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 Motivation and introduction

 1- DGLAP equations and splitting functions

 2- NLO QED effects to 𝛾𝛾 production (fixed order)

 3- NLO QED effects in Drell-Yan (resummation)

 Conclusions and perspectives
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Motivation and introduction
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 More precise experimental data is available!! We need to include

(previously neglected) small theoretical effects!!

 NLO QCD is the standard; NNLO QCD calculations starting to appear!

 QED effects might compete with NNLO QCD (since 𝛂𝐒
𝟐~𝛂)

 Inclusion of QED beyond LO could lead to novel effects:

 Quark-gluon interacting with leptons and photons

 Charge separation

 Dependence on the photon content of the proton!

 Enhanced contributions at high-energies (due to the running EM coupling)

 QED radiation effects at low-energies (resummation needed)

 Thus, QED corrections MUST be taken into account!

Why we need QED corrections?

Manohar, Nason, Salam, Zanderighi, ‘17



• We discuss the effects of mixed QCD-QED

corrections in the determination of Parton

Distribution Functions (PDFs)

• New PDFs appear: PHOTON PDF! We need to

think about the presence of photons inside hadrons

(“how bright is the proton”)

• Modify evolution equations, redefine PDF basis (to

solve them) and find the evolution kernels (splittings)

Part 1: Effects on PDFs4



Splittings and DGLAP within QCD-QED
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 DGLAP equations dictate the evolution of PDFs

 QED interactions connects QCD partons with photons and leptons.

 Extend original DGLAP equations to deal with new objects:

Extending DGLAP equations

de Florian, Rodrigo and GS, Eur. Phys. J. C76 (2016) no.5, 282; JHEP 10(2016)056 
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Splittings and DGLAP within QCD-QED
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 New optimized DGLAP equations! They become completely diagonal at 

some perturbative orders (due to vanishing kernels).

 These equations are usually solved with Mellin transformations. The coupled

differential system is reduced to an algebraic one for the Mellin momenta.

Extended DGLAP equations (easiest ones)

There are some remaining equations to describe the full coupled system, but they are 

more complicated (explicit formulae available in the backup!!!)

Valence PDFs Diagonal equations

de Florian, Rodrigo and GS, Eur. Phys. J. C76 (2016) no.5, 282; JHEP 10(2016)056 



Splittings and DGLAP within QCD-QED
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 Extended sum rules (impose physical constraints in AP kernels)

 Fermion number conservation

 Momentum conservation

 Some general remarks:

 Charge separation effects introduced by QED

 Non-trivial quark-lepton mixing (although simplified in the optimized basis)

 Explicit formulae involving AP kernels can be obtained by replacing the 

evolution equations

 Sum rules allow to fix the behaviour of AP kernels in the end-point (x=1)

 Also, they are useful for checking the consistency of the results.

Extending sum rules and new effects

de Florian, Rodrigo and GS, Eur. Phys. J. C76 (2016) no.5, 282; JHEP 10(2016)056 



Splittings and DGLAP within QCD-QED
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 Perturbative expansion in QCD and QED couplings (non-trivial counting…)

 Well-known LO results:

 Terms proportional to Dirac’s deltas are originated by virtual (loop) corrections

 Color factors in QCD replaced with EM charges in QED Motivates
Abelianization algorithm!

Splittings: expansions in QCD-QED

Standard QCD AP-kernels at LO LO QED splitting functions

de Florian, Rodrigo and GS, Eur. Phys. J. C76 (2016) no.5, 282; JHEP 10(2016)056 

Includes color 

degeneration!



The Abelianization is an algorithm that we defined to extract QED corrections from 
QCD ones. Moreover, mixed QCD-QED corrections can be recovered with the 
same strategy. Even if it seems easy, the structure of mixed corrections is not 
trivial (involves expanding in two different couplings, potential crossed terms might 
appear…)

What does “Abelianization” mean?9

Non-observable 

gluon leads to non-

equivalent diagrams 

contributing to the 

same kernel

Replacement of 

external gluons 

leads to different 

kernels (no need of 

factor 2)



The Abelianization is an algorithm that we defined to extract QED corrections from 
QCD ones. Moreover, mixed QCD-QED corrections can be recovered with the 
same strategy. Even if it seems easy, the structure of mixed corrections is not 
trivial (involves expanding in two different couplings, potential crossed terms might 
appear…)
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 Use two-loop QCD results as starting point; keeping track of the different

topologies contributing to the splittings is crucial to check the results

 Mixed QCD-QED contributions (i.e.               ) obtained through the

replacement of one gluon with one photon.

