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Semileptonic τ decay

Matrix Element
M = g2

8M2
W

ū0γµ(1− γ5)u1 〈H−| JµW q̄q(q2) |0〉 ; JµW q̄q = d̄θγµ(1− γ5)u
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Semileptonic τ decay

Decay width
Γ(τ− → ντ + H−)(s) = f (s) ImΠ(1+0)(s) s = q2

Two-point correlation function of quark currents

Πµν
J (q) ≡ i

∫
d4x eiqx 〈0|T (JµW q̄q(x)Jν†W q̄q(0)) |0〉

JµW q̄q = Vus s̄γµ(1− γ5)u︸ ︷︷ ︸
Jµ

S→ΓS (K−,...)

+ Vud d̄γµu︸ ︷︷ ︸
Jµ

V→ΓV (π−π0,...)

− Vud d̄γµγ5u︸ ︷︷ ︸
Jµ

A→ΓA(π−,...)

We can obtain the experimental Im ΠJ (s) for the three currents.
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Operator Product Expansion

ΠOPE (s) =
∑ C2kO2k

(−s)k

SVZ (1978)
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Sum Rules

ΠOPE (s) =
∑ C2kO2k

(−s)k

Π(s) is analytic in the s-plane except for a cut on the positive real axis.
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Sum Rules

Π(s) has no poles in the circuit.

∫ s0
sth

ds sn 1
π Im Π(s) + 1

2πi
∮
|s|=s0

ds snΠ(s) = Res[snΠ(s), s = 0]
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Duality Violations

In the real axis, for values of s0 large enough:

Π(s = −s0) ≈ ΠOPE (s = −s0) =
∑ C2kO2k

(−s)k

In the rest of the circumference, the analytic continuation of the ΠOPE will
still be a good approximation if we are far from the positive real axis.

The differences between the physical results and the results obtained using
the OPE are known as quark-hadron duality violations.
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Duality Violations

In terms of the ΠOPE and taking into account Duality Violations:∫ s0

sth
ds sn 1

π
Im Π(s)︸ ︷︷ ︸

Experimentally known

+
1

2πi

∮
|s|=s0

ds snΠOPE (s)︸ ︷︷ ︸
Theoretically known

+δDV [sn, s0]

= Res[snΠ(s), s = 0]

Taking ΠV +A(s) (〈0|VV + AA |0〉), αs(m2
τ ) can be measured!

The rest of the talk will be about ΠV−A(s) (〈0|VV − AA |0〉), exactly 0 in
massless QCD, the O0 part of the OPE.
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Sum Rules

ΠOPE (s) =
∑ C2kO2k

(−s)k =
∑

k
Ô2k

(−s)k

n = −2 →

∫ s0

sth
ds s−2 1

π
Im Π(s) = −

���
���

���
���

�:0
1

2πi

∮
|s|=s0

ds s−2ΠOPE (s)

− δDV

( 1
s2 , s0

)
+ Π′(0) ≈ 16C eff

87 − 2 f 2
π

m4
π

n = −1 →

∫ s0

sth
ds s−1 1

π
Im Π(s) = −

���
���

���
���

�:0
1

2πi

∮
|s|=s0

ds s−1ΠOPE (s)

− δDV

(1
s , s0

)
+ Π(0) ≈ −8Leff

10 − 2 f 2
π

m2
π
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Sum Rules

ΠOPE (s) =
∑ C2kO2k

(−s)k =
∑

k
Ô2k

(−s)k
Weinberg (1967)

n = 0 →
∫ s0

sth
ds 1
π

Im Π(s) = −
���

���
���

��:01
2πi

∮
|s|=s0

ds ΠOPE (s)

− δDV (1, s0) ≈ 0

n = 1 →
∫ s0

sth
ds 1
π

s Im Π(s) = −
���

���
���

���:
0

1
2πi

∮
|s|=s0

ds s ΠOPE (s)

− δDV (s, s0) ≈ 0
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Sum Rules

ΠOPE (s) =
∑ C2kO2k

(−s)k =
∑

k
Ô2k

(−s)k

n = 2 →
∫ s0

sth
ds 1
π

s2 Im Π(s) = −
��
���

���
���

�: Ô6
1

2πi

∮
|s|=s0

ds s2ΠOPE (s)

− δDV
(
s2, s0

)
≈ Ô6

n = 3 →

∫ s0

sth
ds 1
π

s3 Im Π(s) = −
���

���
���

���:
−Ô8

1
2πi

∮
|s|=s0

ds s3ΠOPE (s)

− δDV
(
s3, s0

)
≈ −Ô8
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A first estimation of the effective χPT parameters

Data of τ decays from LEP

ρ(s) = 1
π Im Π1(s)

ALEPH collaboration

Davier et al.

