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@ The Kerr-Newman-(anti) de Sitter (KN(a)dS))metric is the most
general exact stationary black hole solution of the Einstein-Maxwell
system of differential equations
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@ The Kerr-Newman-(anti) de Sitter (KN(a)dS))metric is the most
general exact stationary black hole solution of the Einstein-Maxwell
system of differential equations

o Now that scalar particles have been observed in Nature solving
exactly the massive KGF equation in curved backgrounds is
fundamentally important

@ The recent spectacular observation of gravitational waves predicted
by the theory of General Relativity from the binary black hole merger
GW150914 adds further motivation for investigating the interaction of
scalar particles with the curved black hole spacetime.
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The Kerr-Newman-de Sitter black hole metric

The metric in Boyer-Lindquist coordinates:
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The Kerr-Newman-de Sitter black hole metric

The metric in Boyer-Lindquist coordinates:
2

ds? = A (cdt — asin?0d¢)? — 7 dr? — £ qe2
52p2 ARN Ag
Agsin? 0
— 9352';2 (acdt — (P + 2%)d¢)? (1)
2 2
Ag:zl—&—ﬂcof@, E:zl-&-%, (2)
p2 = r?> 4+ a°cos’ 0 (3)
GM Ge?
(4)

A
KN ._ 2 2., .2
AP = (1— 3r)(r +a)—2c2 r—+ o
This is accompanied by a non-zero electromagnetic field F = dA with vector

potential (G = ¢ = 1):
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This is accompanied by a non-zero electromagnetic field F = dA with vector

potential (G = ¢ = 1):
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

The Klein-Gordon-Fock (KGF) equation for a scalar field ® that describes
the dynamics of a massive scalar electrically charged particle of charge g,
in a curved spacetime is described by the equation:

O® + u?d® =0, (6)

where,
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where, )
O® = ——D,(v/—gg"'D,® 7
Ve (vV—gg"' D, @) (7)

The gauge differential operator:
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

The Klein-Gordon-Fock (KGF) equation for a scalar field ® that describes
the dynamics of a massive scalar electrically charged particle of charge g,
in a curved spacetime is described by the equation:

O® + u?d® =0, (6)

where, )
0® = ——D,(v/—gg"'D,d 7
Ve (vV—gg"' D) (7)

The gauge differential operator:

Dy, = 3, — iqA, (8)
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

Here we calculate the D'Alembertian of the massive KGF equation for the
Kerr-Newman-de Sitter spacetime. We start with the case of a massive neutral particle:
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

Here we calculate the D'Alembertian of the massive KGF equation for the
Kerr-Newman-de Sitter spacetime. We start with the case of a massive neutral particle

1 a (o] 52 1 a%sin?0 | 92P
- o ‘P¢ — — —
Hes V=g 93¢ ( &8 ) e 97 0 sin29{A9 AN }34)2 ©
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

Here we calculate the D'Alembertian of the massive KGF equation for the
Kerr-Newman-de Sitter spacetime. We start with the case of a massive neutral particle
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

Here we calculate the D'Alembertian of the massive KGF equation for the
Kerr-Newman-de Sitter spacetime. We start with the case of a massive neutral particle
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Hes V=g 93¢ ( &8 ) e 97 0 sin29{A9 AN }34)2 ©
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

Here we calculate the D'Alembertian of the massive KGF equation for the
Kerr-Newman-de Sitter spacetime. We start with the case of a massive neutral particle
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

we proved the separation of radial from angular parts that yields the DEs:
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

we proved the separation of radial from angular parts that yields the DEs:

Ld <sin9Agd5(6))

sinf dé de
m?E%2 1 2a8? E23% sin? fuw? 29 o

L = = Kim| =0,

—|—5(9){ sin29A9+ A, mw Iy wu?a®cos® 0 + ,} 0
(13)
% (Af‘”i—f) + igx (22K — PP AN — KimAfN] = 0, (14)

where

K(r):=w(r*+a%) —am (15)

G. V. Kraniotis (UOI) The Klein-Gordon-Fock equation in the curve 24 May 2016, Planck 2016



The massive KGF equation in the curved KN(a)dS black

hole spacetime

we proved the separation of radial from angular parts that yields the DEs:

