(@l)) P1 — 9 (0, O, 1)
=
S : : : \/S
Cio =0y + 8y = —2 £12(sin(f12) cos(pi2),sin(f12) sin(ei12), cos(f12)) P2 = 212 (0,0, —

» To increase the numerical stability, we use the compactification

& — — f
i /1—331' or IZE[O,l]

1)
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NUMERICAL INTEGRATION

14r . LTD ] f . LTD
s o — Analytical ] i — Analytical
100 Huv= HI2 ]
N N — n i
0.8+ i
0.6+ i
0.4} ]
o 1 2 3 a4 -
— 2/ 2 2 2
t H t I’¢,=MH/M¢

Results in the MS scheme, with two different values of the renormalisation scale

Integration time (with Mathematica on a desktop computer) is (9(1/) for each point

Analytic results taken from Aglietti, Bonciani, Degrassi, Vicini, JHEP 01 (2007) 021

Intermediate checks were performed using SecDec-3.0, Borowka et al., Comput. Phys. Commun. 196 (2015) 470-491 30



SUMMARY AND OUTLOOK

FDU, NOW AND IN THE FUTURE

» So far...

FDU has been successfully implemented at one-loop level, and can be applied to
any process with an arbitrary number of legs

We have reproduced two-loop (~virtual-virtual) results using LTD, and have a
developed an algorithm to deal with any UV singularity at two-loop level

» The next step is to...

Generalize the mapping to make VV, VR, and RR infrared singularities match and
locally cancel at the integral level

Apply FDU to an actual NNLO physical process, and generate pure four-
dimensional expressions of physical observables at this order



Thank you