δDV [sn, s0] = 1
π

∫∞
s0

ds sn Im Π(s)
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A first estimation of the effective χPT parameters

1
sn → ω (s)

∫ s0

sth
ds ω(s)

1
π

Im Π(s) +
1

2πi

∮
|s|=s0

ds ω(s) ΠOPE (s)

+ δDV [ω(s), s0] = 2f 2
π ω(m2

π) + Res[ω(s)Π(s), s = 0]

δDV [ω(s), s0] ≡ 1
2πi
∮
|s|=s0

ds ω(s)(Π(s)− ΠOPE (s))

We can reduce the DV uncertainties using pinched weight functions:
ω(s0) = 0, ω′(s0) = 0, etc.

L10
eff

ω1(s) = 1
s

(
1− s

s0

)
ω2(s) = 1

s

(
1− s

s0

)2

C 87
eff

ω3(s) = 1
s2

(
1− s2

s2
0

)
ω4(s) = 1

s2

(
1− s

s0

)2 (
1 + 2 s

s0

)
Antonio Rodŕıguez Sánchez (IFIC) QCD parameters from τ -decay data VII CPAN days 13 / 21



A first estimation of the effective χPT parameters

L10
eff = −(6.49± 0.06) 10−3

C87
eff = (8.39± 0.18) 10−3 GeV−2
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Dealing with quark-hadron duality violation

We want a reliable estimation of the DV uncertainties:

δDV [sn, s0] ≡ 1
2πi

∮
|s|=s0

ds sn(Π(s)− ΠOPE (s)) =
1
π

∫ ∞
s0

ds sn Im Π(s)

The s-dependence of Im Π(s) is unknown

We want to use the information we have:
- The Weinberg Sum Rules.
- The experimental Im Π(s) below m2

τ .
- Im Π(s)→ 0 fast.

We want to accept spectral functions which are compatible with all this
information in order to estimate the DV effect in our observables
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Dealing with quark-hadron duality violation

The model used
ρ(s) ≡ 1

π Im Π(s) = κe−γs sinβ(s − sz )

We create tuples
randomly distributed
of the parameters

Conditions
1. 90 % C.L. region in a fit with the experimental Im Π(s) in s ∈ (1.7 GeV2,m2

τ ).

2. Weinberg Sum Rules and π Sum Rule are satisfied.
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Determination χPT parameters and OPE contributions

Every accepted tuple gives a value for every moment

16C eff
87 =

∫ sz

sth

ds s−2 1
π

Im Π(s) + δDV

( 1
s2 , sz

)
−8Leff

10 =

∫ sz

sth

ds s−1 1
π

Im Π(s) + δDV

(1
s , sz

)
Ô6 =

∫ sz

sth

ds s2 1
π

Im Π(s) + δDV
(
s2, sz

)
−Ô8 =

∫ sz

sth

ds s3 1
π

Im Π(s) + δDV
(
s3, sz

)
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Determination χPT parameters and OPE contributions

The DV uncertainties are computed from the dispersion of the hystograms

We can reduce this uncertainties using the pinched weight functions

Pinched weight functions

ωCeff
87

(s) = 1
s2

(
1− s

sz

)2 (
1 + 2s

sz

)
ωÔ6

(s) = (s − sz )2

ωLeff
10

(s) = 1
s

(
1− s

sz

)2

ωÔ8
(s) = (s − sz )2(s + 2sz )
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Determination χPT parameters and OPE contributions
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Determination χPT parameters and OPE contributions

Values without pinched weight functions

C87
eff = (8.406+0.007

−0.006 ± 0.18) · 10−3 GeV−2 = (8.41± 0.18) · 10−3 GeV−2

L10
eff = (−6.50+0.02

−0.03 ± 0.08) · 10−3 = (−6.50+0.08
−0.09) · 10−3

Ô6 = (−5.4+3.0
−2.4 ± 1.3) · 10−3 GeV6 = (−5.4+3.3

−2.7) · 10−3 GeV6

Ô8 = (−5+8
−9 ± 2) · 10−3 GeV8 = (−5+8

−9) · 10−3 GeV8

Values using pinched weight functions

C87
eff = (8.396+0.004

−0.004 ± 0.18) · 10−3 GeV−2 = (8.40± 0.18) · 10−3 GeV−2

L10
eff = (−6.477+0.005

−0.006 ± 0.048) · 10−3 = (−6.48± 0.05) · 10−3

Ô6 = (−3.6+0.5
−0.5 ± 0.5) · 10−3 GeV6 = (−3.6± 0.7) · 10−3 GeV6

Ô8 = (−1.0+0.3
−0.3 ± 0.3) · 10−2 GeV8 = (−1.0± 0.4) · 10−2 GeV8
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Conclusions

Semileptonic τ decays can be used to test QCD at different energy regimes.

We focused on ΠV−A(s) (〈0|VV − AA |0〉).

Neglecting DV
L10

eff = −(6.49± 0.06) 10−3

C87
eff = (8.39± 0.18) 10−3 GeV−2

Considering DV
L10

eff = (−6.48± 0.05) · 10−3

C87
eff = (8.40±0.18) ·10−3 GeV−2

Ô6 and Ô8 have also been estimated
Ô6 = (−3.6± 0.7) · 10−3 GeV6

Ô8 = (−1.0± 0.4) · 10−2 GeV8

Compatible with the previous values obtained with non-updated data and
with updated data but with another DV estimation approach.
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