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• The	flavour puzzle:
ØWhy	3	families?
ØWhy	such	hierarchical	masses?
ØWhy	small	quark	mixing	and	large	lepton	
mixing?

ØWhat	is	the	origin	of	CP	violation?

Motivation

Flavour symmetries!

• Origin	of	neutrino	masses
Supersymmetric	SU(5)	model	in	6	dimensions

• Extra	dimensions:
Ø Origin	of	the	family	symmetry	after	orbifolding.
Ø GUT	breaking	through	boundary	conditions.
Ø Higgs	doublet-triplet	splitting.
Ø No	need	of	extra	fields	and	alignment	

superpotentials.



Orbifold	𝑻𝟐/ℤ𝟐
• Theory in 6 space-time dimensions. The two extra dimensions, combined in the

complex coordinate 𝑧 = 𝑥. + 𝑖𝑥1 are finite in size and compactified on a 𝑻𝟐/ℤ𝟐
orbifold:

𝑧	 → 𝑧 + 1
	𝑧	 → 𝑧 + 	𝜔 ℤ5: 		𝑧 → −𝑧	𝑇5:	 𝜔 = 𝑒:5	;/<

• The orbifold action leaves 4 invariant fixed points at 𝑧=, 𝑧5, 𝑧<, 𝑧? = (0,
1
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)

• Sides 𝑎 are identified, similarly for 𝑏
and 𝑐, forming a tetrahedron 𝐴?

𝑥.

𝑥1



Modular	symmetry	

• The torus 𝑇5 is defined by a lattice withmodulus 𝝉:

• Different values of 𝜏 corresponds to different shapes
of the torus

• However, there are very specific transformations of 𝜏 which
do not change the tours: the modular transformations!
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generated	by
𝑆: 𝜏 → −1/𝜏

𝑇: 𝜏 → 𝜏 + 1

Modular	group	Γ:

𝑆5 = 𝑆𝑇 < = 1

Imposing	an	extra	constraint	 𝑇L = 1

Finite	modular	group	ΓM:

Γ5 ⋍ 𝑆< Γ< ⋍ 𝐴? Γ? ⋍ 𝑆? …



• The	modulus	is	fixed	to	be	𝜏 = 𝜔 = 𝑒:5;/<

• The	orbifold has	a	remnant	symmetry	𝐴?×ℤ5 on	the	branes.

• Fields	on	the	bulk	will	transform	under	the	finite	modular	group

Orbifold	𝑻𝟐/ℤ𝟐 +	modular	symmetry

Γ< ≃ 𝐴?

𝜓S → 𝑐𝜔 + 𝑑 UVW𝜌S𝜓S
𝑌(𝜔) → 𝑐𝜔 + 𝑑 V𝜌𝑌(𝜔)

𝜔 → 𝜔Z =
𝑎𝜔 + 𝑏
𝑐𝜔 + 𝑑 Yukawa couplings become modular

forms of weight k, with representation
𝝆	under the modular group! They can
give rise to mass matrix structure.



The	model

• Supersymmetry	𝑺𝑼 𝟓 GUTmodel in 6d with an orbifold 𝑻𝟐/ℤ𝟐.

Brane	fields Bulk	fields

• The	boundary	conditions	break	𝐴? completely	and	𝑆𝑈 5 → 𝑆𝑀.
• The	only	Yukawa	couplings	with	weight	different	from	zero	are	the	two	neutrino	and	

the	up	Yukawa	couplings:	𝑦ab, 𝑦cb, 𝑦d.



Mass	Matrices
• Diagonal down quark and charged lepton mass matrices:

𝑀e = 𝑣e
𝑦=e𝜉h5
0

0
𝑦5e𝜉h

0
0

0 0 𝑦<e
𝑀i = 𝑣e

𝑦=i𝜉h5
0

0
𝑦5i𝜉h

0
0

0 0 𝑦<i

where	the	hierarchy	is	given	by	the	different	powers	of	𝜉h = 𝜉 /𝑀jkl.		

• All the contributions to quark mixing is coming from the up-sector:

𝑀m = 𝑣m
𝑦==m 𝜉h?

𝑦5=m 𝜉h<
𝑦=5m 𝜉h<

𝑦55m 𝜉h5
𝑦=<m 𝜉h5

𝑦5<m 𝜉h
𝑦<=m 𝜉h5 𝑦<5m 𝜉h 𝑦<<m

𝑣n5
The up Yukawa coupling, 𝑦m, has to have at least
weight 𝜸 = 𝟕.



Neutrino	sector
• The neutrino Yukawa couplings are given by: 𝑦ab

𝜉
Λ
𝐹𝐻.𝑁au + 𝑦cb

𝜙5𝜉
Λ5

𝐹𝐻.𝑁cu

Triplet	of	𝐴? with	weight	𝜶 Singlet	or	triplet	of	𝐴? with	weight	𝜷

• The only modular forms satisfying the extended symmetry 𝑨𝟒×ℤ𝟐 are
the ones with weight 𝜶 = 𝟔 and 𝜷 = 𝟔:

𝑦ab = 𝑦
−1
2𝜔
2𝜔5

,				𝑦cb= 𝑦=
0
1
1

+ 𝑦5
2

4𝜔5 + 1
4𝜔 + 1

+ 𝑦<
2𝜔5 − 2𝜔

1
−1

• We apply the type-I Seesaw Mechanism:

𝑚b = 𝑣m5
𝜉h5

𝑀a
𝑦ab 𝑦a

b l +
𝑣n55𝜉h5

𝑀c
𝑦cb 𝑦c

b l



Neutrino	sector

• The neutrino mass matrix is 𝝁 − 𝝉	reflection symmetric:

𝜈i → 𝜈i∗, 		𝜈�→ 𝜈�∗, 				𝜈�→ ν�∗ 𝜃=< ≠ 0, 𝜃5< = 45∘, 𝛿� = ±90∘

• The	ℤ5 symmetry	fixes	the	parameters	 𝑦, 𝑦5, 𝑦< to	be	real	while	𝑦< is	
purely	imaginary.		

• The parameters 𝑦, 𝑦=, 𝑦5, 𝑦< fit the rest of the PMNS observables.

• The model predictions lie inside the 3𝜎 region given by NuFit4.0.

[NuFit4.0]

• It also predicts normal mass ordering and a massless neutrino since
we are only adding two right-handed neutrinos.



• Orbifold compactification	of	extra	dimensions	can	give	rise	to	flavour
symmetries.
• The	Yukawa	couplings become	modular	forms giving	rise	to	mass	matrix	
structure,	which	implies	reducing	the	number	of	flavon fields	in	model	
building.
• Supersymmetric	𝑆𝑈(5)model	in	6d,	where	the	two	extra	dimensions	are	
compactified on	a	𝑇5/ℤ5 orbifold,	with	modulus	fixed	𝜏 = 𝜔 = 𝑒:5;/<.
• The	fields	on	the	branes	respect	an	enhanced	symmetry																	which	
leads	to	an	effective	𝝁 − 𝝉 reflection	symmetry	at	low	energies,	
predicting	maximal	atmospheric	mixing	angle	and	maximal	CP	phase.

Conclusions

A4 n Z2
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