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Two Mathematica Packages

» Multilntegrate allows to compute multi-dimensional integrals over
hyperexponential integrands in terms of (generalized) harmonic sums.
This package uses variations and extensions of the multivariate
Alkmkvist-Zeilberger algorithm.

» HarmonicSums allows to deal with nested sums as well as iterated
integrals in an algorithmic fashion.

Note that for some of the functionalities both packages rely on the Sigma
package by Carsten Schneider.



Nested Sums



Nested Sums 4

We introduce a general class of nested sums which we define recursively by

S(fu(r), fa(T), - flT)ym Z fi(m)S 5 fr(7),71)

T1=1

with the special case
S(n)=1.
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We introduce a general class of nested sums which we define recursively by

S(fu(r), fa(T), - flT)ym Z fi(r)S (fa(7), -+ fe(7),71)

T1=1
with the special case
S(n)=1.
Considering the letters
1 T
Q force N
Tc

leads to harmonic sums.
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Nested Sums 4

We introduce a general class of nested sums which we define recursively by

S(fu(r), fa(T), - flT)ym Z fi(m)S 5 fr(7),71)

T1=1

with the special case
S(n)=1.

Typical letters that we consider are:

d
(£1)7 1 z7 27 N
fi b K deZ
Pl s DA T ora,ce N,be Ny, z €K' (n), de

> quasi shuffle (stuffle) algebra
> shift:

S(fl(T)v"' 7fk(7-)7n+1) = S(f1(7)7f2(7—)7"' 7fk(7-)7n)
+f1(n+ 1)5 (fQ(T)f" 7fk(7-)an+ 1)
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Iterated Integrals 6

We introduce a general class of iterated integrals which we define recursively by

G(fi(7) fo(r),  fu()ya / FT)G (fa(r), - fulr)m) dm

with the special cases

Gz)=1
and 11 1 1
11 1y _1 k
G<7_,7_,...,T,:c> Tl log(z)”.
—_———

k times



Iterated Integrals 6

We introduce a general class of iterated integrals which we define recursively by

S o) D)) = [ )G (a(r).e ()
with the special cases
Gz)=1
and 11 1 1
22 2 _ 1 k
G<7_,T,...,T,:c> k!log(w) .
—_—— ——
k times
Considering the letters
it 1
147 1—17

leads to harmonic polylogarithms.



Iterated Integrals 6

We introduce a general class of iterated integrals which we define recursively by

G(fi(7), falr) -, fulr /fm)G (far), - fulr)m) dmy

with the special cases
Gz)=1

11 1\ 1 "
G<;,;,...,;7ZL‘> = %l lOg(.IJ) .
N ——’

k times

and

Typical letters that we consider are:
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e N V=V e A G A
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Iterated Integrals 6

We introduce a general class of iterated integrals which we define recursively by

G (fo(r), fa(T)s -+ s fu(T / Ji(m)G (fo(7), - s fu(T), 1) dma
with the special cases
Gz)=1
and - .
<;a ;7 7;71:) = HIOg(w)k
k times

Typical letters that we consider are:

1 1 1 1
) 5 ) ) 1_5 1—-n-
e N V=V e A G A

> shuffle algebra

> differentiation:

%G(fl(T)va(T)v T 7fk(7'),$) = fl(x)G (fQ(T)v o ,fk:(T)71»')



Multilntegrate



We use the Almkvist Zeilberger algorithm to evaluate integrals of the form

Oq 01
/ / F(n;xy,...,xg)dzy .. . deg,
Ud uy

where F(n;x1,...,24) is a hyperexponential function i.e.,

n
Flnian, .., 20) = alms ... 2g) - 5oroed) Hsp(zl, L aa)® (M) ,

t(x1, ..., 2q)

with

a(@1,. . 2a),b(@1, .. 3a), (21, .- Ta) BT, - Ta), @(03 2, - Ta) € Kz, 2]
and Sp(z1,...,2q) € K[z1,...,24],ap € Kfor 1 <p < P. With e.g., K= Q(e).



Our strategy to evaluate integrals of the form

0oq o1
/ / F(n;xl,...,xd)dxl...dxd,
Uqg ul

where F(n;x1,...,24) is a hyperexponential function is:

> compute a recurrence for the integrand F(n;z1,...,%q)



Our strategy to evaluate integrals of the form

o4 01
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Uq ul

where F(n;x1,...,24) is a hyperexponential function is:

> compute a recurrence for the integrand F(n;z1,...,%q)

> use the reccurrence for the integrand to derive a recurrence for the
integral



Our strategy to evaluate integrals of the form

oq o1
/ / F(n;z1,...,zq)dz1 ... dz4,
ug ul

where F(n;x1,...,24) is a hyperexponential function is:
> compute a recurrence for the integrand F(n;z1,...,%q)
>

use the reccurrence for the integrand to derive a recurrence for the
integral

> solve the recurrence



Recurrence for the Integrand

a(@1,emg) P s(x1,. ., 2q)\"
F(mizn, .. 2a) = g o, .., 2a) - €150 - ( ] Syl o) <(17d)> 7
P t(.tl, . ,Zd)

where

a(z1,. .., 2a),b(21, .., @), 8(T1, . ., Ta) (@1, - 2a), q(n5 20, - 20) € K2, . .0, 2]
and Sp(z1,...,2q4) € K[z1,...,24],0p € Kfor 1 <p < P. With e.g., K= Q(e).



