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Why high precision?
Strong dependence in flavor processes constrains new physics

b s

c cB ! X s !
strong charm mass dependence 
in NLO matrix elements

K + ! ! + " ø" NNLO QCD computations for charm distributions

[Missiak & Gambino]
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Quark masses are 
important parameters for 
theoretical predictions of 
Higgs branching ratios
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Theoretical remarks

Confinement:       not a physical observable mq

Parameter in QCD Lagrangian              formal definition (as for     )! s

m
pole

= m
short�distance

+ !m

�m defines the scheme 
and running

position of pole of 
propagator

mass in
short distance scheme

schemeMS

• Short-distance scheme
• Standard mass for comparison
• And free from renormalon ambiguities

mq(mq)

!m = µ
X

n =1

" n +1
s 2n #n

0 n!

Contains renormalon

in general short-distance 
masses depend on 

renormalization scale
(they “run”)



Recent charm and bottom 
mass determinations



Comparison of different methods

relativistic sum rules, 
vector correlator

Charmonium spectrum

“traditional lattice”

DIS

Relativist sum rules from the vector correlator give 
the most accurate results

Charm mass determinations

Inclusive B decays
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Bottom mass determinations

Comparison of different methods

relativistic sum rules

Borel sum rules

Jets

“traditional lattice”

spectrum!

Relativist sum rules give the most 
accurate results

There seems to be a tension with 
Borel determination (heavy to light)



Sum rules: 
Theoretical framework



QCD sum rules

R(s) =
! (e+ e� ! hadrons)

! (e+ e� ! µ+ µ�
)

Total hadronic cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e!

e+

R =
! (e+ e! ! hadrons)
! (e+ e! ! µ+ µ! )

" Im

# i
Z

dx e! iqx$0|T [jµ(x)jµ(0)] |%
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & Þeld redeÞnitions
! only running structure: " s

perturbative expansion (with MS-renormalized " s with nf light ßavors)

Rnf ["
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
" (nf )

s (µ)
4#

r1 +

 
" (nf )

s (µ)
4#

!2 
r (nf )
2 # $0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ " Q
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass
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Total hadronic cross section Moments of the cross section
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QCD sum rules
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass
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sensitive to the heavy quark mass

• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data
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R(s) = 12 ⇡Q2 Im !( s + i 0+ )

[see talk of A. Rodríguez 
for case of tau decays]



QCD sum rules

R(s) =
! (e+ e� ! hadrons)

! (e+ e� ! µ+ µ�
)

(q2 g
µ⌫

� q
µ

q
⌫

)!( q2) = � i
Z

dx eix·q⌦0
��Tj

µ

(x)j µ(0)
��0
↵

electric charge Dispersion relation

⇧(q2)�⇧(0) =
q2

12 ! 2 Q2

Z !

4m 2

ds
R(s)

s(s� q2)

Jµ (x) = øq(x)! µ q(x)

s

4m2

z =
s

4m2

Mn =
Z 1

4m 2

ds
sn+1

R(s) =
1

(4m2)n

Z 1

1

dz
zn+1

R(z)

Total hadronic cross section

Vacuum polarization function Vector current (electromagnetic)

Optical theorem

Moments of the cross section

R(s) = 12 ⇡Q2 Im !( s + i 0+ )

[see talk of A. Rodríguez 
for case of tau decays]



QCD sum rules

R(s) =
! (e+ e� ! hadrons)

! (e+ e� ! µ+ µ�
)

Total hadronic cross section

(q2 g
µ⌫

� q
µ

q
⌫

)!( q2) = � i
Z

dx eix·q⌦0
��Tj

µ

(x)j µ(0)
��0
↵

Vacuum polarization function Vector current (electromagnetic)

Optical theorem electric charge Dispersion relation

!( q2 ! 0) =
1

12! 2 Q2

!!

n =0

M n q2n

s

4m2

⇧(q2)�⇧(0) =
q2

12 ! 2 Q2

Z !

