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Hypothesis

Let consider of a 2 points Green function, a form factor or more generally a complex function Π :

• Π is analytic on a disk |z| < 1 : Π(z) =
|z|<1

∞∑

n=0

C(n) zn

• Π admits a branching cut [1,∞[ and has the threshold
expansion :

Π(z) ∼
z→1

∑

p,k

ATH(p, k) (1 − z)p logk(1 − z)

• Π has the OPE expansion :

Π(z) ∼
z→−∞

∑

p,k

BOPE(p, k)
1

zp
logk(−4z)

How to do analytic continuation ?

• From the infinite number of Taylor coefficients : this is mathematics
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Π(z) =
|z|<1

∞∑
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C(n) zn

By resumation or by construction order by order,
with an infinite number of C(n) the analytic conti-
nuation can be easily obtained.

• From the finite number of Taylor coefficients

Π(z) =
|z|<1

N∗∑

n=0

C(n) zn

There is no way for a finite number N∗ of C(n),
one needs the threshold and/or the OPE. Two ap-
proaches exist

– Padé approximants under certain conditions (Π must be Stieltjes).
– Mellin-Barnes reconstruction, the method that we propose.

New method with Mellin transform • It is an analytic reconstruction of the function.

• It is systematic and convergent order by order.

• It is a controlled approximation.

• All is based on a mathematical theorem.

• Conformal mapping
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z =
4ω

(1 + ω)2

Π(z) =
|z|<1

∞∑

n=0

C(n) zn
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ω =
1 −

√
1 − z

1 +
√

1 − z

Π̂(ω) =
|ω|<1

∞∑

n=0

Ω(n) ωn

Ω(n) ∼
n→∞ ΩAS(n) = α0,0 + α0,1 log n + · · · + 1

n
(α1,0 + α1,1 log n + · · · ) + · · · + (−1)n [α −→ β]

• Main result provided by the Converse Mapping Theorem

αk,` is only a linear function of ATH(p, k) threshold coefficients

βk,` is only a linear function of BOPE(p, k) OPE coefficients

• The reconstruction : Π̂(ω) =
N ∗∑

n=0

Ω(n) ωn

︸ ︷︷ ︸
EXACT

+
∞∑

n=N ∗+1

ΩAS(n) ωn

︸ ︷︷ ︸
APPROXIMATION

+
∞∑

n=N ∗+1

[
Ω(n) − ΩAS(n)

]
ωn

︸ ︷︷ ︸
ERROR

The reconstruted expression is then a polynom in ω and a finite sum of polylogaritms Li(n)(s, ω)
.
= dn

dsn

∑∞
k=1 k−sωk,

∞∑

n=0

ΩAS(n) ωn = α0,0
ω

1 − ω
+ α0,1 Li(1)(0, ω) + · · · +

[
α −→ β

ω −→ −ω

]

In practice ΩAS(n) are really efficient.

A perfect application example : Heavy-Quark Correlators

Let us recall the vacuum vector-vector polarization Π(q2) (in the massive case)
(
gµνq

2 − qµqν

)
Π(q2) = −i

∫
d4x e iqx

〈
0
∣∣T jµ(x) jν(0)

∣∣ 0
〉

,

with jµ(x)
.
= q̄(x)γµq(x), where q(x) is a heavy quark. It may be decomposed as

Π(q2) = Π(0)(q2) +
(αs

π

)
Π(1)(q2) +

(αs

π

)2
Π(2)(q2) +

(αs

π

)3
Π(3)(q2) + O(α4

s)

we choose αs in the MS scheme at the scale µ = mpole.

• Π(2) : Π(2)(z) =
|z|<1

30∑

n=1

C(n) zn N∗ = 30 and z
.
=

q2

4m2

Threshold : Π(2)(z) ∼
z→1

A(−1
2, 0)√

1 − z
+

{
A(0, 2) log2(1 − z) + A(0, 1) log(1 − z) + K(2)

}
+

{
A(1

2, 1) log(1 − z) + A(1
2, 0)

} √
1 − z + . . .

OPE :Π(2)(z) ∼
z→−∞

{
B(0, 2) log2(−4z) + B(0, 1) log(−4z) + B(0, 0)

}
+

{
B(−1, 2) log2(−4z) + B(−1, 1) log(−4z) + B(−1, 0)

}
1

z

+

{
B(−2, 3) log3(−4z) + B(−2, 2) log2(−4z) + B(−2, 1) log(−4z) + B(−2, 0)

}
1

z2
+ . . .

ΩAS(n) =α0,0 +

{
α1,0 + α1,1 log n

}
1

n
+ α2,0

1

n2
+ O

(
1

n3
log`1 n

)

+ (−1)n
[{

β1,0 + β1,1 log n

}
1

n
+

{
β3,0 + β3,1 log n

}
1

n3
+

{
β5,0 + β5,1 log n + β5,2 log2 n

}
1

n5
+ O

(
1

n7
log`2 n

)]

where the α’s and the β’s are known analytically by identification





α0,0= 2 A(−1
2, 0) ' 3.44514

α1,0 ' −0.492936

α1,1 = 2.25

α2,0 ' 3.05433

and






β1,0 ' 0.33723

β1,1 ' 0.211083

β3,0 ' 0.183422






β3,1 ' −0.620598

β5,0 ' −1.89016

β5,2 ' 1.38684

and we estimate the error,
[
Ω(n) − ΩAS(n)

]

n>N ∗(=30)
∼=
{

+1
−0

}
log1.5 n

n3
± (−1)n O

(
log`2 n

n7

)

+

+

+

+

+

+

+

+
+
+
+
+
+
+
+
+ +

+ +
+ + + + + + + + + + +
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• Π(3) : Π(3)(z) =
|z|<1

3∑

n=1

C(n) zn N∗ = 3

ΩAS(n) = α−1,0 n +

{
α0,0 + α0,1 ln n

}
+

{
α1,0 + α1,1 ln n + α1,2 ln2 n

}
1

n
+O
(

1

n2
log`1 n

)

+ (−1)n
[{

β1,0 + β1,1 ln n + β1,2 ln2 n

}
1

n
+

{
β3,0 + β3,2 ln2 n

}
1

n3
+

{
β5,0 + β5,1 ln n + β5,2 ln2 n + β5,3 ln3 n

}
1

n5
+ O

(
1

n7
log`2 n

)]

with






α−1,0 ' 10.5456

α0,1 ' 31.0063

α0,0 ' −11.0769

α1,0 ' 36.3318

α1,1 ' 37.1514

α1,2 ' 10.125

,






β1,0 ' −0.181866

β1,1 ' −2.4852

β1,2 ' −0.879515

β3,0 ' −10.4385

β3,2 ' 3.82702

,






β5,0 ' −70.9277

β5,1 ' 56.3093

β5,2 ' 20.9951

β5,3 ' −7.55063

.

and we estimate the error,
[
Ω(n) − ΩAS(n)

]

n>N ∗(=30)
∼= ± 15

log3 n

n2
± (−1)nO

(
log`2 n

n7

)

+

+

+

+

+

+

+

+

+

+
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