Recurrence for the Integrand

a(ey,.nmg) P s(x1. .. T n
F(n;zl,...,zd)=q(n;z1,...,zd)-e”(zl """ T | |Sp(x17""xd)ap (M) ’
p—1 t(zlv"'7$d)

where

a(z1,. .., 2a),b(21, .., @), 8(T1, . ., Ta) (@1, - 2a), q(n5 20, - 20) € K2, . .0, 2]
and Sp(z1,...,2q4) € K[z1,...,24],0p € Kfor 1 <p < P. With e.g., K= Q(e).

Then there exist
L € N,eo(n),e1(n),...,ec(n) € K[n], not all zero, and Ri(n;z1,...,zq) € K(n,z1,...,zaq)
such that
Gi(nyx,...,xq) := Ri(njz, ..., zq)F(n;z1,. .., 2q)
satisfy

L d
Zei(n)F(n—Q—i;xl,...,zd) = ZDziGi(n;ml,‘..,xd).
i—0

i=1



Using the Package MultiIntegrate

Inf1):= << Sigma.m
In2l= << HarmonicSums.m

In3}:= << Multilntegrate.m
’ Sigma - A summation package by Carsten Schneider -RISC Linz- V 1.0 (7/7/11) ‘

[ HarmonicSums by Jakob Ablinger -RISC Linz- Version 1.0 (1/3/12) |

’ Multilntegrate by Jakob Ablinger -RISC Linz- Version 1.0 (1/3/12) ‘

1
(zy)" (1 — =z — y + zy)*

Inf4:= mAZ[ »n, {x, y}, f]

Out[4]=
(=14+z)*(-14+y)~* % _ —z(_ —z —2-n
{{1, ( y) }{( L+2) (=1 +y) " (zy) 7{{m2y_
zy Ty
nzy+12yz +z2y — XYz — zy,z}, {ny2 —ny + 2y2 -
2y,y}},(7172n7n272272nzfz2) fl+n)+

(4+4n+n2) f(2+n)}}



Recurrence for the Integral 1

We now consider the integral
oq o1
a(n) ::/ / F(n;x1,...,zq)dz: ... dzg,
uq uy

Where for F(n;x1,...,zq4) we have

L

d
Zei(n)F(n +i21,...,24) = ZDmiGi(n;ml, e, Td)-
i—1

1=0



Recurrence for the Integral 1

We now consider the integral

oq o1
a(n) ::/ / F(n;x1,...,zq)dz: ... dzg,
ug uy

Where for F(n;x1,...,zq4) we have
L d
Zei(n)F(n—i—i;xl,...,xd) :ZDmiGi(n;ml,...,xd).
i=0 i=1
If
F(n;...,xi_l,ui,xi+1,...) = F(n;...,$¢_1,0i,$i+1,...):O,

we also have

Gi(n;...,xi_l,ui,xi+1,...) = Gi(n;...,wi_l,oi,zi+1,...):0



Recurrence for the Integral 1

We now consider the integral

oq o1
a(n) ::/ / F(n;x1,...,zq)dz: ... dzg,
ug uy

Where for F(n;x1,...,zq4) we have

L d
Zez VF(n +4;21, . ,a:d):ZDmiGi(n;ml,...,xd).

1=

F(n;...,xi_l,ui,xi+1,...) = F(n;...,$i_1,0i,$i+1,...):O,
we also have

Gi(n;...,xi_l,ui,xi+1,...) = Gi(n;...,1'7;_1,0»;,1»;4_1,...):0
and hence a(n) satisfies the homogenous linear recurrence

L
Ze@ a(n+1) =0.

=0



Using the Package MultiIntegrate

(a—x)(-1+=z)(-2+y)(y—1)

xrm yn

injs]:= mAZIntegrate[ »n, {{x, a, 1}, {y, 1, 2}}]
—5+ 15a + 5m — 5am + n — 3an — mn + amn
(=3+m)(—2+m)(—1+m)(-3+n)(—2+n)(—1+n)
227"(1 — 3a — m + am +n — 3an — mn + amn)
(=34+m)(=2+m)(=1+m)(=3+n)(—2+n)(—1+n)
—m (—15a2 +5a® + 5a%m — 5a®m + 3a®*n — a®n — a®mn + a®>mn

(=3+m)(—2+m)(=1+m)(-34+n)(—2+n)(—-1+n)
92—n (3a2 —a® —a’m + a®m + 3a®n — a®n — a®*mn + a3mn) )
(=34+m)(=2+m)(=1+m)(=3+n)(—2+n)(—1+n)

Out[5]=

+

_l’_




Recurrence for the Integral 2

We again consider the integral

ogq o1
a(n) ::/ / F(n;z1,...,zq)dz1 ... dza,
ug uy

> suppose F(n;z1,...,zq) does not vanish at the bounds



Recurrence for the Integral 2

We again consider the integral

ogq o1
a(n) ::/ / F(n;z1,...,zq)dz1 ... dza,
ug uy

> suppose F(n;z1,...,zq) does not vanish at the bounds

> G;i(n;x1,...,xq) does not have to vanish at the bounds



Recurrence for the Integral 2

We again consider the integral

ogq o1
a(n) ::/ / F(n;z1,...,zq)dz1 ... dza,
ug uy

> suppose F(n;z1,...,zq) does not vanish at the bounds
> G;i(n;x1,...,xq) does not have to vanish at the bounds