4m 2

ds
R(s)

s(s� q2)

Jµ (x) = øq(x)! µ q(x)

z =
s

4m2

Mn =
Z 1

4m 2

ds
sn+1

R(s) =
1

(4m2)n

Z 1

1

dz
zn+1

R(z)

Moments of the cross section

M th
n =

12! 2Q2

n!
dn

dq2n !( q2)
!
!
q2=0

R(s) = 12 ⇡Q2 Im !( s + i 0+ )

[see talk of A. Rodríguez 
for case of tau decays]



QCD sum rules

R(s) =
! (e+ e� ! hadrons)

! (e+ e� ! µ+ µ�
)

Total hadronic cross section

(q2 g
µ⌫

� q
µ

q
⌫

)!( q2) = � i
Z

dx eix·q⌦0
��Tj

µ

(x)j µ(0)
��0
↵

Vacuum polarization function Vector current (electromagnetic)

Optical theorem electric charge Dispersion relation

s

4m2

��

���� ��

⇧(q2)�⇧(0) =
q2

12 ! 2 Q2

Z !

4m 2

ds
R(s)

s(s� q2)

Jµ (x) = øq(x)! µ q(x)

z =
s

4m2

Mn =
Z 1

4m 2

ds
sn+1

R(s) =
1

(4m2)n

Z 1

1

dz
zn+1

R(z)

Moments of the cross section

!( q2 ! 0) =
1

12! 2 Q2

!!

n =0

M n q2n M th
n =

12! 2Q2

n!
dn

dq2n !( q2)
!
!
q2=0 M n = 6 ! i Q 2

!
ds

!( s)
sn +1

R(s) = 12 ⇡Q2 Im !( s + i 0+ )

[see talk of A. Rodríguez 
for case of tau decays]



[see talk of A. Rodríguez 
for case of tau decays]

R(s) = 12 ⇡Q2 Im !( s + i 0+ )

QCD sum rules
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Duality/non-relativistic bound:

n < mc/ΛQCD ~ 2

n < mb/ΛQCD ~ 4



Alternative perturbative 
expansions

Perturbative error 
estimate I:



Methods in perturbation theory

One can use four different expansion methods, equivalent in 
perturbation theory, to test the convergence of the series expansion

! s µ!

All perturbative methods should give similar results when determining 
the charm and bottom mass (within theoretical uncertainties)

µmmq

We use different renormalization scales for      (denoted by     ) 
and       (denoted by      )

Same analysis can be performed on the pseudo-scalar correlator, using 
lattice simulation data for the corresponding moments
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Charm Experimental 
data
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Bottom experimental 
data
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Babar dataBabar data

Experimental data: bottom



65% of the first moment 
for bottom sum rules !!

Perturbative QCD

Aren’t we comparing theory to theory?

10% error gives a huge error to the 
total moment

Perturbation theoryPerturbation theory

Experimental data: bottom

Aren’t we comparing theory to theory?
4% error gives a huge uncertainty to 
the first moment !!

63!

37!

63% of the first moment 
from region without data !
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Data shows an increasing pattern that meets pQCD prediction at 11 GeV

• Conservative continuum model:
• Size of systematic error in linear fit to data

Rmodel

b = Rtheory

b ± 4%
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Figure 9. Comparison of ISR-corrected BABAR data in the continuum region (black dots with
error bars) with pQCD (purple band). The red band shows our reconstruction of the continuum,
which includes a linear Þt to the BaBar data, patched to the pQCD prediction in a smooth way
using a cubic polynomial in the energy.

This uncertainty makes up for 96.9% of the total error for the Þrst moment M V
1 (which

has an total 2.45% relative error), and 86.15% of the second momentM V
2 (which has a

total 1.85% relative error). Note that if we would adopt a constant 4% error for all energies
above 11.2GeV, this continuum uncertainty would make up for 97.24% of the total error
for the Þrst moment M V

1 (from a total 2.60% relative error), and 86.46% of the second mo-
ment M V

2 (from a total 1.87% relative error). The di! erence is small because contributions
from higher energies are suppressed. Following our procedure in Ref. [6] we consider this
uncertainty as fully correlated for the various moments, but without any correlation to the
narrow resonances or the threshold region.

