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Introduction

This work is based on two papers:

@ Renormalization group properties in the conformal sector: towards
perturbatively renormalizable quantum gravity, Tim R. Morris -
arXiv:1802.04281

@ Renormalization group properties of the conformal mode of a torus,
Matthew P. Kellett and Tim R. Morris - arXiv:1803.00859

This talk will focus on the more phenomenological aspects of the latter
paper; the former gives the relevant background and development.
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This talk will focus on the more phenomenological aspects of the latter
paper; the former gives the relevant background and development.
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Background

@ To study RG properties, we work in Euclidean spacetime (and thus a
Euclidean signature metric).
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Background

@ To study RG properties, we work in Euclidean spacetime (and thus a
Euclidean signature metric).

@ But then the partition function from the Einstein-Hilbert Lagrangian
Ley = —%\/ER is divergent:

zZ= / Dlg,. e~ SeH

@ We can, however make sense of this. If we write the metric as
K
8w = O (1 + 5@) + Kkhy,

where h,,, is traceless, then the kinetic terms left are

1 1
Len = 5(8)\h;w)2 - 5(3A90)2
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Background

@ Discarding the traceless part and focusing only on the conformal
sector, we write the Wilsonian effective action as

Sl = Mgl - 5o (AN g

A
where AN = C—(J’) is the massless propagator regularised by the cutoff

profile CM. Recall that this is the effect of integrating out the modes
above the scale A.
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Background

@ Discarding the traceless part and focusing only on the conformal
sector, we write the Wilsonian effective action as

Sl = Mgl - 5o (AN g

A
where AN = C—(J’) is the massless propagator regularised by the cutoff

profile CM. Recall that this is the effect of integrating out the modes
above the scale A.
@ Then we insist that the partition function is scale-invariant:

ONZ = O / DQD<e_SA =0

@ The interactions then satisfy the Wilson/Polchinski equation

_168M ant 55/\+1tr onh  §2sh
ON~ 2560 ON  bp 2 ON  dpdp
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Gaussian fixed point

o Linearising (hence, not AS) around the Gaussian fixed point SN = 0

gives
d .on 1 _[onN 2 A
N0 = ot <a/\'a¢5¢>55
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Gaussian fixed point

o Linearising (hence, not AS) around the Gaussian fixed point SN = 0

gives
9 1_[oah &2

- A — — _ . A
0> 2”< oA 590&(;) 05

o If we write S = —¢ [ d*x V(¢(x), ), then this is solved provided
that 9,V = —Qp02V.
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Gaussian fixed point

o Linearising (hence, not AS) around the Gaussian fixed point SN = 0

gives
A 2
0 5N — 1 <8A ) )55/\

ON N Spdp

o If we write S = —¢ [ d*x V(¢(x), ), then this is solved provided
that 9,V = —Qp92V
@ Here, t = In(u/A) and

Q= |(o(x)¢ (x)>|—/(" o

is the regularised tadpole integral.
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@ The equation for V is very much reminiscent of a backwards diffusion
equation, which means that the direction of well-posedness is
reversed.
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@ The equation for V is very much reminiscent of a backwards diffusion
equation, which means that the direction of well-posedness is
reversed.

@ Therefore, the flow will generally break down at some point towards
the IR. This will be a crucial effect, and is the reason the wrong-sign
kinetic term is important.
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@ The equation for V is very much reminiscent of a backwards diffusion
equation, which means that the direction of well-posedness is
reversed.

@ Therefore, the flow will generally break down at some point towards
the IR. This will be a crucial effect, and is the reason the wrong-sign
kinetic term is important.

@ The eigenspectrum is actually degenerate in this case, leading to a
continuum of eigenoperators. We recover a discrete set if we impose
the following on the bare potential:

00 2
2 ¥
/ do V<(p, N\) exp <2Q/\> < o0

—0o0
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Physical quantities

@ The Hilbert space of solutions is spanned by

Mgy L0 (N _ (1o P\
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Physical quantities

@ The Hilbert space of solutions is spanned by

Mgy L0 (N _ (1o P\

@ The physical potential is obtained by V,(¢) = /I\imo V(¢,N), and for
%

large ¢ is characterised by an amplitude suppression scale \p, with
%)

2
Vp~e ™.
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Evolution on Manifolds

@ The bare UV operators on a manifold are the same as in the flat R*
case, since at short distances the two are indistinguishable.
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Evolution on Manifolds

@ The bare UV operators on a manifold are the same as in the flat R*
case, since at short distances the two are indistinguishable.

@ However, when the eigenoperators are evolved from A = Ag (bare
operators) to the IR scale k we find that they become

n 1 82 n
() = o0 (3Ren) 55 ) ()

where Q. n,(x) = [(@(x)p (X)) [rs = [((x)p(x)) [ a1-
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Evolution on Manifolds

@ The bare UV operators on a manifold are the same as in the flat R*
case, since at short distances the two are indistinguishable.

@ However, when the eigenoperators are evolved from A = Ag (bare
operators) to the IR scale k we find that they become

n 1 82 n
() = o0 (3Ren) 55 ) ()

where Q. n,(x) = [(@(x)p (X)) [rs = [((x)p(x)) [ a1-

@ To get the physical 2 we need to remove the regulators

Qp(x) = AJim Ao(X)
2%0
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Effect of €,

o Clearly, if M = R*, then Q, = 0 and so 65”(¢) = 5("(y).
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Effect of €,

o Clearly, if M = R*, then Q, = 0 and so 65”(¢) = 5("(y).

