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Gyromagnetic Moment (History)

. e
gyromagnetic moment: pu = gz—s
m

Stern-Gerlach experiment Dirac theory:
observed p g=2

g:2><(1+%)

~ 2 x (1+0.001161) A
Schwinger

Where are we today?

g ~2x (1+0.00118(3))
Foley and Kush
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Current Status of the Muon g — 2

anomalous magnetic moment a, = %
contribution a,[10719] reference
QED 11658471.895 - 0.008 Aoyama et al '12
HVP LO 693.1 +34 Davier et al '17
HVP NLO —-9.84 £0.07 Hagiwara et al '11
HVP NNLO 1.24 +0.01 Kurz et al '14
HLBL LO 105 +£26 Prades et al '09
HLBL NLO 0.3 £0.2 Colangelo et al '14
EW 1536 +0.10 Gnendiger et al '13
total 11659182.3 +4.3 Davier et al '17
experimental 116592089 +6.3 Bennett et al '06

(2
HVP LO: HLBL LO: FES
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Anomalous Magnetic Moment of the Muon

~ 3 to 4 standard deviations tension between aj® and aflheo

— new physics?
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Anomalous Magnetic Moment of the Muon

~ 3 to 4 standard deviations tension between a®® and a

14

— new physics?

reduce uncertainties

experiment theory for HLbL

theo
M

J-PARC phenomenology

Fermilab reduce model uncertainties
for dominant contribution
(7, n,n'; mm)
using experimental input
Colangelo et al. '14,...,'17
Pauk and Vanderhaeghen '14

lattice QCD

model independent estimates

Blum et al. ('05,...
Mainz lattice group

)'15,...,'17
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HLbL
f

Euclidean position-space approach to a

master formula

me® = o
3= T/d4y[/ d*x Lip ot (%, ¥) 'np?“”’\"(x’y)]'

QED QCD

~

Prra(eoy) = = [ 42 2, (100 )in(2)50)).

® L{,o}.uva(x,y) computed in the continuum & infinite-volume
@ no power-law finite-volume effects from the photons

@ manifest Lorentz covariance
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HLbL

@ Derivation of the Euclidean position-space approach to a,

e Tests of the QED Kernel
@© Tests of the Lattice Gauge Theory Code
Q@ Lattice QCD

© Conclusion
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HLbL

0 Derivation of the Euclidean position-space approach to a;
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Perturbation theory in Euclidean position-space

Scalar propagators:

Go(x) = — Gon(x) = #MKl(mM).

Fermion propagator:

d*p —ipyy,+m m? Ko(m|x|)
S = i ipx _ |: K
(X) /(271_)4 p2+m2 € 47T2|X| YuXp ‘X| + 1(m‘X|) )

U,(z) = Chebyshev polynomials of the second kind:
Uo(z) =1, Ui(z) = 2z, Unt1(2) = 2zU,(2) — Up—1(2) (n>1),

Key property: orthogonal basis on Ss; if € is a unit vector
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Sketch of the derivation

muon momentum p = imé.

i

ﬁQ(O) = _48mTr{[’YP7FYT] (_’¢ + m)rPT(p7 p)(_l¢ + m)}7
I’,,U(p, p) = —eﬁ/ KuuA(XhXLP) ﬁp;uvkv(xlvx2)7
X1,X2
Ka(xioxep) = 7u(ip+ 3% — myy (ip + 9% + 32 — m)ys Z(2, 5, %),
1 1 1 _i
T(e _ i(axthky)
(&x,y) /q,k ?k2(q + k)2 (p— q)2 + m? (p—q—k)2—|—m2e

R me® . =
F2(O) = ?/ E[p,a];uw\(evxa}/) Inp;;w)\a(xay)
X,y
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The scalar function Z(€, x, y)

position-space propagators
1(ex.y) = [ Golu— ) (e u) Sex ),

Sey) = [ Gy~ u) e Gyw)
u
Chebyshev expansion

JEy) =D za(y®) Un(?-9),
averaging over €

A me® = =
F2(0) = T/ E[p,o];uu)\(xay) Inp;#u)\o(xv}/)
X,y

E[pp];;w)\(xv y)= <‘C[p7o];;w>\(€7 x,¥))e
evaluate the terms like (Z). analytically
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Explicit form of the QED kernel