The perturbative QCD theoretical expression which we use to determine this contribu-
tion includes the non-singlet massless quark cross section supplemented with bottom mass
corrections up toO(m 4

b /s 2).9 It takes into account only contributions from the electromag-
netic current coupled to the bottom quark. It reads: [57Ð61]10

Rth
bøb (s) = Nc Q2

b Rns
(s,m 2

b (
p

s), nf = 5, !
(nf=5)
s (

p
s)) , (6.14)

9We note that the double massive fermion bubble contribution to Rbb in Eq. ( 6.15) includes both virtual
and real radiation terms in the large energy expansion. However, when this formula is used to compare
pQCD to the existing BABAR data, below the four-bottom-quarks threshold, the real radiation should be
excluded. We have checked that this inconsistency has an e! ect below 0.1%.

10The authors of Ref. [41] use the pole mass instead of theMS, and include ! 4

s and QED corrections.
This explains some numerical di! erences in the analyses.
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High energy region contribution

63!

37!

40!

60!

26%

74%

17!

83!

Situation is less dramatic for 
higher moments

For n > 2 we find issues with 
perturbation theory

Therefore we use the 2nd 
moments as our default

High-energy region contributes 
“only” 39% of total error if 4% 
error assigned to theory

n = 1 n = 2

n = 3 n = 4

New experimental data in high-energy region: dramatic impact to precision!



Convergence test

Perturbative error 
estimate II:



Convergence test

Cauchy root convergence test: S[a] =
!

n

an V! ⌘ lim sup
n"!

(an)1/n

V! =

!
"

#

> 1 divergent

= 1

+
inconclusive

 1 convergent

[Dehnadi, Hoang, & VM Ô15]



Convergence test

Cauchy root convergence test: S[a] =
!

n

an V! ⌘ lim sup
n"!

(an)1/n

0 10 20 30 40 50
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0.95

1.00

n

(! n)
!
n

0 10 20 30 40 50
1.40
1.45
1.50
1.55
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1.65

n

S!a"n

an =
1

n2 an =
1

n2

V! =

!
"

#

> 1 divergent

= 1

+
inconclusive

 1 convergent

We do not known so many terms in QCD… need to adapt the test !

[Dehnadi, Hoang, & VM Ô15]



Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pair              we define(µm , µ! )

Vc = max

�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/ 2
,
⇣�m(3)

m(0)

⌘1/ 3
�

from the mass extractions at and define the convergence parameterO(! 0,1,2,3
s )

[Dehnadi, Hoang, & VM Ô15]



Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pair              we define(µm , µ! )

Vc = max

�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/ 2
,
⇣�m(3)

m(0)

⌘1/ 3
�

from the mass extractions at and define the convergence parameterO(! 0,1,2,3
s )

It is convenient to plot histograms, and see if there is a peaked structure
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Smaller value of  Vc means better convergence.



Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pair              we define(µm , µ! )

Vc = max
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,
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⌘1/ 2
,
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m(0)

⌘1/ 3
�

from the mass extractions at and define the convergence parameterO(! 0,1,2,3
s )

It is convenient to plot histograms, and see if there is a peaked structure
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Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pair              we define(µm , µ! )

Vc = max

�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/ 2
,
⇣�m(3)

m(0)

⌘1/ 3
�

from the mass extractions at and define the convergence parameterO(! 0,1,2,3
s )

It is convenient to plot histograms, and see if there is a peaked structure

For our final analysis we discard series with                  (3% of series only)Vc ! " Vc#

[Dehnadi, Hoang, & VM Ô15]
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Scale variation

Perturbative error 
estimate III:
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Exploration of scale variation

our approach

charm mass scale should not be 
excluded in the perturbative 
extraction of the charm mass

Our default is iterative method

conclusions: independent variation of scales down to mc(mc)

so that using different expansions does not matter
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Exploration of scale variation
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so that using different expansions does not matter
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We implement a cut on badly convergent series (mild effect on error)
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Final results

world average with a tripled uncertainty
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Figure 11 . Charm and bottom quark mass determinations for di! erent moments (upper row) or
ratios of moments (lower row), for the linearized (in blue) and iterative (in red) methods. Panels
(a), (b) [(e), (f)] show the results for the charm mass from moments [ratios of moments] of the
vector and pseudoscalar correlator, respectively. Panels (c) and (g) show the results for the bottom
mass from the vector correlator, for moments and ratios of moments, respectively.

