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PARTICLE SCATTERING NEAR THRESHOLD



Consider an electroweak annihilation process at the LHC. One has to deal with a multiple scale problem: 

Define threshold and partonic threshold variable:

PARTICLE SCATTERING NEAR THRESHOLD
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• Partonic cross sections can be calculated as a perturbative expansion in the strong coupling.  
 
 

• Calculating additional orders in the perturbative expansion makes the result more precise.  
• Is this enough? No! Near threshold, large logarithms of the partonic threshold variable 

appears:  
 
 
 
 
These logarithms spoil the reliability of the perturbative expansion, and needs to be 
resummed.  

• Resummation of leading-power (LP) logarithms is well established, and relies on the 
factorisation and exponentiation properties of soft radiation. 
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• The contribution of the threshold limit to a physical observables such as the invariant mass 
distribution can be significant. 

• It depends on a phenomenon of dynamical enhancement, which needs to be analysed process 
by process.  

• In general, the resummation of large threshold logarithms leads to a more reliable 
perturbative expansion. 
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• Is this enough? Not for precision physics. Examining the DY threshold expansion, one realises 
that the logarithms ∝cnm(-1) are only the leading power terms in a series expansion:  
 
 
 
 
 
where we have written explicitly the next-to-leading power (NLP) logarithms, ∝cnm(0). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• The precision goal set by experimental searches at the LHC requires to extend resummation 
beyond leading power. 

LN(N)/N TERMS

Can be numerically important

We know that the leading series lni(N)/N exponentiates

by replacing  in resummation formula
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SCATTERING NEAR THRESHOLD: 
NLP LOGARITHMS



FACTORISATION OF NLP SOFT GLUON EMISSION

• Let’s examine the emission of soft gluons from an energetic parton: (quark line):  
 
 
 
 
 
 
 
 

• Emission of soft gluons at leading power (LP) factorizes:  
 
 
 
 
 
 

• In general
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FACTORISATION OF NLP SOFT GLUON EMISSION
• What happens at next-to-leading power (NLP)?  
 
 
 
 
 
 
 

• Emission of soft gluon at NLP described in terms of ”NLP” Wilson lines:
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FACTORISATION OF NLP SOFT GLUON EMISSION

• Is this all? No, we did not take into account virtual gluons:  
 
 
 
 
 
 
 
 

• The loop momentum runs over all scaling, cannot be treated as soft:
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FACTORISATION OF NLP SOFT GLUON EMISSION
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• Goal: factorize hard, collinear and soft modes; describe them in terms of simpler, universal 
quantities:
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FACTORISATION OF NLP GLUONS: COLLINEAR MODES
• Collinear modes can be described by introducing a radiative jet function:  
 
 

• where  
 
 

• The radiative jet obeys the Ward identity 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Warning: J𝜇 contains both collinear and soft modes: remove soft modes double counting.
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FACTORISATION OF NLP GLUONS: DRELL YAN
• For Drell Yan we obtain:  
 
 
 
 
 
 
 
for n1 = p2, n2 = p1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Reproduces Drell-Yan up to NNLO
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FACTORISATION OF NLP GLUONS: DRELL YAN
• Still a lot of work ahead:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Factorisation of multiple emission; 
• Factorisation of the phase space; 
• Radiative jet at higher orders, and RGE; 
• Comparison with SCET; 
• Numerical studies.
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FACTORISATION OF NLP SOFT GLUON EMISSION
• Soft-collinear effective field theory (SCET) achieves a complete factorisation of soft and 

collinear modes. Scattering process described in terms of (many) effective operators. 

Feige, Kolodrubetz, Larkoski, Moult, Neill, Rothen, 
Stewart, Tackmann, Zhu, 2014,2015,2016,2017  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APPLICATION: UNIVERSALITY OF NLP 
EFFECTS IN COLOURLESS FINAL STATES



• Recall the radiative jet function at tree level:  
 
 
 
 
 
 

• The radiative amplitude at one loop reads (quarks and gluons)  
 
 
 

• The amplitude contains three terms

APPLICATION: UNIVERSALITY OF NLP EFFECTS
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• The matrix element squared turns out to be quite simple:  
 
 
 
 
 
 

• where  
 
 

• All NLP contributions to the NLO squared matrix element (arbitrary colour-singlet final 
state) can be absorbed into a shift in the kinematics of the Born contribution.  

• Corrections to this shifting procedure involve terms at least quadratic in δpi, and thus 
beyond the NLP approximal. 

• Consider now the differential cross section:  
 
 
  
The phase space factorise:

APPLICATION: UNIVERSALITY OF NLP EFFECTS
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• Thus we obtain 
 
 
 
 
 

• Given that  
 

• We identify the non-radiative cross section with shifted kinematics:  
 
 
 

• The same result holds for quarks in the initial state: the NLP correction to electroweak 
annihilation processes at NLO is universal, i.e. 
 
 
 
 
where  
 
 
 

• The result is completely differential, and it allows us to predict the exact cross section at NLO, 
at NLP in the threshold limit.

APPLICATION: UNIVERSALITY OF NLP EFFECTS
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• Interesting for loop-induced processes such as for instance double Higgs production, with 
full top-quark mass dependence, which is otherwise quite difficult to calculate:  
 
 
 
 
 
 
use the full non-radiative cross section 
 
 
 
 
with F and G some loop functions depending on the top quark and Higgs mass. Inserting 
the cross section              shifted by z into 
 
 
 
 
one gets the differential cross section near threshold at NLO, with full mass dependence.  

• Useful as analytic comparison to numerical calculation (Borowka, Greiner, Heinrich, Jones, 
Kerner, Schlenk, Zirke, 2016), in kinematic limits where the numerical evaluation can be 
more unstable.  

• The result works also for cross sections known at NLO, such as 𝛾𝛾 and W+W- production.
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APPLICATION: UNIVERSALITY OF NLP EFFECTS
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CONCLUSION

Differential distributions near threshold develop large logarithms, needs special 
attention → resummation 

Resummation is well known at leading power. However the precision goal set by the 
LHC requires to study NLP logarithms as well. 

NLP logarithms are interesting: they allow us to access all-order properties of the 
amplitude beyond the semi-classical approximation.  

We have shown that the Drell-Yan amplitude factorises into universal functions, such 
as a radiative jet function, and a next-to-soft function.  

The result has been exploited to show that the NLO correction to electroweak 
annihilation processes has a universal form at NLP, near threshold. This result is 
useful for processes where the calculation of the NLO correction is difficult (e.g., 
double Higgs production) 

Next steps: more processes, QCD radiation in the final state, resummation…