Li <sin 0 ds () )

sinf dé de
m?E%2 1 2a8? E23% sin? fuw? 29 o

- el - - Km =V,

—|—5(9){ sin29A9+ A, mw Iy wu?a®cos® 0 + ,} 0
(13)
% (Af‘”i—f) + igx (22K — PP AN — KimAfN] = 0, (14)

where

K(r):=w(r*+a%) —am (15)

Now including the contribution from the electric charge of the scalar particle we
calculate the modified radial Fuchsian differential equation:
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The massive KGF equation in the curved KN(a)dS black

hole spacetime

we proved the separation of radial from angular parts that yields the DEs:

1 d /. ds(e)
Snodo <sm9Ag a0 )
2m2 1 2372 322-292
s [ B ] o
(13)
d dRr R(r)
A
where
K(r):=w(r*+a%) —am (15)

Now including the contribution from the electric charge of the scalar particle we
calculate the modified radial Fuchsian differential equation:

d [ kndR R(r) [, €4ry? o 2. KN KN| _
a(Ar $>+A5’V = (K7E> — AT — KimAPT | =0/ (16)

while the angular equation remains unaltered.
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Heun's differential equation

d?y v ) € dy xBz—q
dz2+<z+z—l+z—a>C'lz+z(z—l)(z—a)y_0 (17)

In (17), y and z are regarded as complex variables and «, 3,77, 9, ¢, g, a are
parameters, generally complex and arbitrary, except that 2 « C\ {0, 1}.
The first five parameters are linked by the equation
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Heun's differential equation

d?y 0% ) € dy afz —q
+<+ + >dz+z(z—l)(z—a

dz2 z z—1 z—a

)y:0 (17)

In (17), y and z are regarded as complex variables and «, 3,77, 9, ¢, g, a are
parameters, generally complex and arbitrary, except that 2 « C\ {0, 1}.
The first five parameters are linked by the equation

Y+o+e=a+p+1 (18)

Heun's equation is thus of Fuchsian type with regular singularities at the
points z =0, 1, a,0. The exponents at these singularities are computed
through the indicial equation to be:

{0,1—v};{0,1—6};{0,1—¢€}; {a, B}. The sum of these exponents
must take the value 2, according to the general theory of Fuchsian
equations.
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Heun's differential equation

d?y 0% ) € dy afz —q
+<+ + >dz+z(z—l)(z—a

dz2 z z—1 z—a

)y:0 (17)

In (17), y and z are regarded as complex variables and «, 3,77, 9, ¢, g, a are
parameters, generally complex and arbitrary, except that 2 « C\ {0, 1}.
The first five parameters are linked by the equation

Y+o+e=a+p+1 (18)

Heun's equation is thus of Fuchsian type with regular singularities at the
points z =0, 1, a,0. The exponents at these singularities are computed
through the indicial equation to be:

{0,1—v};{0,1—6};{0,1—¢€}; {a, B}. The sum of these exponents
must take the value 2, according to the general theory of Fuchsian
equations. The Heun equation includes an accessory or auxiliary
parameter, namely the quantity g € C, which in many applications
appears as a spectral parameter.
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The Confluent Heun Equation (CHE)

This is obtained by merging the singularity at z = a of Heun's equation with
that at z = oo, resulting in an equation still having regular singularities at z =0

and z =1, and an irregular singularity of rank 1 at z = co (RONVEAUX).
Indeed, dividing (17) by a we derive:
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This is obtained by merging the singularity at z = a of Heun's equation with
that at z = oo, resulting in an equation still having regular singularities at z =0

and z =1, and an irregular singularity of rank 1 at z = co (RONVEAUX).
Indeed, dividing (17) by a we derive:

z(z—1) (g — 1) y'(z) + [’y(z —-1) (g - 1) +z (g - 1) + gz(z - 1)} y'(2)
+ (zxgz — g) y(z)=0. (19)
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The Confluent Heun Equation (CHE)

This is obtained by merging the singularity at z = a of Heun's equation with
that at z = oo, resulting in an equation still having regular singularities at z =0

and z =1, and an irregular singularity of rank 1 at z = co (RONVEAUX).
Indeed, dividing (17) by a we derive:

z(z—1) (g — 1) y'(z) + [’y(z —-1) (g - 1) +z (g - 1) + gz(z - 1)} y'(2)