Our Þnal determinations include nonperturbative e! ects through the gluon condensate
including its Wilson coe" cients at order O(! s). Furthermore, we assign as a conservative
estimate of the nonperturbative uncertainty twice the shift caused by including the gluon
condensate. In any case, this error is very small, particularly for the bottom mass determi-
nation. One source of uncertainty which we have not discussed so far is that coming from
the strong coupling constant. Although the world average! s(mZ ) = 0 .1185± 0.006 has
a very small error, see Ref. [48], one cannot ignore the fact that it is fairly dominated by
lattice determinations, e.g. [29]. Furthermore, there are other precise determinations with
lower central values and in disagreement with the world average from event-shapes [63Ð66]
and DIS [67]. A review on recent ! s determinations can be found in Refs. [68Ð70]. There-
fore, in analogy with Ref. [6], we perform our analyses for several values of! s(mZ ) between
0.113 and 0.119, and provide the central values and perturbative errors as (approximate)
linear functions of ! s(mZ ). The other uncertainties are essentially! s-independent, so we
just provide the average. We also quote quark mass results for! s taken from the world
average:

! s(mZ ) = 0 .1185± 0.0021, (9.1)

where we adopt an uncertainty3.5 times larger than the current world average [48]. We
note that in Ref. [6] we have taken! s(mZ ) = 0 .1184± 0.0021as an input which causes only
tiny sub-MeV di ! erences in the quark masses. We refrain ourselves from presenting the! s
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Figure 12 . Dependence on ! s(mZ ) of the central values of mc(mc) and the corresponding per-
turbative (red), statistical (orange), systematical (blue) and nonperturbative uncertainties (green),
for the analysis of the first moment [panels (a) and (b)] and the ratio of the second over the first
moment, [panels (c) and (d)], corresponding to the vector correlator.

dependence of the higher-moment result, which the reader can get from the authors upon
request.

For the numerical analyses that we carry out in this article we have created two com-
pletely independent codes: one using Mathematica [71] and another using Fortran [72],
which is much faster and suitable for parallelized runs on computer clusters. The two codes
agree for the extracted quark masses at the level of1eV.

9.1 Results for the Charm Mass from the Vector Correlator

For the analysis using the Þrst moment of the charm vector correlator we use the experimen-
tal value quoted in Eq. (4.1) of Ref. [6]: M V, exp

1 = (0.2121 ± 0.0020stat ± 0.0030syst)GeV

! 2.
The outcome of this analysis, and one of the main results of this paper, is:

mc(mc) = 1.288 ± (0.006)stat ± (0.009)syst ± (0.014)pert (9.2)

± (0.010)↵s ± (0.002)"GG#GeV ,
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Figure 12 . Dependence on! s(mZ) of the central values ofmc(mc) and the corresponding per-
turbative (red), statistical (orange), systematical (blue) and nonperturbative uncertainties (green),
for the analysis of the Þrst moment [panels (a) and (b)] and the ratio of the second over the Þrst
moment, [panels (c) and (d)], corresponding to the vector correlator.

dependence of the higher-moment result, which the reader can get from the authors upon
request.

For the numerical analyses that we carry out in this article we have created two com-
pletely independent codes: one using Mathematica [71] and another using Fortran [72],
which is much faster and suitable for parallelized runs on computer clusters. The two codes
agree for the extracted quark masses at the level of1eV.

9.1 Results for the Charm Mass from the Vector Correlator

For the analysis using the Þrst moment of the charm vector correlator we use the experimen-
tal value quoted in Eq. (4.1) of Ref. [6]: M V, exp

1 = (0 .2121± 0.0020stat ± 0.0030syst) GeV! 2.
The outcome of this analysis, and one of the main results of this paper, is:

mc(mc) = 1 .288 ± (0.006)stat ± (0.009)syst ± (0.014)pert (9.2)

± (0.010)! s ± (0.002)"GG#GeV ,
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the cleanest) of the vector correlator reads:

mc(mc) = 1 .288 ± 0.020 GeV, [Vector Correlator] (11.1)

where all sources of uncertainty have been added in quadrature. This result supersedes our
corresponding earlier result from Ref. [6], which was1.282± 0.024GeV. This makes it clear
that the trimming procedure discards series which produce small values of the charm mass.