‘C[P’U] l“’)\(x y Z gé[pa]uauﬁx\ (Ezﬁ)é( ’y)’
A=LII,III

. 1
with e.g.  Gippojuarsr = §Tr{ (75[%,%] +2(8507p — 56,)70))%%%73%},

T s(xy) = 39295 + 0 Vs(x, v),

1
T8 y) = mol) (Tas(x,y) + 955S(x,%))
x 1

T8 (x,y) = m(05) +08) (Tas(x,y) + 70S(x.¥)),

S(x,y) = (T)e =8 (IxI. % 7, Iy]),

Vs(x,y) = @&T)e = xs3" (Ix|, % 9. y]) +ys8® (x|, % - 9. v ]),

A 1

Tap(x,y) = ((és8s — 955)T)e

2

2
X — — X - —
= (Xaxs — —-0ap) Y 4 (Yays — YTSQB) () + (xayp + Yaxs — Tyéag) [,

The QED kernel E_[pﬂ];w)\(x,y) is parametrized by six weight functions.
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Example: Weight Function g(®

1 o0 ™
@) X2, x -y, y? :7/ duu2/ d
g ¥, y°) 8ry2 x| sin® 5 Jo ; b1

: y 4’ )logx}m
{2smﬁ+< cosBcos ¢y | — ) Z

2[ully] sin gy J 2=

n+2

Un+1
n+1

{zn(|u)zns1(|x — u]) [IX — Ul cos é1— + (|u] cos 61 — [x])

U U
+ zny1(|u)zo(x — u]) [<IUICOS¢1 sl “'C°S¢1nfﬂ J

where

2 2
x-y =Ixllylcosd, |x—ul = /|xI* + [uf> = 2/x||u] cos ¢

X:y2+u2—2|u||y|cos(5—¢) |x|cos¢1—|u|)
V7 + & — 2[ully| cos(5 + 0) u—x]
z, =linear combination of products of two modified Bessel functions.

L U= Us(

From [l] Reminder: Vﬁ(Xv)/) = X(;g'(l)(|X|,)? '}/)7 |}/D +Y5g(2)(|x|752'577 |y|)

Nils Asmussen HLbL g-2 on the lattice 4 April 2019



Complete set of weight function

T T T T T T T
T T T T T T T T T T T T T
o = —0.15625 | | =
z s T 25105 50 [ =2 6| d
g e oxmo || 2 10 — co 1250 |2 2-107°
g . cos § = 0.875 S 7500 || 2
E 41070 g £ )
2 = 2:107° 45 15-100F -
2 2 2
S = =
[ 5| 1109 q
- 1510
3-1071 | B
| 5-1077
2107 8 of
L Il L L L L L L | L L L T T T T
0 2 4 6 8 10 12 0 2 4 6 8 10 12
x| z
I fm
2.10°6 T T T T T —1  s0| j T T T T T T T
= —
2 = .
o 8 g —1 107 &
. E 61077 |- 1€
s 8 oy .
2 2 2 2107 &
= =
1100 1 it
L L1077 d
o ——cos f = —0.15625
S 50T 5 g — cos = 0.31250
—4-1077 | — cos f = 0.87500 |~
. . . , . . L \ , . n T T T
0 2 4 6 s 10 12 0 2 4 6 8 10 12

=

2O(|x|,% - ¥,|y|) contains an arbitrary additive constant (due to the IR
divergence in /(€,x, y)), which does not contribute to L, ;1.1 (X; ¥)-
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HLbL
f

Euclidean position-space approach to a

master formula

me® = o
3= T/d4y[/ d*x Lip ot (%, ¥) 'np?“”’\"(x’y)]'

QED QCD

~

Prra(eoy) = = [ 42 2, (100 )in(2)50)).

® L{,o}.uva(x,y) computed in the continuum & infinite-volume
@ no power-law finite-volume effects from the photons

@ manifest Lorentz covariance
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9 Tests of the QED Kernel
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Tests in Continuum, Infinite Volume

master formula

meﬁ o0 oo 3 T ] _ =
aELbL — T87r3/0d|y||y\3[/od|x||x| /Odﬂsm2ﬂ£[p70];w,\(x,y) lﬂp;#y,\g(x,y)].