 Two-loop QED contributions (i.e.           ) involve replacing two gluons; 

internal fermion loops could contain leptons:

 Results have been cross-checked independently by another group!

Curci, Furmanski and Petronzio, Nucl. Phys. B 175 (1980) 27

Furmanski and Petronzio, Phys. Lett. B 97 (1980) 437

Ellis and Vogelsang, hep-ph/9602356

Manohar, Nason, Salam and Zanderighi, ‘16 and ‘17

with 

What does “Abelianization” mean?



Splittings and DGLAP within QCD-QED
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 We define a ratio to quantify the effect of H.O. QED corrections

 Some plots to show the impact in the evolution kernels:

Splittings: quantifying QED effects
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E
u
r. P

hys. J. C
7

6
 (2

0
1

6
) no

.5
, 2

8
2

; JH
EP

 1
0

(2
0
1

6
)0

5
6
 

Leptons



• Effects of QED corrections in hadronic cross-sections

• I)-Implementation of fixed order NLO QED to

diphoton production

• Development of a formalism to deal with mixed

QCD-QED resummation

• II)- Implementation of (N)NLL QCD and (N)LL

QED corrections for Drell-Yan process (i.e. vector

boson production)

Part 2: Effects at colliders12



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Application of Abelianization techniques to recover NLO QED.

 Full NLO EW corrections recently computed Non-negligible effects

found in the high-invariant mass region!!!

General observations

Chiesa et al, arXiv:1706.09022
 Some comments about previous works:

 Fully automatized within GoSam.

 Partial inclusion of EW corrections (only virtuals).

 Neglected contributions may play a relevant 

phenomenological role (in particular, in the high-energy 

region) Z radiation accounts for 2-4% correction!

 Lack of a consistent framework for W,Z radiation.

 Our motivation:

 Perform a fully consistent calculation within QED.

 Explore the phenomenological consequences of dealing 

with extra-QED radiation.

GS, PoS (EPS-HEP2017) 398; Cieri, Ferrera and GS, work in progress



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Diphoton production is sensitive to photon PDF (at NLO QED)

 NNPDF and LUXqed use very different approaches. NNPDF does a full global 

fit with NN (no assumptions), whilst LUXqed uses an analytical formula to 

describe photon PDF (modeling structure functions)

 Conclusion: We use LUXqed as the default set for studying diphoton production

at colliders.

PDF dependence: explanation

More info available in Zanderighi et al’ 17



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Some effects due to QED corrections:

 Photon-ordering: presence of photon radiation, cuts imposed on the two

hardest photons Dynamical constraint, minimum angular

separation bigger than 120º!!!!

 QED running: only on-shell final state photons are present at LO; no

need to include full QED running.

 Photon-clustering: collinear photons are merged; small phenomenological

effects due to absence of collinear singularities (not the case in QCD…)

 Additional studies:

 Estimation of the missing QCD-QED contributions with the multiplicative

approach

 Introduction of a jet-veto (to suppress QCD radiation), and consequences

in the pt distributions

A bit of phenomenology

GS, PoS (EPS-HEP2017) 398; Cieri, Ferrera and GS, work in progress

APPROXIMATED ANALYSIS!!



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Some effects due to QED corrections:

 Photon-ordering: presence of photon radiation, cuts imposed on the

two hardest photons Dynamical constraint, minimum angular

separation bigger than 120º!!!!

A bit of phenomenology

GS, PoS (EPS-HEP2017) 398; Cieri, Ferrera and GS, work in progress



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Some effects due to QED corrections:

 LO and NLO QCD dominates. But… total NLO QED introduces percent

level effects in the high invariant mass region (>1 TeV)

 The qqbar channel dominates QED corrections; BUT the photon

initiated one contributes below the threshold!!