We have applied the same method of theory uncertainty estimate to analyze the
HPQCD lattice simulation results for the pseudoscalar correlator. Our convergence test
signals that the pseudoscalar moments have far worse convergence than the corresponding
vector ones. This translates into an uncertainties of35MeV due to the truncation of the
perturbative series and the error in ! s (roughly twice as big as for the vector determina-
tion). In contrast, using correlated scale variation (e.g. setting the scales in the mass and
the strong coupling equal) the scale variation can be smaller by a factor of8. Our new
determination from the Þrst moment (again being the most reliable theoretical prediction)
of the pseudoscalar correlator readsmc(mc) = 1 .267± 0.041GeV, where again all individual
errors have been added in quadrature. The combined total error is twice as big as for the
vector correlator, and therefore we consider it as a validation of Eq. (11.1) in connection
with the convergence test. The result is in sharp contrast with the analyses carried out
by the HPQCD collaboration [8, 28, 29], where perturbative uncertainties of 4MeV are
claimed. We have checked that, as for the vector correlator, for the di! erent possible types
of ! s-expansion the correlated variation in general leads to a bad order-by-order convergence
of the charm mass determination.

The second important result of this work is the determination of the bottom quark
mass from the vector correlator. We have reanalyzed the experimental moments by com-
bining experimental measurements of the Þrst four narrow resonances, the threshold region
covered by BABAR, and a theoretical model for the continuum. This theoretical model
is an interpolation between a linear Þt to the BaBar data points with highest energy and
pQCD, to which we assign a4% systematic uncertainty which decreases linearly to reach
0.3% at the Z -pole, and stays constant at0.3% for higher energies. Our treatment is mo-
tivated by the error function yielded by the Þt to BaBar data in the energy range between
11.0 and 11.2GeV and the discrepancy between pQCD and experimental measurements at
the Z -pole. This results into a large error for the Þrst moment, and therefore we choose the
second moment (which is theoretically as clean as the Þrst one for the case of the bottom
quark) for our Þnal analysis, giving a total experimental uncertainty of18MeV. Our treat-
ment of the experimental continuum uncertainty is in contrast to Ref. [27], where instead
the very small perturbative QCD uncertainties (less than1%) are used, claiming an experi-
mental uncertainties of6MeV. In the light of the analysis carried out here, supported by the
observations made in Ref. [41], we believe this is not justiÞed. Our convergence test reveals
that, as expected for the heavier bottom quark, the perturbative series converge faster than
for the charm quark. Correspondingly, the perturbative and ! s uncertainties are ! 30%
smaller than those for charm. Taking correlated scale variation as used in Refs. [27, 31] the
perturbative error estimate can shrink up to a factor of 20. We also Þnd that correlated
variation leads to incompatible results for the di! erent types of ! s-expansions. Our Þnal
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than Eq. (9.2), but fully compatible within errors [see Fig 15(a)]. The nonperturbative
uncertainties are identical to the vector current case.

For the ratio of second over the Þrst moment of the pseudoscalar correlator we use
RP, latt

1 = (0 .0971± 0.0032latt ) GeV! 2. We Þnd for the charm mass

mc(mc) = 1 .266 ± (0.020)latt ± (0.018)pert ± (0.006)↵s ± (0.002)"GG#GeV . (9.8)

Using correlated variation 2 GeV ! µ↵ = µm ! 4 GeV one obtains1.270 ± (0.007)pert and
1.278± (0.003)pert for methods (a) and (c), respectively. These scale variations are a factor
3 and 6 smaller than our perturbative error estimate, respectively. The! s dependence is

mc(mc) = (1 .266 + 2.31" [! s(mZ) # 0.1185]) ± (0.020)latt (9.9)

± (0.018 + 1.25" [! s(mZ) # 0.1185])pert ± (0.002)"GG# .