~

Prra(eoy) = = [ 42 2, (100 )in(2)50)).

o [d|x|, [d]y|and | d3 evaluated numerically
o [ d*z evaluated (semi-)analytically
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of the 7° to a'''*L (Modell!)

o
I
—— my = 300 MeV
—my=600MeV || _ 3 -
41 —my =900MeV || =
E —
éH X 2 |
= g
X 21 | B
= e 1
= =
= Ex ——mg = 300 MeV
0 0 — My =600 MeV ||
—— my = 900 MeV
| | | 1 | I I T
0 1 2 3 4 0 1 2 3 4
|y|/fm |y /fm

dashed line = result from momentum-space integration

@ we reproduce the known result
@ contribution is perhaps surprisingly long-range
@ integrand peaked at short distances
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Lepton loop integrand contribution to aﬂLbL

@ we reproduce the known result
@ contribution is long-range

@ integrand sharply peaked at short
distances

2 4 6 8 10

The QED kernel is correct

e we reproduce the 7%pole in VMD model
@ we reproduce the lepton loop

Nils Asmussen

HLbL g-2 on the lattice

4 April 2019 18 / 35



What next?

achievements challenges in the view of lattice

@ method for aELbL on the lattice | EEellNEIIONE

o verified the QED kernel @ contributions are quite long range
@ learned about the integrand @ integrand peaked at small distances
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achievements challenges in the view of lattice

@ method for aELbL Rl computations

o verified the QED kernel @ contributions are quite long range

@ learned about the integrand @ integrand peaked at small distances

a way to improve

@ do subtractions on the kernel (first proposed by Blum et al. '17)
@ exploit fX iﬁ(x,y) = fy iﬁ(XaY) =0
@ example:

o L0 = E_[p,g];uux(X»}’)

o £ — E[pﬂ];w)\(x,y) _ %[‘,[p,(,];‘w)\(x, x) — %E_[p,g];um(}’»}’)

o aLILbL _ mTe6 fxyﬁ(o)(x’y)iﬁ(x,y) = "'Tea ﬁ(l)(X,Y)iﬁ(X7Y)

X,y
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Continuum, Infinite Volume

master formula

uror, _ me® o 5 (% sl [ s [T 207 e
ap, :Tgﬂ- 0d|}’||)" |: Od|X||X| Odﬁsm Bﬁ[p,a];m/)\(x7y) IHP;MV)\O'(X)y):|'

. y integrand lepton loop m; = m,
subtractions on the kernel

0.7 . . . plot by A. Gérardin

@ we try (short notation):

' 0.6 0) ——
£ = l_l(x, y) (starldard kernel_) osl % —
LY = L(x,y) — 1L(x,x) — 1L(y,y) e —

= - - 0.4 3)
r® :_ﬁ(x, y) - l:(O,y)_— L(x, 9) o
L =L (x,y)~L(0, y)—L(x, x)+L(0, x) o
o £O(0,0)=0 =
L(l)(x, x) = ol
L£2(0,y) = L (x,0) =0 ’
/X )( =

) 0 1 D 3 1 5
y| fm.

(lyl) x 10% fm

o with all kernels £(%123) we can reproduce the known result
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© Tests of the Lattice Gauge Theory Code
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Lattice QED Computation

master formula

HLbL 2#23‘ ||y| [ 425[”’”];””’\()(’)/) iﬁp;w,\a(x,y)]
|yl xEN
iMpao(x,y) =—a*>" 2z, <Ju X) v Y)Jo(z)./)\(o)>
zeN
e iflin Lattice QED

@ reproduce known lepton loop result
@ validate Lattice QCD code

focus on standard kernel £(®) and subtracted kernel £(2)
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Lattice QED Computation with Wilson Fermions

lattice gauge theory

(0) = % / D[Ue~ D[y, e~ S¥ Y1 0fy, 9, U]

SclU] =8> " ReTr[l — Uy (n)]

neN u<v

Se[4, 4, U] = Wilson fermions

@ local vector currents: j}(x) = Gx7rGx

o conserved vector currents:
5509 = 3 (@sn + DU 0 + Bl = DUndyys)
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Lattice QED Computation with Wilson Fermions

lepton loop

lattice gauge theory

(0) = % / DIe=SD[y, dle= 543Uy, &, U]
1

SelU] =83 3 Re Tl — Ut )] = 0

neN p<v

Se[4, 4, U] = Wilson fermions

@ QED leading order
@ local vector currents: j}(x) = Gx7rGx

o conserved vector currents:
5509 = 3 (@sn + DU 0 + Bl = DUndyys)

Nils Asmussen HLbL g-2 on the lattice 4 April 2019



Lattice QED Computation with Wilson Fermions

continuum extrapolation (my =2m,) L©

plot by A. Gérardin
T T

afPt=01659 -
T alPlee = 0.1596

—0.1 +

x 108

—0.2 -

LbL

14

—04

LO(z,y) = L(z,y)

