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Figure 1.   The theoretical methods and computational techniques used to solve the nuclear many-body problem. On this chart of the nuclides in the
(N,Z)-plane, the black squares represent stable nuclei and the yellow squares indicate unstable nuclei that have been produced and studied in the
laboratory. The many thousands of these unstable nuclei yet to be explored are indicated in green (terra incognita). Except for the lightest nuclei, where it
has been reached experimentally, the neutron drip line (the rightmost border of the nuclear landscape) has to be estimated on the basis of nuclear
models—hence it is very uncertain due to the dramatic extrapolations involved. The red vertical and horizontal lines show the magic numbers, reflecting
regions where nuclei are expected to be more tightly bound and have longer half-lives. The anticipated path of the astrophysical r-process responsible for
nucleosynthesis of heavy elements is also shown (purple line). The thick dotted lines indicate domains of major theoretical approaches to the nuclear
many-body problem. For the lightest nuclei, ab initio calculations (Green’s function Monte Carlo, no-core shell model, coupled cluster method), based on
the bare nucleon–nucleon interaction, are possible (red). Medium-mass nuclei can be treated by configuration interaction techniques (interacting shell
model, in green). For heavy nuclei, the density functional theory based on self-consistent/mean field theory (blue) is the tool of choice. By investigating
the intersections between these theoretical strategies, one aims at nothing less than developing a unified description of the nucleus.

nucleon interactions offers promise to achieve
corresponding qualitative improvements in the
accuracy and applicability for nuclear physics.
Recognizing that the nucleus is composed of
fermions, neutrons, and protons, DFT is the only
tractable theory that can be applied across the
entire table of nuclides. The new challenges faced
by the nuclear DFT are the presence of two kinds
of fermions, the essential role of pairing, and the
need for symmetry restoration in finite, self-
bound systems. 

Practical Applications
Applications of nuclear physics in today’s global
economy and national security are numerous.
They include the nuclear power industry and
nuclear medicine, as well as national defense. As
has been illustrated many times in all fields of sci-
ence, improved understanding of the microworld
benefits society. Fusion and fission are excellent
examples. The description of these fundamental
nuclear processes is still very schematic, yet nuclear
fission powers reactors that produce energy for the
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Density functional theory
is built on theorems
showing the existence of
universal energy
functionals for many-
body systems.
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 Nuclear Theory Challenges 

To describe the structure of nuclei near the particle drip lines and 
superheavy nuclei.

Some examples of the new physics:

1.- The magic numbers N=20 and N=28 fade away with the neutron 
number and new magic numbers N=14, N=16 and N=32 seem to 
appear.

2.- Unusual properties of nuclei far from stability: extrem radial 
extension of  halo nuclei (radius of 11Li is the same as 208Pb).

3.- Relevance of weakly bound nucleons when the nucleonic binding 
gets small.

4.- Strong effects of 3-body forces and tensor forces in exotic nuclei.
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 Nuclear many-body methods 
1. Shell-model and no-core shell-model calculations; Large-scale                   
diagonalization.  (UAM)

2. Perturbative many-body methods. (UG, USAL)

3. Coupled cluster theory.  (UG)

4. Extension to weakly bound systems. Complex scaling and  complex shell 
model. (US, IEM)

5. DFT, Relativistic and beyond mean field approaches (UAM, IEM, UCM,UG 
and  UB)

6. Density matrix renormalization group. (IEM)

7. Variational, diffusion and path integral Monte Carlo methods. (IFIC, UG, UB)

8. Green’s function theory, unitary operator method. (UB)

9. Algebraic models.(US, UHU, IEM)



5

 Nuclear many-body methods 
1. Shell-model and no-core shell-model calculations; Large-scale                   
diagonalization.  (UAM)

2. Perturbative many-body methods. (UG, USAL)

3. Coupled cluster theory.  (UG)

4. Extension to weakly bound systems. Complex scaling and  complex shell 
model. (US, IEM)

5. DFT, Relativistic and beyond mean field approaches (UAM, IEM, UCM,UG 
and  UB)

6. Density matrix renormalization group. (IEM)

7. Variational, diffusion and path integral Monte Carlo methods. (IFIC, UG, UB)

8. Green’s function theory, unitary operator method. (UB)

9. Algebraic models.(US, UHU, IEM)



hφk = εkφk

Φp1,...,pN (1, ..., N) =
1√
N !

∑

P

(−1)PPφp1(1)...φpN (N) = c†pN
...c†p1

|−〉

Ψ(1, ..., N) =
∑

p′s

Bp1,...,pNΦp1,...,pN (1, ..., N)
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  The exact solution of the many-body system

That means, the exact solution of the many body Hamiltonian can be 
formally expanded as 

Let be h the Hamiltonian of a particle moving in a potential, of a 
Harmonic oscillator, for example. Its eigenfunctions

form a basis.  In the same way, the N-body wave functions 

provide a basis for the N-body systems.