The central values for both MP
1 and RP

1 are almost identical, but their ! s dependence is
not: the latter is much smaller (even smaller than forMV

1 , but larger than for RV
1 ). Note

that the lattice error is larger for the ratio since we made the very conservative assumption
that they are fully uncorrelated. This is because the correlation matrix for various lattice
moments is unknown. The perturbative error reduces by a factor of two for any value
of ! s when using the ratio, but we have checked that this only happens for the iterative
expansion. On the other hand, the! s dependence of the perturbative uncertainty is smaller
for the regular moment determination. The nonperturbative errors are identical.

All charm determinations are illustrated graphically in Fig. 15(a), where in red we show
our preferred determination from the Þrst moment of the vector correlator.

9.3 Results for the Bottom Mass from the Vector Correlator

For our determination of the bottom quark mass from the second moment of the vector
correlator we use for the experimental momentMV, exp

2 = (2 .834± 0.012stat ± 0.051syst) "
10! 5 GeV! 4, and we obtain

mb(mb) = 4 .176 ± (0.004)stat ± (0.019)syst ± (0.010)pert (9.10)

± (0.007)↵s ± (0.0001)"GG#GeV .

The perturbative error is 30% smaller than for the charm vector correlator analysis, as a
result of the smaller value of! s at the scales close to the bottom mass. This is consistent
with our discussion on the convergence properties of perturbation series for the bottom
quark carried out in Sec.4. The total error is dominated by the experimental systematic
uncertainty, which in turn mainly comes from the continuum region where one relies on
modeling in the absence of any experimental measurements. The nonperturbative error is
completely negligible. This is expected since it is suppressed by two powers of the bottom
mass. Using the correlated scale variation5 GeV ! µ↵ = µm ! 15 GeV for methods (a)
and (c) we get4.178 and 4.182 for the central values and scale variations which are20 and
3 times smaller, respectively. The! s dependence reads

mb(mb) = (4 .176 + 3.22" [! s(mZ) # 0.1185]) ± (0.004)stat ± (0.019)syst (9.11)

± (0.010 + 0.472" [! s(mZ) # 0.1185])pert ± (0.0001)"GG# .
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than Eq. (9.2), but fully compatible within errors [see Fig 15(a)]. The nonperturbative
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For the ratio of second over the Þrst moment of the pseudoscalar correlator we use
RP, latt

1 = (0 .0971 ± 0.0032latt ) GeV! 2. We Þnd for the charm mass

mc(mc) = 1 .266 ± (0.020)latt ± (0.018)pert ± (0.006)↵s ± (0.002)"GG#GeV . (9.8)

Using correlated variation 2 GeV ! µ↵ = µm ! 4 GeV one obtains1.270 ± (0.007)pert and
1.278± (0.003)pert for methods (a) and (c), respectively. These scale variations are a factor
3 and 6 smaller than our perturbative error estimate, respectively. The! s dependence is

mc(mc) = (1 .266 + 2.31" [! s(mZ ) # 0.1185]) ± (0.020)latt (9.9)

± (0.018 + 1.25" [! s(mZ ) # 0.1185])pert ± (0.002)"GG#.

The central values for both M P
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that the lattice error is larger for the ratio since we made the very conservative assumption
that they are fully uncorrelated. This is because the correlation matrix for various lattice
moments is unknown. The perturbative error reduces by a factor of two for any value
of ! s when using the ratio, but we have checked that this only happens for the iterative
expansion. On the other hand, the! s dependence of the perturbative uncertainty is smaller
for the regular moment determination. The nonperturbative errors are identical.

All charm determinations are illustrated graphically in Fig. 15(a), where in red we show
our preferred determination from the Þrst moment of the vector correlator.

9.3 Results for the Bottom Mass from the Vector Correlator

For our determination of the bottom quark mass from the second moment of the vector
correlator we use for the experimental momentM V, exp

2 = (2 .834 ± 0.012stat ± 0.051syst) "
10! 5 GeV! 4, and we obtain

mb(mb) = 4 .176 ± (0.004)stat ± (0.019)syst ± (0.010)pert (9.10)

± (0.007)↵s ± (0.0001)"GG#GeV .