> then force the GG; to vanish at the integration bounds by modifying the
ansatz, and look for G; of the form

Gi(n;xl, .. .,:L‘d) = Gl(n, L1y ,xd)(xi — ul)(x, — 07;),



Recurrence for the Integral 2

We again consider the integral

oq o1
a(n) ::/ / F(n;z1,...,zq)dz1 ... dza,
ug uy

> suppose F(n;z1,...,zq) does not vanish at the bounds
> G;i(n;x1,...,xq) does not have to vanish at the bounds

> then force the GG; to vanish at the integration bounds by modifying the
ansatz, and look for G; of the form

Gi(nsz, ... zq) = Gi(ns a1, . ., za) (@ — us) (2 — 01),

> hence a(n) satisfies again a homogenous linear recurrence of the form

L
Zel a(n+1) =0.

i=0



Example

(1421 - z2)
I(e,n) // 1+11)5 d:cldzg.

F(n)

Note that the integrand does not vanish at the integration bounds.



Example

(1421 z2)"
I(e,n) // 1+11)5 dzidzs.

F(n)

Note that the integrand does not vanish at the integration bounds. Using our
ansatz we find

2(n+1)(e—n—2)F(n) — (n+2)(5e —5n — 13)F(n+1)

+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n + 3)

= Dy F(n)(z1 — 1) z1 (z1 + 1) 22 (n + 3)2172 + 2)

+ Dy F(n) (w2 — 1) @2 (2323 (—e + 14 4) — (€ — 3)z22] + (0 + 2)T201 + 1).



Example

(1421 z2)"
I(e,n) // 1+11)5 dzidzs.

F(n)

Note that the integrand does not vanish at the integration bounds. Using our
ansatz we find

2(n+1)(e —n—2)F(n) — (n+2)(5be —5n — 13)F(n+ 1)

+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n + 3)

= Dy F(n)(z1 — 1) z1 (z1 + 1) 22 (n + 3)2172 + 2)

+ Dy F(n) (w2 — 1) @2 (2323 (—e + 14 4) — (€ — 3)z22] + (0 + 2)T201 + 1).

Integration of this reccurence yields

2(n+1)(e —=n—2)I(e,n) — (n+2)(5e —5n — 13)I(e,n + 1)
+(n+3)(4e —4n —13)I(e,n+2) — (n+4)(e —n—4)I(e,n+3) =0.



Example

(1421 z2)"
I(e,n) // 1+11)5 dzidzs.

F(n)
Note that the integrand does not vanish at the integration bounds. Using our
ansatz we find

2(n+1)(e —n—2)F(n) — (n+2)(5be —5n — 13)F(n+ 1)

+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n + 3)

= Dy F(n)(z1 — 1) z1 (z1 + 1) 22 (n + 3)2172 + 2)

+ Dy F(n) (w2 — 1) @2 (2323 (—e + 14 4) — (€ — 3)z22] + (0 + 2)T201 + 1).

Integration of this reccurence yields

2(n+1)(e —=n—2)I(e,n) — (n+2)(5e —5n — 13)I(e,n + 1)
+(n+3)(4e —4n —13)I(e,n+2) — (n+4)(e —n—4)I(e,n+3) =0.

Solving the recurrence leads to

lsn i 26(25_2)
Ie,n) = +1<Z—z+a—1 2 ;—z—i-s—l e—1




Using the Package MultiIntegrate

(14 21+ x2)™

infs]:= mAZDirectIntegrate[ , n, {{x1, 0, 1}, {x2, 0, 1}}]

1+ z1)°
n 1 n 241
ool 2=t G—etl 2304 “ite—1 2° -2
- —n—1 (n+1)2¢ (n+1)(e —1)2¢

(1 + x1 4+ x2 + x1 % x2)™

(1 +x1)¢ . n, {{x1, 0,1}, {x2, 0, 1}}]

in[7:= mAZDirectIntegrate[

2727175 (208 — 83 22+n + 63 21+2n _ 24+£ + 7 22+n+£ ~13 22n+£)
14+n)(14+n—c¢)

Out[7]=

(1 + x1 4+ x2 + x1 % x2)™
(1 +x1)=

1
ingl:= mAZDirectIntegrate[ , n, {{x1, 0, 5} {x2, 0, 2}}]

27777¢ (208 — 83 2°1" 4 63 2112 — 24Fe L 7 92 nde 13 920
1+n)(14+n—¢)

Out[8]=



Recurrence for the Integral 3

We look again at the integral
o4 o1
a(n) ::/ / F(n;z,...,zq)dzy ... dzq.
Uuq uy

Suppose that we found

L

d
Zei(n)F(n-i-i;xl,...,md) = ZDwiGi(n;xl,...,zd)

=0 i=1



Recurrence for the Integral 3

We look again at the integral
o4 o1
a(n) ::/ / F(n;z,...,zq)dzy ... dzq.
Uuq uy

Suppose that we found

L d
Zei(n)F(n + 4T, ,T) = ZDmiGi(n;xl, coy Td)
i=0 i=1
By integration with respect to z1,...,z4 we get
L d o4 01 0541 o1
Zei(n)a(nqti) = Z/ / / / Oi(n)ditl...dl’i_1dl‘i+1...dl‘d
i=0 i=1"Ud Ui—1 Uj41 uy
d o4 0j—1 0i41 01
—Z/ / / Ui;(n)dzy ...dzi—1dxit1 ...dxg
i=1"Yud Uj—1 Uj41 uq
with
Ol(n) = Gi(n;ml,...,$i71,0i,xi+1...,Id)

Ul(n) = Gi(n;w1,...,$¢71,ui,xi+1...,xd).