The coefficients of the expansion being determined by the diagonalization 
of the Hamiltonian in the Φp1,...,pN (1, ..., N) basis.
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N = 10

           Size of the model space or 
How large is the basis do we need to calculate 16O ?

EN = !ω(N + 3/2)

For a H.O the energy of the shell N is given by 

For the nuclear interaction, the energy cutoff      Λ
is about 600 MeV, i.e,

Λ = ENmax = !ω (Nmax + 3/2) = 600 [MeV]

!ω ≈ (3/2)4/3
!2

2mNr20
A−1/3 = 41×A−1/3[MeV]

(
16872

8

)
×
(

16872
8

)
≈ 1057

 since Nmax = 35

Taking into account the degeneracies of the H.O. the total number of
single particle states is M = 16872

The number of posible ways to distribute 8 protons and 8 neutrons in 
16872 positions is

This would be the size of the basis states to make the diagonalization !!
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  ... approximations are unavoidable.

Two main streams :

1.-  Large Shell model approximations (Configuration Interaction):  
The exact diagonalization is performed in a small configuration space 
(few subshells). The interaction is fine-tuned for each configuration 
space.

PROS: Very accurate description of most observables.
CONS: Limited predictability. 

II.- Density functional Theory (Mean Field and Beyond): Large 
Configuration space (~15 H.O. shells) are used at the mean field 
level. Final diagonalization performed in a highly correlated space. 
Only one interaction (density dependent) for all nuclei.

PROS: High predictability of gross properties.
CONS: Not very high precision for some observables.
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 The mean field: Hartree-Fock (HF) approach

The HF approach uses the variational principle to extract from a 
 two body potential the optimal one body Hamiltonian

The one body HF wave functions are given by

and the many-body one by 

since the one body wave functions form a complete basis is obvious 
that one can expand the HF one body w.f. in terms of the Harmonic 
oscillator ones:

H.O.H.F
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a†(lj)n′ =
∑

n

U (lj)
n′n c

†
(lj)n
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HF and the spontaneous symmetry breaking mechanism 
 The quantum numbers of the Harmonic Oscillator are nlj. The p quantum 

numbers label the eigenstates of the HF Hamiltonian and in principle one 
would also expect conservation of symmetries, i.e.,

         Interestingly, in many cases the HF Hamiltonian is not rotational 
invariant, a large mixing takes place (~4000 states) and a collaps of the 
wave function along a direction occurs. 

ΩZ

3

In this case only states with different n’s are mixed, for large basis about 
20 states.

a†p =
∑

nlj

U lj
pnc

†
nlj



|ΨIM 〉 = 2I + 1

8π2

∑

K

gIK

∫
dΩDI∗

MK(Ω)R̂(Ω)|ΦHF 〉 = P I
M |ΦHF 〉
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HF and the spontaneous symmetry breaking mechanism

Z

3M

!I

K

Since all orientations are degenerated we can lower the energy by a 
convenient linear combination and at the same time recover the rotational 
invariance.

where     are the Euler angles,          the 
rotation operator  and                the Wigner 
matrix

Ω R̂(Ω)
DI∗

MK(Ω)

0+
2+
4+

6+

8+

 By means of the symmetry breaking mechanism we can build 
highly correlated HF wave functions of collective states!!

For different I values we obtain
a rotational  spectrum.



 The matrices     and     are determined by the variational principle:U V

the parameter     being determined by the constraintλ

with N  the number of particles of our system.

Superfluid nuclei: The Hartree-Fock-Bogoliubov theory

The  symmetry breaking mechanism is also known from BCS theory and 
its generalizations as the HFB.  In this approach

|ΦHFB〉 = αM . . . α1|−〉,
with the quasiparticles     given by the most general linear transformation:α

αµ =
∑

i

U∗
iµci +

∑

i

V ∗
iµc

†
i ,

δ〈ΦHFB |Ĥ − λN̂ |ΦHFB〉 = 0,

〈ΦHFB |N̂ |ΦHFB〉 = N,
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   Nuclear shapes along an isotopic chain 



       Of course nuclear system do have good quantum numbers and we 
have to recover them by means of projectors

 The Projected Hartree-Fock-Bogoliubov theory

In nuclear many body approaches one breaks several symmetries as : 
Translational and rotational invariance, spatial parity and particle number, 
isospin, etc.