The perturbative error is 30% smaller than for the charm vector correlator analysis, as a
result of the smaller value of! s at the scales close to the bottom mass. This is consistent
with our discussion on the convergence properties of perturbation series for the bottom
quark carried out in Sec.4. The total error is dominated by the experimental systematic
uncertainty, which in turn mainly comes from the continuum region where one relies on
modeling in the absence of any experimental measurements. The nonperturbative error is
completely negligible. This is expected since it is suppressed by two powers of the bottom
mass. Using the correlated scale variation5 GeV ! µ↵ = µm ! 15 GeV for methods (a)
and (c) we get4.178 and 4.182 for the central values and scale variations which are20 and
3 times smaller, respectively. The! s dependence reads

mb(mb) = (4 .176 + 3.22" [! s(mZ ) # 0.1185]) ± (0.004)stat ± (0.019)syst (9.11)

± (0.010 + 0.472" [! s(mZ ) # 0.1185])pert ± (0.0001)"GG#.
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result for the bottom mass from the second moment, with all errors added in quadrature,
reads:

mb(mb) = 4 .176 ± 0.023 GeV, [Vector Correlator] (11.2)

where the total error is fairly dominated by the systematic error, which comes from the
continuum region of the spectrum. Our uncertainty is very similar to the one obtained
by the HPQCD analysis, but 30% larger than the 16MeV claimed by [27]. Our central
value is 13MeV larger than the latter. This good agreement is a result of two e! ects that
push in opposite directions: smaller value of the second experimental moment, and di! erent
perturbative analysis. Curiously enough, a similar accidental cancellation was observed for
the charm mass in [6].

In order to further validate the results discussed above, we have also analyzed the ratios
of consecutive moments of each one of the three correlators as alternative observables. In
all cases the results from the moment ratios agree very well the regular moment analyses.
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A Numerical Values for the Perturbative Coe ! cients

In this appendix we succinctly collect the numerical values for all of the coe" cients appear-
ing in the perturbative series, such that our analysis can be reproduced. We organize these
values in tables, each of them corresponding to a di! erent equation.

n = 1 n = 2 n = 3 n = 4

[aV (nf = 5)] 0,0
n ! 4.011 ! 6.6842 ! 9.7224 ! 13.0879

[aV (nf = 5)] 1,0
n ! 36.9604 ! 69.9123 ! 112.669 ! 165.326

[aP (nf = 4)] 0,0
n 8.02101 0 ! 9.72244 ! 20.9406

[aP (nf = 4)] 1,0
n 39.1439 ! 36.3842 ! 152.67 ! 309.925

Table 6 . Numerical values for the coe! cients of Eq. (2.10) for the vector correlator with nf = 5
(Þrst two columns), and for the pseudoscalar correlator withnf = 4 (last two columns). (Gluon
condensate contribution).
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Figure 13. Dependence on ! s(mZ ) of the central values of mc(mc) and the corresponding
perturbative (red), lattice (blue) and nonperturbative uncertainties (green), for the analysis of the
first moment [panels (a) and (b)] and the ratio of the second over the first moment, [panels (c) and
(d)], corresponding to the pseudoscalar correlator.

termination:

mc(mc) = 1 .267 ± (0.008)lat ± (0.035)pert ± (0.019)! s ± (0.002)!GG" GeV . (9.6)

With correlated scale variation 2 GeV  µ! = µm  4 GeV we obtain the central values
1.278and 1.276GeV, for methods (b) and (c), respectively. In both cases the scale variation
is 4MeV, 8 times smaller than our perturbative error estimate with double scale variation.
For the ! s dependence, we Þnd

mc(mc) = (1 .267 + 8.36⇥ [! s(mZ) � 0.1185]) ± (0.008)lat (9.7)

± (0.035 + 2.38⇥ [! s(mZ) � 0.1185])pert ± (0.002)!GG" ,

which is also displayed in Figs.13(a) and 13(b). As expected, the perturbative error is much
larger than for the vector correlator, and has a stronger dependence on! s. We see that the
central value has a much stronger dependence on! s as well, which again translates into a
large error due to the uncertainty in the strong coupling. The central value is21MeV lower
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= 1.267 ± 0.040GeV

bottom mass from Vector correlator

charm mass from Pseudoscalar correlator

charm mass from Vector correlator
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Conclusions & Outlook

Sum rules provide the most accurate extractions 

of the charm and bottom masses 

Double scale variation appears to provide best 

uncertainty estimate (charm, bottom, pseudo) 