@ On dimensional grounds, we can write, for a general manifold,

)= o

where L is some characteristic scale and S(x) is some dimensionless
shape function.
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Effect of €,

o Clearly, if M = R*, then Q, = 0 and so 65”(¢) = 5("(y).

@ On dimensional grounds, we can write, for a general manifold,

)= o

where L is some characteristic scale and S(x) is some dimensionless
shape function.

@ This modifies the behaviour of the physical potential at large ¢:

2(x
ot ~ o (e 2 )

M.P. Kellett (SHEP) RG and Conformal Mode 5th April, 2019 9 /17



So what does all of this mean?
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@ This effect on the physical potential means that the flow exists to
k — 0, and thus the QFT exists, if and only if

S(x) > —27rL2/\F2, Vx e M
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So what does all of this mean?

@ This effect on the physical potential means that the flow exists to
k — 0, and thus the QFT exists, if and only if

S(x) > —27rL2/\F2, Vx e M

@ Thus, if Smin is negative, we have a minimum size of the manifold
given by
1 _Smin

L>Lmin:/\7p o
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So what does all of this mean?

@ This effect on the physical potential means that the flow exists to
k — 0, and thus the QFT exists, if and only if

S(x) > —27rL2/\,2, Vx e M

@ Thus, if Smin is negative, we have a minimum size of the manifold
given by
1 _Smin

L>Lmin:/\7p o

@ S decreases the more inhomogeneous a manifold gets, and this would
have significant application in cosmology.
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Why we care about tori

@ It's rather difficult to give meaning to many of the expressions that
we come across when we flow to the IR unless the metric is trivial

v = 5/w-
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@ Perhaps more importantly, it's very difficult to do this when taking
the hy,, into account as well (this is still a work in progress).
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Why we care about tori

It's rather difficult to give meaning to many of the expressions that

°
we come across when we flow to the IR unless the metric is trivial
v = 5;w-

@ Perhaps more importantly, it's very difficult to do this when taking
the hy,, into account as well (this is still a work in progress).

@ Fortunately, tori, when recognised as quotients of flat space can be
given a trivial metric.

e We use a four-torus as a toy model, then look at T3 x R, with the
three-torus recognised as the spatial submanifold.

@ We then looked at twisted versions of these tori.
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Four-torus

@ In the case of the four-torus we find that

Sa(ly) =2~ sa(l) — s4(1/1)

1 gt 4 /2
s4(/.) /0 2 Ml_ll S ;

where
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Four-torus

@ In the case of the four-torus we find that

Sa(ly) =2~ sa(l) — s4(1/1)

1 gt 4 /2

1
e Here, [, = LT“ where L = V,* and L, are the lengths of the
fundamental loops of the torus. © is the third Jacobi theta function,
which we take as

where

[e.o]

O(x) = Z e X

n=—oo
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Four-torus: Numerical values

@ For I, =1, we find §4 = 1.765. We expect this to be the maximum
as this is the most symmetric point.
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Four-torus: Numerical values

@ For I, =1, we find §4 = 1.765. We expect this to be the maximum
as this is the most symmetric point.

@ Forh=hb=1and k=3, I = % we have S = —7.149, so we see
indeed that S4 can be negative, and thus the constraint on €2, applies.
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Four-torus: Numerical values

@ For I, =1, we find §4 = 1.765. We expect this to be the maximum
as this is the most symmetric point.

@ Forh=hb=1and k=3, I = % we have S = —7.149, so we see
indeed that S4 can be negative, and thus the constraint on €2, applies.

@ In the case of T?, this constraint is

= 54(/u)2
42N
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Further Work

@ In the paper, we also covered twisted tori, which we do not have time
to deal with in detail here, but these present us with some interesting
phenomena which may or may not simply be mathematical curiosities.
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@ We want to apply some of this thinking to FLRW manifolds, but we
do not yet have the full theory developed so it is not entirely clear
how one would do this.
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Further Work

@ In the paper, we also covered twisted tori, which we do not have time
to deal with in detail here, but these present us with some interesting
phenomena which may or may not simply be mathematical curiosities.

@ We want to apply some of this thinking to FLRW manifolds, but we
do not yet have the full theory developed so it is not entirely clear
how one would do this.

@ Equally, it is not entirely clear how many of these effects will survive a
full theory of quantum gravity, however the cosmological effects so far
studied certainly merit further investigation.
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@ Currently, we are looking at ways to regulate the renormalisation
group in such a way as to preserve diffeomorphism invariance.
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@ One way is by embedding in a super-manifold and having the
fermionic degrees of freedom regulate the theory and subsequently
decouple.
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@ Currently, we are looking at ways to regulate the renormalisation
group in such a way as to preserve diffeomorphism invariance.

@ One way is by embedding in a super-manifold and having the
fermionic degrees of freedom regulate the theory and subsequently
decouple.

@ Another way is inspired by BRST methods and the Quantum Master
Equation, which allows the RG to preserve the diffeomorphism
invariance along the flow.
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So why this conference?

@ Well... it's not much travel.
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@ More importantly, if we can quantitatively predict the renormalisation
behaviour of G, then perhaps we can work on experiments to check
this.
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So why this conference?

@ Well... it's not much travel.

@ More importantly, if we can quantitatively predict the renormalisation
behaviour of G, then perhaps we can work on experiments to check
this.

@ It's entirely possible that any future of particle physics will need to
have gravity in the picture as well.
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Thank you for listening!

Any questions?
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