B, a
r,_ 1 =0. 19
+(alz- ) yia (19)
We let a — oo and simultaneously let B,&, g — oo in such a way that
é—>§—>—v, 9. 0, (20)
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The Confluent Heun Equation (CHE)

This is obtained by merging the singularity at z = a of Heun's equation with
that at z = oo, resulting in an equation still having regular singularities at z =0

and z =1, and an irregular singularity of rank 1 at z = co (RONVEAUX).
Indeed, dividing (17) by a we derive:

z(z—1) (g — 1) y'(z) + [’y(z —-1) (g - 1) +z (g - 1) + gz(z - 1)} y'(2)

B, a
r,_ 1 =0. 19
+(alz- ) yia (19)
We let a — oo and simultaneously let B,&, g — oo in such a way that
é—>§—>—v, 9. 0, (20)
a a a
which yields:

d?y [y b dy vz —o
dz2

;4’;"‘1/ 42(2*1):|y(2):0’ (21)

in which <, J, a are the same parameters as in the original equation (17) while
v, o are new. CHE
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular differential equation was determined to be:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular differential equation was determined to be:

1.4 (sin%edsw))

sinf do de
—m?E2 1 B2sin?0w?  2aE’mw 5 5 o
+5(6) {(sin e A, + Y H*a’ cos” 0
= —KimS(0) (22)
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular differential equation was determined to be:

1 d (sin%edsw))

sinf do do
—m?E2 1 B22%sin’fw?  2aEZmw
S(o e 2.2 29
+5(0) {(sin@)z Ag Y
= —KimS(0) (22)
By defining the variable x := cos, and setting j = % A > 0, equation (22)
becomes:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular differential equation was determined to be:

1 d (sinf)Agds(B))

sinf do de
—m?E2 1 B2sin?0w?  2aE’mw 5 5 o
+5(6) {(sin e A, + Y u*a® cos 9]
= —KimS(0) (22)
By defining the variable x := cos, and setting j = % A > 0, equation (22)
becomes:
A, 5 d? a’A 5 d 2A ,\ d
_E2a2w2(1 —x%)  2awmz? _ m2E?2
1+ aZTsz 1+ ‘QZTAX2 (1+ aZTsz)(l —x2)
2A
+ [—2%%] 5=0 (23)
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular Fuchsian equation (23) has four regular singularities at the points £1, + I

which we denote with the tuple (a1, a2, a3, a2) = (—1, 1, f\/#f/\, \/#7) The automorphism

group of the parameter space of Heun's equation has recently been determined, thus we
apply first to equation (23) the homographic transformation of the independent variable :
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular Fuchsian equation (23) has four regular singularities at the points £1, + \/:T\
which we denote with the tuple (a1, a2, a3, a2) = (—1, 1, f\/#f/\, \/#7) The automorphism
group of the parameter space of Heun's equation has recently been determined, thus we

apply first to equation (23) the homographic transformation of the independent variable :

i
_azfa4xfal_1_\/77 x+1. . a2AY (24)

ay —ai X — as 2 X_\/:’K

where such a transformation is designed to map the three singularities a1, az, a5 into

. . (4) aaamay
0,1, 00. The fourth singularity a3 — z3 = el

. With this transformation we have:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The angular Fuchsian equation (23) has four regular singularities at the points £1, + \/:T\
which we denote with the tuple (a1, a2, a3, a2) = (—1, 1, 7\/#7' \/#7) The automorphism
group of the parameter space of Heun's equation has recently been determined, thus we

apply first to equation (23) the homographic transformation of the independent variable :

i
_azfa4xfal_1_\/77 x+1. . a2AY (24)

ay —ai X — as 2 X_\/:’K

where such a transformation is designed to map the three singularities a1, az, a5 into

. . 24 _ _ . . .
0,1, co. The fourth singularity a3 (—>> 73 = %Zii‘f With this transformation we have:

apl6iE%  z(z—1)(z — z)

A+ 1= = = e Bevaa— vax +

(25)

where

_ 1 OLA*].
73 = 2< 1+2im>. (26)