A bit of phenomenology

GS, PoS (EPS-HEP2017) 398; Cieri, Ferrera and GS, work in progress



NLO QED corrections to 𝑝𝑝 → 𝛾𝛾
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 Some effects due to QED corrections:

 QED running: only on-shell final state photons are present at LO; no

need to include full QED running. Running could (artificially) enhance

QED corrections (non-negligible differences).

 We include QED running to estimate missing higher-orders.

A bit of phenomenology

GS, PoS (EPS-HEP2017) 398; Cieri, Ferrera and GS, work in progress



QED resummation for Drell-Yan
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 Case of study: Drell-Yan (W,Z,photon production in colliders)

 Soft photon radiation could provide non-negligible effects in the low pT

region Extend qt-resummation to deal with QCD-QED radiation!

 Some formulae to introduce qt-resummation in QCD:

 The singular (i.e. divergent) part has an universal structure:

 The Sudakov factor resums all the soft-emissions from the incoming legs; it is completely 

process independent

 The “hard-collinear” coefficients H and C are related with the virtual and collinear 

parts, and also contain the process dependence.

Introduction and qt-formalism

Catani et al, Nucl. Phys. B881 (2014) [arXiv:1311.1654] 



QED resummation for Drell-Yan
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 More details about the resummation formula:

 The Sudakov factors contains the logarithmically enhanced contributions. It can be 

computed within perturbation theory!

 Ac and Bc depend on the leg responsible for the emission. They are related to the 

splitting functions!

 Also, C and H are calculable within perturbation theory! C is process independent (H

contains the virtuals, i.e. loops):

Introduction and qt-formalism

Catani et al, Nucl. Phys. B881 (2014) [arXiv:1311.1654] 

Loop information (divergent 

and regular parts)

Radiation from incoming 

legs (transitions)



QED resummation for Drell-Yan
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 Case of study: Drell-Yan (Z,photon production in colliders)

 We developed a fully consistent formalism to achieve, at least, (N)LL 

accuracy in a mixed QCD-QED expansion.

 Special care in subtleties related with power-counting (non-trivial).

 Applicable to any process involving color-less and neutral final states.

 Preliminar results (paper to appear in few days!!!)

 Z and Z/photon production: We achieved up to NNLL QCD + NLL QED 

accuracy. Consistent fixed-order matching! 

 We explored the effect of the NEW NNPDF3.1QED set (uses LUX’s 

method)!!! Fully consistent with LUXqed set!!!

 Deviations are percent-level close to the peak (resummation dominates), 

but also in the high qt-region corrections are non-negligible!!!

Path to mixed QCD-QED corrections

Ferrera, GS and Cieri, to be published

Stay tuned (and look for the arXiv preprint!!!) 



Conclusions and perspectives
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 Mixed QCD-QED corrections studied and computed!

 Step 1: splittings and DGLAP equations within QCD-QED

 Fully consistent treatment of IR factorization

 Percent level contributions to PDF evolution and crucial effects in the

determination of photon PDF

 Step 2: fixed order effects

 Physical example: NLO QED corrections to diphoton production!

 Additional subtleties due to photon radiation (ordering, merging, 

identification). Enhanced effects due to jet-vetos!

 Step 3: (complete) resummation within QCD-QED (mixed effects)

 Physical example: Drell-Yan process ((N)NLL QCD + (N)LL QED)

 Non-negligible (few percent) effects, stable contributions



Conclusions and perspectives
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 Ongoing collaboration with ICAS-UnSam (COST IPC - Argentina)

 Lead by Dr. Daniel de Florian

 Expertise in QCD & phenomenology, BSM physics (Dr. Ezequiel Alvarez)… 

also condensed matter (Dra. Liliana Arrachea)

 Several students (PhD, MSc 

and BSc) and post-docs

 Strong interaction with 

experimental teams, 

Universidad de Buenos Aires and 

Universidad de La Plata

 Many possibilities for NEW 

collaborations (through COST!!)

For more information visit: 

http://www.icas.unsam.edu.ar



Thanks for the attention!!!

… and enjoy Valencia!!