Pseudo-scalar correlator has worse convergence 

Comparisons with lattice, important cross check 

Bottom: 2nd moment smaller experimental error



Backup slides



Iterative Linearized Expansion
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out expression and 
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Start with expanded 
out expression and 
solve for the mass

tree-level is simple no mass depend on LHS
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Start with expanded 
out expression and 
solve for the mass

tree-level is simple
insert tree solution and 
expand to O(! s)

1-loop also simple

Iterative Linearized Expansion [Dehnadi, Hoang, 
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Start with expanded 
out expression and 
solve for the mass

tree-level is simple
insert 1-loop solution and 
expand to 

1-loop also simple

O(! 2
s)

2-loop more involved
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Start with expanded 
out expression and 
solve for the mass

tree-level is simple
insert 2-loop solution and 
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General expression
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Charm mass determinations

���������� ���������� ���������� ���������� ���������� ���������� ����������
�P�F!�P�F" #�*�H�9$

�%�R�X�J�K�H�]�D�O �H�W �D�O�� �
����

�.�X�K�Q �H�W �D�O�� �
����

�6�L�J�Q�H�U �H�W �D�O�� �
����

�&�K�H�W�\�U�N�L�Q �H�W �D�O�� �
����

�%�R�G�H�Q�V�W�H�L�Q �H�W �D�O�� �
����

�%�R�G�H�Q�V�W�H�L�Q �H�W �D�O�� �
����

�1�D�U�L�V�R�Q�
����
�
����

�+�R�D�Q�J �	 �-�D�P�L�Q �
����

�$�O�O�L�V�R�Q �H�W �D�O�� �
����

�0�F�1�H�L�O�H �H�W �D�O�� �
����

�&�K�D�N�U�D�E�R�U�W�\ �H�W �D�O�� �
������

��

��

��

��

��

��

��

��

����

����

����

����

����

�'�H�K�Q�D�G�L �H�W �D�O�� �
����

�'�H�K�Q�D�G�L �H�W �D�O�� �
�������>�9�@

�'�H�K�Q�D�G�L �H�W �D�O�� �
�������>�3�@

From QCD sum rules
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Bottom mass determinations

From QCD sum rules
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Lattice moments



Pseudoscalar correlator and moments

Carries QCD anomalous dimension: 
same running as quark mass 

Related to longitudinal part of 
axial propagator
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Carries QCD anomalous dimension: 
same running as quark mass 

Related to longitudinal part of 
axial propagator

Pseudoscalar correlator and moments
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Carries QCD anomalous dimension: 
same running as quark mass 

Related to longitudinal part of 
axial propagator

computed in pQCD at O(! 3
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Pseudoscalar correlator and moments
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Carries QCD anomalous dimension: 
same running as quark mass 

Related to longitudinal part of 
axial propagator

computed in pQCD at O(! 3
s) [Meier et al. (2008)]

Pseudoscalar correlator and moments

!
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(s) = i
!

dx eiqx ! 0 |T j
P

(x)j
P

(0)| 0" j P (x) = 2 mq i øq(x)! 5q(x)

P(q2) =
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k

[4m(µ)2]k
q2k

P(s) =
! P (s) ! ! P (0) ! ! !

P (0) s
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We subtract two scheme-dependent 
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computed in the lattice

charm eta mass

[Allison et al. (2008)]
MP

n = CP
n !

!
R2n +4

m⌘c

" 2n



Carries QCD anomalous dimension: 
same running as quark mass 

Related to longitudinal part of 
axial propagator

computed in pQCD at O(! 3
s) [Meier et al. (2008)]

Pseudoscalar correlator and moments

!
P

(s) = i
!

dx eiqx ! 0 |T j
P

(x)j
P

(0)| 0" j P (x) = 2 mq i øq(x)! 5q(x)

P(q2) =
!!

k=0
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One can define, analogously to the vector correlator, the same expansions:

• Fixed order expansion
• Linearized expansion
• Iterative Linearized expansion
• Contour improved expansion

P(s) =
! P (s) ! ! P (0) ! ! !

P (0) s
s2

We subtract two scheme-dependent 
constants