Recurrence for the Integral 3

We look again at the integral
o4 o1
a(n) ::/ / F(n;z,...,zq)dzy ... dzq.
Uuq uy

Suppose that we found

L d
Zei(n)F(n + 4T, ,T) = ZDmiGi(n;xl, coy Td)
i=0 i=1
By integration with respect to z1,...,z4 we get
L d o4 01 0541 o1
Zel(n)a(nntz) = Z/ / / / O,(n)dxl dl‘l_1dl‘z+1 dl‘d
i=0 i=1"Ud Ui—1 Uj41 uy
d o4 05—1 0i41 01
—Z/ / / Ui;(n)dzy ...dzi—1dxit1 ...dxg
i=1"Yud Uj—1 Uj41 uq
with
Ol(n) = Gi(n;$1,...,$i71,0i,xi+1...,Id)
Ul(n) = Gi(n;w1,...,$¢71,ui,xi+1...,xd).

Note that there are 2 - d integrals of dimension d — 1, to compute.



Example

11
I+ - z2)"

I(e,n) = QAT 22 0 das,

(e,m) /0/0 1+ 21) 1dT2

| —

F(nizy,we)i=

Applying the algorithm leads to

l‘z(zl -T2+ 1)n+1

— 1) F(n; 2)F 1; =Dz, 04+ D,
(n+ ) (n,z1,$2)+(n+ ) (n+ ,x1,z2) 10+ 2 (1+x1)5



Example

I(e,n) = /01 /01 %dﬂdzm
Applying the algorithm leads to
za(21 - T2 + 1)

— 1) F(n; 2)F 1; =Dz, 04+ D,
(n+ ) (n,z17x2)+(n+ ) (n+ ,xlsz) 10+ 2 (1+x1)5

and hence it follows by integration

1 1
—(n+I(e,n)+n+2)(e,n+1)= / (z1+1)" T day —/ 0dz1.
0 0

—_
Iy (n)

In the next step apply the algorithm to I1(n); we find

4.2" —2°

Ii(e,n) = Yoo



Example

11 n
(1+ a1 - 22)

I(g,n) = ~— " dzidza,

(e,m) /0 A 1 +a1)° T1dx2
| —

F(nizy,we)i=
Applying the algorithm leads to
l‘z(zl -T2+ 1)n+1

— 1) F(n; 2)F 1; =Dz, 04+ D,
(n+ ) (n,x17x2)+(n+ ) (n+ 1x17$2) 10+ 2 (1+x1)£

and hence it follows by integration

1 1
—(n+I(e,n)+n+2)(e,n+1)= / (z1+1)" T day —/ 0dz1.
0 0

—_
Iy (n)

In the next step apply the algorithm to I1(n); we find

42" —2°

I ="

en) = g
Plugging in yields

4.2 —2°

—(n+DI(e,n)+n+2)I(e,n+1)= m



Example

11 n
(1+ a1 - 22)

I(g,n) = ~— " dzidza,

(e,m) /0 A 1 +a1)° T1dx2
| —

F(njzy,we)i=
Applying the algorithm leads to

l‘z(zl -T2+ 1)n+1

— 1) F(n; 2)F 1; =Dz, 04+ D,
(n+ ) (n,x1,x2)+(n+ ) (n+ 1x17$2) 10+ 2 (1+x1)£

and hence it follows by integration

1 1
—(n+I(e,n)+n+2)(e,n+1)= / (z1+1)" T day —/ 0dz1.
0 0

| —
Iy (n)

In the next step apply the algorithm to I1(n); we find

42" —2°
Ii(e,n) = Yoo
Plugging in yields

4.2 —2°

—(n+DI(e,n)+n+2)I(e,n+1)= m

Solving this recurrence yields

1 - 1 P 2 27°(2° - 2)
I(e’")’n+1<;7i+sf1 2 ;7”571+ c—1 :




Using the Package MultiIntegrate

1+ 21 *xx2)™

inol:= mAZIntegrate[ , n, {{x1, 0, 1}, {x2, 0, 1}}]

1+ z1)°
n 1 n 241
ousl 2=t G—etl 2304 “ite—1 2° -2
- —n—1 (n+1)2¢ (n+1)(e —1)2¢

(1 4 x1 + x2 + x1 * x2)™

in10:= mAZIntegrate[
(1 + x1)=

, n, {{x1, 0, 1}, {x2, 0, 1}}]

2727175 (208 — 83 22+n + 63 21+2n _ 24+£ + 7 22+n+£ ~13 22n+£)
14+n)(14+n—c¢)

Out[10]=

(1 4 x1 4+ x2 4+ x1 % x2)™
(1 4 x1)¢

1
in11):= mAZIntegrate[ ,n, {{x1, 0, 5} {x2, 0, 2}}]

27777¢ (208 — 83 2°1" 4 63 2112 — 24Fe L 7 924 nde 13 92
1+n)(14+n—¢)