—0.5 s s s s s L
0 0.02 0.04 0.06 0.08 0.1 0.12

amy,

v

o dashed line: continuum extrapolation for m,, = 7.2 using a quadratic fit
@ solid line: volume extrapolation: curve shifted by the difference between the
results for lattice extents m, L = 7.2 and 14.4 at fixed a
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Lattice QED Computation with Wilson Fermions

continuum extrapolation

plot by A. Gérardin
T T
0.16 1

0.14 |
afPt = 0.1503
afPlcc = 0.1498 -
0.1 - - 1

0.12

x 108

LbL
1

a

-l e

002 F £@)(z,y) = L(z,) - L(z,0) — £(0,y) 7

0 . . . . . .
0 0.02 0.04 0.06 0.08 0.1 0.12

amy,

@ less discretisation effects

e it is advantageous to use the subtracted kernel £()
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e Lattice QCD
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Lattice Setup

CLS Nf =2 + 1 ensembles

CLS L3xT alfm] m;[MeV] m,L L[fm] #confs
H105 323 x96 0.086 285 3.9 2.7 1000
N101 483 x 128 285 5.9 4.1 400
N203 483 x 128 0.064 340 5.4 3.1 750
N200 483 x 128 285 4.4 3.1 800
D200 643 x 128 200 4.2 4.2 1100

e O(a) improved Wilson fermions
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Nf =2+ 1 CLS Ensembles

450

400

350

300

250

my [MeV]

graphic by A. Gérardin
T

N300

N302

J303

N202 (H200)
[}

N203

N200

D200

B450

5400

N401

H101
[ ]

H102
[ ]

N101 (H105)

C101
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Integrand of afLHLbL with £&) m_=340MeV, a=0.064 fm

140 . ; . . plot by A, Gérardin
lattice data ——
120 - |
100 - |
g
T80t asitPl — 82(9) x 1071
E
« 60 |
=40 |
g

I I A0 >

0.5 1

o fully connected contribution only
@ we already observe a good signal

@ integrand non-zero up to 2fm
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Integrand of afLHLbL with £&) m_=340MeV, a=0.064 fm

140 ; . . . plot by A, Gérardin
lattice data ——
120 | VMD - 340 MeV —— -
100 | |
‘g‘ "HLbL 11
~ 80+t as P = 82(9) x 10~
3
« 60 |
=240t |
«~
20 - |
0 A
I B 1
*20 L 1 1 1 L
0 0.5 1 1.5 2.5 3
ly| [fm]

o for long distances the simple VMD Model seems to provide a good
approximation to the full QCD computation

@ the size of the box L = 3.1fm is large enough to capture the HLbL
contribution for this pion mass
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cHLbL
1

a = 0.064 [fm)]

dence of a

plot by A. Gérardin
T

140
120
_ 100 -
)
—
x 80 -
3
E.60|
U@‘
40 -
20 L
0

my = 340 MeV —e—
my = 285 MeV +—e—
my = 200 MeV +—e—

15
|yl [fm]

2.5

@ the results show an upward trend for decreasing pion mass

@ currently collecting more statistics in long distance regime
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cHLbL
1

a = 0.064 [fm]

140 | |
my = 340 MeV —e—
120 0 4 =285 MeV o 1
my; = 200 MeV —e—

dence of a

plot by A. Gérardin
T

- 100 - J
=) =
i — —
x 80 - |
s
% 31 60 - b
[S]
40 + R
20 + g
0 1 1 1 1 1
0.5 1.5 2 2.5 3
|| [fn]

@ the results show an upward trend for decreasing pion mass

@ currently collecting more statistics in long distance regime
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Discretisation Effects, m, = 285 MeV

plot by A. Gérardin
140 | i
120 4 = 0.064 fm o 1

100 - g

x 101
oo
o

cHLbL

i

(=]

o
T

I

20 - R

0 I I I ! I
0.5 1 .5 2 2.5 3

1
[yl [fm]

o discretisation effects seem to be small (we are increasing statistics)
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Finite Size Effects, a = 0.086 fm

plot by A. Gérardin
T

140 + g
myL =40 +e—
0r mL=60 o 7
— 100 + E
E Sais
X 80 L _— >——o i
2
E_ 60 ,
L‘d\
40 - |
20 + E
0 | | | | |
0.5 1 1.5 2 2.5 3
ly| [fm]

o finite size effects seem to be small (we are increasing statistics)
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© Conclusion
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Conclusions