Equation (23) with the aid of (24) becomes:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

d? 1 1 1 2 d
{dz2+ {;+z—1+z—23 72—200} dz
m 1l m 1 <an mm>2 L2
4 22 4 (z—1)? 2,/an 2 (z=2z3)%2  (z—200)?
1 {m2(1 +2i\/ap +3wp) N 2mE¢  2mp N Kim
z 2(—i+ /ap)? (I+ivan)? (I+iyan)?  (1+iy/an)?
1 [—m?(1—2i/ap +3an) —2méE 20p Kim
+Z,1[ 20+ Van)? ’(14@)2’(14\/@2714\/@)2]
1 [-8imPapn\/&n  8imane  8i\/&n  4i\/AAKim
z—2z3 [ =2 + = + 52 + 52
S }5(2) -0 @)

11 /37
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

d? N 1 N 1 N 12 d
dz2 z z—1 z—2z3 Zz—2ze]|dz
m1 m 1 Baw myaa\? 1 L2
4 22 4 (z—1)? 2/an 2 (z=2z3)%2  (z—200)?
1 {m2(1 + 2iy/ap + 3ap) N 2msg 20 N Kim
z 2(—i+ /ap)? (L+iyapn)?  (L+iyapn)?  (L+iyap)?
I 1 —m2(1—2i\/lXA+3tXA) B —2m¢E B 2000 _ Kim
z—1 20i + \/in)2 Q- ivan? (A—ivan)? (1—iyan)?
1 —8imPap~/an  8im\/AAE  8i/kn  Ai/AxNKim
=2 + = t— 1 =2
z—2z3 = ) = g
1 —8i\/ax B
Z— Zeo = }5(2) =0 (27)
where z, = _ i VEATD g &= aw.

2\ an
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

d? 1 1 1 2 d
{dz2+ {;+z—1+z—23 72—200} dz
m?1 m 1 <an_m\/ﬁ>2 L S
4 22 4 (z—1)? 2,/an 2 (z=2z3)%2  (z—200)?
1 [m2(1+2im+3a/\) N 2mE¢  2mp N Kim
2| 2(Ci+ yan)? A+ivan)? (A+ivan)? @ (I+iyap)?
1 [—m?(1—2i/ap +3an) —2méE 20p Kim
T [ 2 vEn? (A iyan? (- ivan? (H\/w}
1 [-8imPapn\/&n  8imane  8i\/&n  4i\/AAKim
z—2z3 [ 52 + = + 52 + 52
1 —8iyas
Z— Zeo = }5(2) =0 (27)
where z, = — 7'%;%“7” and ¢ := aw. The four singularities z = 0, 1, z3, z, have
exponents:

(gl -1y (gl -1y (4 (35 - mvan)  —5 (5 - myma) ) {21).
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

d? I L S S d
dz2 z z—1 z—2z3 Zz—2ze]|dz
m1 m 1 Zaw  myax\? 1 L2
4 22 4 (z—1)? 2/an 2 (z=2z3)%2  (z—200)?
1 {m2(1 + 2iy/ap + 3ap) N 2msg 20 N Kim
z 2(—i+/ap)? (L+iyapn)?  (L+iyapn)?  (L+iyap)?
I 1 —m2(1—2i\/lXA+3tXA) B —2m¢E B 2000 _ Kim
z—1 2(i + /o )? (I—iyap)? (1—iyap)?  (1—iy/ap)?
1 —8imPap~/an  8im\/AAE  8i/kn  Ai/AxNKim
=2 + = t—= t =2
z—2z3 & = = =
1 —8iy/ap _
Z— Zeo = }5(2) =0 (27)
where z, = — 7'%;%“7” and ¢ := aw. The four singularities z = 0, 1, z3, z,, have
exponents: )

(i3~ gy gl =13y (G (B - mymn) =5 (- myaa) b 2.1} Thes
equation (27) is not of a Heun type.