Out[11]=



Laurent Series Expansion of the Integral

> we look again at the integral

o4 o1
Z(g,m) ::/ / F(n;z1,...,zq)dxy ... dzq.
ug uy



Laurent Series Expansion of the Integral

> we look again at the integral

ogq o1
Z(g,m) ::/ / F(n;z1,...,zq)dxy ... dzq.
ug uy

> assume that we can write it in the form

oo}

I(e,n) = Z el I (n).

l=—L



Laurent Series Expansion of the Integral

> we look again at the integral

ogq o1
Z(g,m) ::/ / F(n;z1,...,zq)dxy ... dzq.
ug uy

> assume that we can write it in the form

Z(e,n) = Z e'n(n).
I=—L
> find I_r(n),I-r4+1(n),...,Lu(n) in terms of indefinite nested

product-sum expressions.



Laurent Series Expansion of the Integral

> we look again at the integral

ogq o1
Z(g,m) ::/ / F(n;z1,...,zq)dxy ... dzq.
ug uy

> assume that we can write it in the form

Z(e,n) = Z e'n(n).
l=—L
> find I_r(n),I-r4+1(n),...,Lu(n) in terms of indefinite nested

product-sum expressions.
> compute a recurrence for Z(g,n) in the form

ao(e,n)T (e, n)+ - ~+aa(e,n)T(g,n4d) = ho(n)+- - -+hy(n)e“+0(e");

use one of the methods presented above



Laurent Series Expansion of the Integral

> we look again at the integral

ogq o1
Z(g,m) ::/ / F(n;z1,...,zq)dxy ... dzq.
ug uy

> assume that we can write it in the form

Z(e,n) = Z e'n(n).
l=—L
> find I_r(n),I-r4+1(n),...,Lu(n) in terms of indefinite nested

product-sum expressions.
> compute a recurrence for Z(g,n) in the form

ao(e,n)T (e, n)+ - ~+aa(e,n)T(g,n4d) = ho(n)+- - -+hy(n)e“+0(e");

use one of the methods presented above
> use algorithm FLSR implemented in Signma.
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F(n T1,x0):=
Applying the algorithm leads to

xg(xl - T + 1)"+1
(1+z1)°
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Example

(421 - 22)"
I(e,n) // l—i—x dxidza,

F(n T1,x0):=
Applying the algorithm leads to

xg(xl - T + 1)"+1

—(n+1)F(n;z1,22) + (n+2)F(n+ 1;21,22) = Dy 0+ Dg,
(1+z1)°

and hence it follows by integration

1 1
—(n+DI(En)+n+2)I(e,n+1)= / (z1 4+ 1) %day —/ 0dz:.
0 0

I (n)
In the next step apply the method to I1(n); we find
o2 _ L€ (—2"" (Ho1(1)(n+2) — 1) — 1)
n+2 (n+2)2

2 (2" (Ho1(1)?(n+2) —2H 1 (D(n+2) +2) — 1) 3
(n+2) o).

11(6,71) =




Example

Plugging in and solving the resulting recurrence by means of FLSR and
combining the solution with the initial values of the integral yields the result:

I(e,n)

Si(2n)  Si(n) N 2n+ 1) +4(—n+2" - 1) (n+1)? +2n(n+1)2
n+1 n+1 2(n+1)*

—2"2(n 4+ 1) — 2" 2n(n+ 1) Si(2n)
+8(H71(1)( 2+ 1) - il )

2(n+ 1)n® +4(n+ Ln+2(n + 1)) Sa(21)  Sa(n)
2(n + 1) n+1

2"2(n 4+ 1) —2(n+1) 2 Si(2;n) | 2"T'(m? 420+ 1)
2(n 1 1)t ) te (H*(l)z (2(n+ i) 2(n 1 1)1 )

L

—on 2y _ont2 S, (2 n)) N S3(2;m)  Ss(n) | 2" -2 >

+H‘1(1)( 2n+1)* n+1 n+tl  n+l 2n+1)*

+0 (£%).



Using the Package MultiIntegrate

(14 z1 x z2)™

n[12]:= mAZExpandedIntegrate[
(1+z1)=

,n{e 0,2}, {{x1,0,1}, {x2, 0, 1}}]

Out[12]=

{{S[l, {2},n] S[1,n] 4 2"t 1 log(2)S[1,{2},n] 4 S[2,{2},n]

n+1 n+l (n+1)2 n+1 n+l
S[2,n] | log(2) (-2""") (n+ 1) +2"" —1 log(2)?S[1, {2}, n]
n+1 (n+1)3 ’ 2n+2
log(2)S(2, {2}, n] | SB.{2}.n] _ S[3,n] |

n+1 n+1 n+1
log(2)?2" (n + 1)® — log(2)2" ' (n + 1) + 2"+ -1

,0,2
(n+1)*

(1 4+ x1 + x2 4 x1 % x2)™

in[13:= mAZExpandedIntegrate[ 1)
x1)¢

,n, {& 0,1}, {{x1,0,1}, {x2, 0, 1}}]

Out[13]=
@ —1)" (20— 1) (=27 427 Inlog(2) + 2" log(2) + 1) o1
(n+1)2 "’ (n+1)3 o

(1 4+ x1 + x2 4 x1 * x2)™

in[14:= mAZExpandedintegrate[ 1)
X

,n, {e 0,1}, {{x1,0, %}. {x2, 0, 2}}]