HLbL
“w

o QED kernel function multiplying the position-space QCD correlation function

@ Explicit formula for a

@ Tests

o QED kernel: reproduce known results for 7° pole and lepton loop in the
continuum for the standard kernel £ and subtracted kernels £®:2:3)
e Lattice implementation: Reproduce lepton loop result in Lattice QED

o Lattice QCD

o First Mainz results for the fully connected contribution (in QED..)
e Subtractions are needed to obtain a signal at long distances
e The discretisation and finite-size effects seem to be small

o Future

o Collect more statistics
o Perform chiral and continuum extrapolations
o Implement disconnected contribution
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The 7° pole contribution

Assume a vector-meson-dominance transition form factor (parameters: my, my
and overall normalization)

Nem?
f 22 — ¢ = — <V .
Ch R S @ my C T e
R 2 9 0 0 0
My e (X, y) = —77{6 vaB€o (7—’_7)}(“ X
pro(X:Y) m2,(m?, — m2) Ox, dys L " preen Oxy — yy 0o)

0 0
apftvo 7K7r - oaptr 7K7T s N T }
+€uraBe way’y (Y = %, ¥) + €uoapt Aﬂvax’y (x,x —y)
where

Kex) = [ @*0(Gne () = Gy (6)) G (x = 0)Giny ( — 4) = Koy, )
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The lepton loop: fully analytic result for i/l'l\p;ﬂ,,m(x,y)

inp;ul/)\a(xv y)

5(1
n(p'LVAa(X’ y)

r,1
+I—Ipu)\#a(y_x _X)+XP I_IE/)\,u,)a( - X, _X)

r,1
+I—Ip)\upa( X y_X)+XP I_I()\Vp,)a'( X,y—X)-

m g (=xa)x = y)g Ka(m|x|)Kp(m|x — y[)
(2

N Ki(m|x])Ky(m]x — yI)

s ) - Trd{yavypu g Yv Yy Yo Y5 YN}
[x|2|x = yI2

eyl - Tr{vpvvvova}

8 Ka(mlx|)Ka(mlx — y[)

[x12]x — yI2
—xa) Ko(mlx|)Ki(mlx — y[)

Pyl - Tr{vavuvgrvvova}

Ay (¥) - Tr{vaYuYv Yy Yo YA}

(x = y)g Ki(mlx])Ka(mlx — yI)

Ixlx — yI2
(—xa) Ka(mIx|)Ky (mlx = y1)

cay () - Tr{vpvg v vy Yo YA}

a5 (v) - Tr{vavurvYovs YN}

8 Ki(mlx|)Ka(mlx — y[)

—yl)

cas(v) - Tr{vuvgvwvovsva}t

“lys(y) - Tr{’m'vu’vfy“m’va’u}]
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The lepton loop (continued)

S(1) o m g (=xa)(x = y)gKa(mlx|)Ka(mlx — yI)
Moinwae 0 Y) *2(2*) [ T ooy ) - Te{vavu Y YU Yy Yo V5 TA Y
K1 (m|x|)Kq(m|x — y|)
it ooy () Tr{vu v vy Yo vs A}t
IxI1x =yl
Ky (m|x|)Ky(mlx — y|)
A o) - Tr{vu v v v}
IxI1x =yl

+(*Xa)(>< —¥)g Ka(mlx)Ka(mlx — yI)

gp () Tr{vavuvgTwyovx}

Ix[2|x = y|2
(=xa) Kp(mlx|)Ky(m|x — y])
2ix = y] hpy(Y) - Tr{vaYuYv¥yYovr}

(x = y)g Ki(mlx)Ka(m|x — y])
Ixl1x — yI?

—xa) Ka(m|x|)Ky(m|x — y|) .
(—xa) Kp(mlx|)Ky(m| y”fpa(y)-Tr{“ra'mwvawsw)\}

hoy V) - Trdvpuvgyv ¥y Yo YA}

Ix121x = y|

(x = y)g Ki(mlx)Ka(m|x — yl])
B Ielix = 72 fp5(y) - Tr{'v;nﬁ”ru'va’m'u}}

2n2 Ki(mlyl)

2
x
s = — (9975 Kamly) = b5 )+ oy ) = — (35 mly| Ka(mly)) = 6pKo(miy1)),

mly|
w2 272
fos) = — {y,;yg mly|Ki(mlyl) + 6,,5Ko(mly\)} Ay () = —5 9y Ki(mlyl),
m m

2 2
kL 27
oy () = 5 {33550 My Ka(mly]) + (3 ps5 = Syp5 = 659 Ka(miyD ) pllyl) =~ Ko(mlyD).

Nils Asmussen HLbL g-2 on the lattice 4 April 2019
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