Notice that the variational parameters are still the matrices U and V which 
determine the HFB transformation.

|ΨN,Z,π,...IM 〉 = PNPZPπ...P I
M |ΦHFB〉



 Modern Beyond mean field Theories

∣∣∣ΨN,Z
σI

〉
=

∫
dq fN,Z

σI (q) P̂ I
M ...P̂N P̂Z |Φ(q)〉 ,

NN,Z
I (q, q′) = 〈Φ(q)| P̂ I

M ...P̂N P̂Z |Φ(q′)〉 ,

HN,Z
I (q, q′) = 〈Φ(q)| H P̂ I

M ...P̂N P̂Z |Φ(q′)〉 .

Φ(q1, q2, ..., qn) ≡ Φ(q).
                                                                                                     and 
generates the  wave functions   

The idea is to construct a highly correlated Hilbert space. For this one 
chooses the relevant degrees of freedom          q ≡ {q1, q2, ..., qn}

                                                                            The weights of                          

 are determined by diagonalization of  the Hamiltonian: 

∫
dq′ HN,Z

I (q, q′) fN,Z
σI (q′) = EN,Z

σI

∫
dq′ NN,Z

I (q, q′) fN,Z
σI (q′),

this is the Hill-Wheeler equation.
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1010 basis states !!



20Ca

22Ti

24Cr

T.R. Rodriguez and J.L.E.
Phys. Rev. Lett. 99, 062501 (2007)

 The N=32 subshell closures



Reduced E2 transition probabilities 0+
1 → 2+

1

20Ca

22Ti

24Cr



B(E2) and E(2+) for all Cd’s between N=50 and 82

T. Rodríguez, J.L. Egido and A.Jungclaus, Phys. Lett. B668(2008)410

nearly constant ratio between
theory and experiment

(no triaxial minima or large
γ softness)

Realistic beyond mean field
calculations across an entire
major shell without any
adjustable parameter

 Beyond mean field calculation along a major shell
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23

U(5) SU(3)

X(5)

O(6)

SU(3)

X(5)

E(5) Punto crítico

Punto crítico

Punto crítico
Punto triple

-0.4 0 0.4 0.8
!

-0.4

0

0.4

E 
(u

ni
d.

 a
rb

.) "=0.000
"=0.020
"=0.025
"=0.026
"=0.028
"=0.030

-2 -1 0 1 2
-6

-5

-4

-3

-2

-1

0

E
(!
!

-2 -1 0 1 2

!

-1

0

1

2

3

4

-2 -1 0 1 2
-1

0

1

2

3

4

x=1 x=0.516 x=0.485

N
B
=9 N

B
=9 N

B
=9

""# ""# ""#

1/2,3/2

1/2,3/2

1/2
1/2 1/2

1/2

3/2,5/2

3/2,5/2

1/2

1/2,3/2

1/2,3/2,5/2

 Shape transitions in algebraic models

Critical points: 
degenerated minima

C.E. Alonso, J.M. Arias and A. Vitturi
Phys. Rev. Lett. 98, 052501(2007)



0 0.1 0.2
I = (N−Ζ) / Α

-0.1

0

0.1

0.2

0.3

S 
 (f

m
)

40
20Ca 58

28Ni

54
26Fe

60
28Ni

56
26Fe 59

27Co

57
26Fe

106
48Cd

112
50Sn

90
40Zr

64
28Ni

116
50Sn

122
52Te

124
52Te

48
20Ca

96
40Zr

120
50Sn

116
48Cd

126
52Te128

52Te

124
50Sn130

52Te

209
83Bi

208
82Pb

232
90Th

238
92U

experiment
linear average
of experiment
prediction Eq. (2)
FSUGold
SLy4

20 60 100 140
L  (MeV)

-700

-600

-500

-400

-300

K
τ  (

M
eV

) 

isospin diffusion

GMR 
of Sn

isospin 
diffusion

Ssw= 0 

Ssw
min

Ssw
max

 Nuclear Symmetry Energy and the neutron skins

M. Centelles, X. Roca-Maza, X. Viñas,M. Warda
Phys. Rev. Lett. 102,122502(2009)

e(ρ, δ) = e(ρ, 0) + csym(ρ)δ2 +Θ(δ4)

csym(ρ) = 32− Lε+
1

2
Ksymε2

, ρ = ρp + ρn, δ =
ρn − ρp

ρ

, ε =
ρ0 − ρ

3ρ0

Kτ ≈ Ksym − 6L

, ρ0 = saturation density



A renaissance of nuclear physics has taken place with the study of 
exotic nuclei.

Strong progress in theoretical nuclear physics in the last years in
many fronts.

In Spain, in particular, many groups in most nuclear issues are 
contributing to this progress and collaborating with our experimental 
groups.

A  very exciting long way is still awaiting to reach a better  
understanding of atomic nuclei.

Conclusions