Out[14]=

{ 9-n-1 (2n+1 _ 3n+1) (3n+1 -1) 9-—n—1 (3n+1 -1 (2n+1 — gl gntlpog )+ 37+l 1og ()

(n+1)2 ! (n+1)3

o)



Using the Package MultiIntegrate

The following integral occurs in the direct computation of a 3-loop diagram of the ladder-type:

/1/1( (s(z=1) +t(u—1)+1)"
o Jo \(w—=1)(z=1)(sz —s+tu—t—u+1)(sz—s+tu—t—z+1)

. 1 (z(=s+tu—t+1) +a((s-Dz+1)"
"5z —s+tu—t—a+1) —swa + sw+ saz — 5z — tuw + tuz + tw — tz + uw — U —w — T2 + T+ 2
1 (u((t — Dw+1) — w(s(—x) +s+t—1)"

) dudx

(w—1)(sz —s+tu—t—u+1) swz—sw—srz+ sz + tuw — tuz —tw +tz —uw+u+w+zz —x — 2



Using the Package MultiIntegrate

The following integral occurs in the direct computation of a 3-loop diagram of the ladder-type:

/1/1( (s(z=1) +t(u—1)+1)"
o Jo \(w—1)(z-1)(sz —s+tu—t—u+1)(sz—s+tu—t—x+1)

1 (z(=s+tu—t+1) +a((s-Dz+1)"
(z=1(sz—s+tu—t—x+1) —swz + sw+ svz — sz — tuw + tuz + tw — tz + vw — u —

w—zrz+T+z
, 1 (u((t—Dw+1) —w(s(—z) +s+t—1)" )dudz

(w—1)(sz —s+tu—t—u+1) swz—sw—srz+ sz + tuw — tuz —tw +tz —uw+u+w+zz —x — 2

sw—sz+z—1 z—1 !

- = 11)( : 1)<S“( (s+t—l)w(z—l)ysw—serz—lm)73“( (s+t—Dw(z—1) z(sw—sz-f-z—l)m)
TDG-Dtio . .

sw—sz+z—1 w(z—1)
(s+t—Dw(-1) t-1)(sw—sz+2z-1) s+t—1 . stt—1 (s—1(t—1)
( sw—sz+z—1’ (s+t—1)(z—1) in )+ S t—1 (L= twin )+ 51 t—1 " sri-1 "
(s+t=—Dw(-1) (sw—sz+2z-1)(tz—-1) s+t L s+t—1 7(9—1)(t—1)
( sw—sz+z—1 " (s+t—Nw(z—1) in) =S tin) + 5 -1 sti—1 0"
9+t—1 Jw—=1)z —tw+w+tz—1 9+t—1 (t—l(qw—l) 9+t -~
+S“( P P ) 1( T T ) T L s)mn
s+t—1 Jw—1)z (s—1)(-tw+w+tz—1) 9+t—1 . _ s+t—1 7(5—1)(2—1)_
( w-Gil Gri—Dw-p ) S oo ten) S T e
s+t—1 Jw—1z ((t—l)w—tz+1) L (s+t—1)(w—1)z (sw=1)((t=Dw—=tz+1)
w—tz+1 (w—1)z P\t Dw—tz+1° (s+t—1)(w—1)z
—S1a(1,

(1 - s)z n)+S11(1, 2 — sz;n) + S2((1 — s)z;n) — S1.a(L, (1 — t)win) + S11 (L w — tw;n) — Sa((—s — t + 1)w;n)

—Sa((=s =t +1)z;n) + 282(—s — t + 1;n) — Sa(1 — s;n) + Sa2((1 — t)w;n) — Sa(1 — t;n)
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Holonomic Functions and Sequences

> Let K be a field of characteristic 0 (i.e., K contains Q).
> A sequence (fn)n>0 € KV is called holonomic if there exist
pa(n),pa—1(n),...,po(n) € K[n] (not all p; = 0) such that
pa(n)fntd + -+ pi(n)fagr + po(n)fn = 0.

> A function f = f(z) is called holonomic if there exist
pa(z),pa-1(x),...,po(z) € K[z] (not all p; = 0) such that

pa(@) [ (@) + -+ pi(2) f (@) + po(2) f(z) = 0.

> The generating function of a holonomic sequence (fy)»>0 is holonomic.

> If f(z) is holonomic, then the coefficients f, of the formal power series
expansion

J@) =3 fa”
n=0

form a holonomic sequence.
» The nested sums we are considering are holonomic.

> The iterated integrals we are considering are holonomic.
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> Assume that f(z) = Z fnx" is holonomic such that
n>0

pa(@) f (@) + -+ p1(2) f'(z) + po(z) f(z) = 0.

> It is easy to check that
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> Transform the differential equation according to this relation.



From Holonomic Functions to Holonomic Sequences

v

Assume that f(z) = Z fnx" is holonomic such that

n>0

pa(@) f (@) + -+ p1(2) f'(z) + po(z) f(z) = 0.

> It is easy to check that

j
f(]) ZH (n+i—k fn+J k" (1)
Z =1
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Transform the differential equation according to this relation.

v

Equate coefficients of same powers of = on both sides.



From Holonomic Functions to Holonomic Sequences

> Assume that f(x) = Z fnx" is holonomic such that
n>0

pa(@) f (@) + -+ p1(2) f'(z) + po(z) f(z) = 0.

> It is easy to check that

J
Wf(]) ZH (n+i—Fk)fatj— Kz (1)

n=0

> Transform the differential equation according to this relation.

> Equate coefficients of same powers of x on both sides.

> We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n>o-

Note: The reverse direction can be performed as well.
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such that we have

@) =3 a" .
n=0

Method:
1. Compute a holonomic differential equation for f(z).
2. Use the idea above to compute a holonomic recurrence for (fn)n>0.

3. Compute initial values for the recurrence.



From Holonomic Functions to Holonomic Sequences

Given a holonomic function f(z).
Find a sequence f, given as a linear combination of indefinite nested sums
such that we have

@) =3 a" .
n=0

Method:

1.

2
3.
4

Compute a holonomic differential equation for f(z).
Use the idea above to compute a holonomic recurrence for (fn)n>0-
Compute initial values for the recurrence.

Solve the recurrence to get a closed form representation for (fn)n>o0-



From Holonomic Functions to Holonomic Sequences

Given a holonomic function f(z).
Find a sequence f, given as a linear combination of indefinite nested sums
such that we have

@) =3 a" .
n=0

Method:

1.

2
3.
4

Compute a holonomic differential equation for f(z).
Use the idea above to compute a holonomic recurrence for (fn)n>0-
Compute initial values for the recurrence.

Solve the recurrence to get a closed form representation for (fn)n>o0-

Note: This is implemented in HarmonicSums using the recurrence solver of
Sigma.
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From Holonomic Functions to Holonomic Sequences

Consider

f@) =6 (i) = X g

n>0
We can derive the differential equation:

(+ 1) (z = Df" (@) + Bz — ) f"(2) + (=) = 0.

Expanding leads to
a® " (@) = " (@) + 3xf"(x) — f"(2) + f'(x) = 0.

Using (1) results in:

D AV fanz" +3Y nn+ 1) fariz" + Y (n—Dnn+1)frirz”
n=0 n=0 n=0

Z (n+1)(n+2)fnt2z" —Z(n+1)(n+2)(n+3)fn+3wn:O.

n=0 n=0



From Holonomic Functions to Holonomic Sequences

Consider

f@) =6 (i) = X g

n>0
We can derive the differential equation:

(+ 1) (z = Df" (@) + Bz — ) f"(2) + (=) = 0.

Expanding leads to

& " (@) = £ (@) + 3z f"(z) — () + () = 0.

Using (1) results in:

Z(n + 1) fns12" +3 Z nn+1)fap12™ + Z(n —Dn(n+1) faprz™
n=0 n=0 n=0
Z (n+1)(n+2)fnt2z" —Z(n+1)(n+2)(n+3)fn+3wn:O.
n=0 n=0
Hence

(n+ 1) frsr = (n+2)(n+ D fatz — (n+2)(n+3)(n + 1) fass = 0
holds for (fn)n>o0.
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1
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Solving (using the recurrence solver of Sigma)
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leads to
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From Holonomic Functions to Holonomic Sequences

Initial values can be computed easily:

1
Ji=0, fz—? fs——a

Solving (using the recurrence solver of Sigma)

(n+1)°far1 = (n+2)(n+ 1) fasz = (n+2)(n +3)(n + 1) fass =0

leads to .
(1YY
fn — l/'=12
Hence )
ax- (D)
1 :
1 1 ( ) 1=2 i—1 n
f(z) = (l—i—r’ﬁ’ )Z x



From Holonomic Functions to Holonomic Sequences

Initial values can be computed easily:

1 1
Ji=0, f2—§, fs——a

Solving (using the recurrence solver of Sigma)

(n+1)°far1 = (n+2)(n+ 1) fasz = (n+2)(n +3)(n + 1) fass =0

leads to
(=1 Zz_l
fn: 7.
n
Hence )
n - -1)
f(z)=G LI z —Z—iz?z 130"
o 1477 1=7’ _n>0 ’

Note: This is implemented in HarmonicSums.
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Given a holonomic sequence (fn)n>0-
Find a function f(z) given as a linear combination of iterated integrals such
that we have
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Method:

1. Compute a holonomic recurrence equation for (fn)n>o0.
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Given a holonomic sequence (fn)n>0-
Find a function f(z) given as a linear combination of iterated integrals such
that we have
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Method:
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From Holonomic Sequences to Holonomic Functions

Given a holonomic sequence (fn)n>0-
Find a function f(z) given as a linear combination of iterated integrals such
that we have

F@) =3 a" fa.
n=0

Method:
1. Compute a holonomic recurrence equation for (fn)n>o0-
2. Compute a holonomic differential for f(z).

3. Compute initial values for the differential equation.



From Holonomic Sequences to Holonomic Functions

Given a holonomic sequence (fn)n>0-
Find a function f(z) given as a linear combination of iterated integrals such
that we have

F@) =3 a" fa.
n=0

Method:
1. Compute a holonomic recurrence equation for (fn)n>o0-
2. Compute a holonomic differential for f(z).
3. Compute initial values for the differential equation.
4

. Solve the differential equ. to get a closed form representation for f(z).



From Holonomic Sequences to Holonomic Functions

For example given

we find:

f@) = g (16r 200 1 80° — o) 4 T2 T )G (VA= 77 a)

+56 (VI=7vr,2)”
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Mellin transform of holonomic functions

Let f(x) be a holonomic function such that

MIf@))n) = [ " fa)do
exists and let p;(z) € K[z] such that

pa(@)f (@) + -+ pi(@)f'(2) + po(w)f(z) = 0.



Mellin transform of holonomic functions

Let f(x) be a holonomic function such that

MIf@))n) = [ " fa)do
exists and let p;(z) € K[z] such that

pa(@)f (@) + -+ pi(@)f'(2) + po(w)f(z) = 0.

Since we have

ML 7 @) () =§ﬁ¥%igﬁmwmm+m—m
Z( ‘(n+m)! f(p 1- z)(l)’ )

(n4+m—1)!



Mellin transform of holonomic functions

Let f(x) be a holonomic function such that

MU@HM%=/1ﬂf@Mw

0

exists and let p;(z) € K[z] such that

pa(@)f (@) + -+ pi(@)f'(2) + po(w)f(z) = 0.

Since we have

M (P @) = I ) m )

SR e,

we can conclude:

If the Mellin transform of a holonomic function is defined i.e., the integral
fol z" f(x)dz exists, then it is holonomic.



Mellin transform of holonomic functions

Given a holonomic function f(z).
Find an expression F'(n) given as a linear combination of indefinite nested
sums such that for all n € N (from a certain point on) we have

MIf(@))n) = [ o f(a)do = Fo).
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Mellin transform of holonomic functions

Given a holonomic function f(z).
Find an expression F'(n) given as a linear combination of indefinite nested
sums such that for all n € N (from a certain point on) we have

MIf(@))n) = [ o f(a)do = Fo).

Method:
1. Compute a holonomic differential equation for f(x).

2. Use the proposition above to compute a holonomic recurrence for
M[f ()] (n).
3. Compute initial values for the recurrence.

4. Solve the recurrence to get a closed form representation for M[f(z)](n).

Note: This is implemented in HarmonicSums using the recurrence solver of
Sigma.
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Mellin transform of holonomic functions

We want to compute the Mellin transform of

fla) =6 (YT

We find that
(=3+2)f(x) +2(-1+2)(1+2z)f(x)" =0

which leads to the recurrence

N

6
o 147

dr = =2(n—-1nM[f(z)](n—-2)+3nM[f(z)](n—1)
+(n+1)(2n + 3) M[f(2)](n).

Initial values can be computed easily and solving the recurrence leads to

. g+t G (1) -2
M = O (G e et )

n 41
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Find a differential equation for f(z).

We observe that
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Inverse Mellin transform

Given a holonomic recurrence for M[f(z)](n).
Find a differential equation for f(z).

We observe that

n?M[f(z)|(n+m) = M[(=1)"z""fP(2)](n) — a(n) M[f(2)](n + m)
_pfl (—=1)"*P(n +m + p)! (p—1—3)
; mimip—o W

where a(n) € K[n] with deg(a(n)) < p.

We can use this observation to compute the differential equation recursively.



Inverse Mellin transform

Given a nested sum of the form

ik—2 ig—1

F(N) := Fy(N) Z Fi(i1) Z Fy(iz) Z Fr1(ik-1) Z Fi (i)

i1=1 io=1 ig—1=1 ip=1



Inverse Mellin transform

Given a nested sum of the form

ip—2 i—1
F(N) := Fo(N) Z Fi(in) Z Falin)--- > Fioa(ie—1) ) Filin). (3)
i1=1 ig=1 ig—1=1 ip=1
Find a representation in the form
k bj 1
G(N) =3 o de—/ @ — o) fi(2)da 4)
j=0 i=0 0
such that
F(N) = G(N)

for all N € N with N > No.
» NgeN
> vy, aj, dij € K(n)

> fi,;(x) are expressions of the form p(n, z) g(z) with p(n,z) € K(n)(z)
and g(z) is an iterated integral.
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Sketch of the Method
(compare arXiv:1606.02845 [cs.SC] and arXiv:1801.01039 [cs.SC])

>

compute a recurrence for the nested sum F(N)

> derive a differential equation (using the method mentioned above)

> solve the differential equation; let {s1(x),..., sx(z)} be a set of linear

independent solutions

> we know that F(N) will be in the Mellin transform of 3% | ¢;s;(x)

hence we can write
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where R(N) is an expression in terms of nested sums (which are simpler
then F(N))



Inverse Mellin transform

Sketch of the Method
(compare arXiv:1606.02845 [cs.SC] and arXiv:1801.01039 [cs.SC])

>

>

>

compute a recurrence for the nested sum F(N)
derive a differential equation (using the method mentioned above)

solve the differential equation; let {s1(x),..., sx(z)} be a set of linear
independent solutions

> we know that F(N) will be in the Mellin transform of 3% | ¢;s;(x)

hence we can write
k
F(N) = M[Z cisi(z)|(N) + R(N),

where R(N) is an expression in terms of nested sums (which are simpler
then F(N))

apply the same strategy to all nested sums in R(N) recursively



Inverse Mellin transform

Sketch of the Method
(compare arXiv:1606.02845 [cs.SC] and arXiv:1801.01039 [cs.SC])

>

>

>

compute a recurrence for the nested sum F(N)
derive a differential equation (using the method mentioned above)

solve the differential equation; let {s1(x),..., sx(z)} be a set of linear
independent solutions

> we know that F(N) will 