G. V. Kraniotis (UOI) The Klein-Gordon-Fock equation in the curver 24 May 2016, Planck 2016 11 /37



Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The F-homotopic transformation or index transformation of the dependent variable
S:

[ S(z) = 2"(z — 1)"2(z — z3)"*(z2 — 200)™ 5(2) ] (28)
where vy = 0, — % a3 = ,% <:—L — m\/ﬂ) g = 1 is designed to reduce one

of the exponents of the finite singularities 0, 1, z3 to zero and to eliminate the finite
Zoo singularity. In other words transforms (27) into the Heun form (17). Indeed
application of (28) into (27) yields:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The F-homotopic transformation or index transformation of the dependent variable
S:

[ S(z) = 2"(z — 1)"2(z — z3)"*(z2 — 200)™ 5(2) ] (28)

i =g

where vy = 0, — % a3 =*+3 <\T —my/un ) oq = 1is designed to reduce one
of the exponents of the finite singularities 0, 1, z3 to zero and to eliminate the finite
Zoo singularity. In other words transforms (27) into the Heun form (17). Indeed
application of (28) into (27) yields:

dz? z z—1 z—z |dz  zZ(z—1)(z—z3)

2 ’ _
{d +{2zx1+1+20¢2+1 2&3+1] d wpz—q }5_(2):01

(29)
where the auxiliary parameter q is calculated in terms of the cosmological constant,
spin of the black hole,the parameters m, w and is given by the expression:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The F-homotopic transformation or index transformation of the dependent variable
S:

z(z — 1)2(z — z3)"(z — 200)*5(2) ] (28)

m

where w; =y = 5+ a3 = ,% <:—7 — m\'ﬂ) g = 1 is designed to reduce one
of the exponents of the finite singularities 0, 1, z3 to zero and to eliminate the finite
Zoo singularity. In other words transforms (27) into the Heun form (17). Indeed
application of (28) into (27) yields:

2 " " _
{d {2a1+1+2zx2+1 2a3+1]d apz—q )}E(z):o,

dz? z z—1 z—2z3 $+z(zfl)(zfz3

(29)
where the auxiliary parameter q is calculated in terms of the cosmological constant,
spin of the black hole,the parameters m, w and is given by the expression:

) 2 _ .
qi%/ﬂ{ (L4 iv/ap)?[2aa00 + ao + a1] — 4y/api 20103 + a3 + 4]

2
- %((1 +i/an)? + 4an) + Kim — 2i/an + 23'"5}
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The parameters a, B are given in terms of the physical parameters by the expression:
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Value of scalar mass for which the angular Fuchsian

equation is solved in terms of Heun functions

The parameters a, B are given in terms of the physical parameters by the expression:

af =q—(z3—1) x coef .of

{ (]. + I\/OCA) [2061062 —+ a + 061] —4 OCAI'[QtXltX3 + a3+ al]

4\ﬁ
2
- m7((1 +i/ap)? 4 dap) + Kim — 2iy/@a + 2Em§}

4\/1*{ <(1_’M) +4“A)—2mg:_K/m—2 apl

+ (]. — I'\/D(A)2[2D(10(2 4+ a + 041] + I.4\/0(A(—20(2063 — a3 — 0(2)} (30)
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Closed form solution of the radial equation for a massive

charged particle in the KNdS black hole spacetime in terms
of Heun functions for specific values of the scalar mass

The massive radial Fuchsian equation:
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Closed form solution of the radial equation for a massive

charged particle in the KNdS black hole spacetime in terms
of Heun functions for specific values of the scalar mass

The massive radial Fuchsian equation:

d [/ kndR R(r) [-2 eqry? 5 o KN KN
a(A, $)+A5N B (Kf :) — 2 AKN K AR

|
o

(31)
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Closed form solution of the radial equation for a massive

charged particle in the KNdS black hole spacetime in terms
of Heun functions for specific values of the scalar mass

The massive radial Fuchsian equation:

d [ kndRY | R(r) [2 €qr\? 2 2 r kN KN| _
dr<A, $)+A5N E (Kf ) — 2AKN Kk ARV = 0] (31)

—
)
—

We write the quantity AKXV in terms of the radii of the event and Cauchy horizons
r+, r— and the cosmological horizon rX for positive cosmological constant:

MY = == )= )= ) 1) 2
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Closed form solution of the radial equation for a massive

charged particle in the KNdS black hole spacetime in terms
of Heun functions for specific values of the scalar mass

The massive radial Fuchsian equation:

d [ kndRY | R(r) [2 €qr\? 2 2 r kN KN| _
dr<A, $)+A5N E (Kf ) — 2AKN Kk ARV = 0] (31)

—
)
—

We write the quantity AKXV in terms of the radii of the event and Cauchy horizons
r+, r— and the cosmological horizon rX for positive cosmological constant:

MY = == )= )= ) 1) 2

There are five regular singularities in (31), at the points ry., r/j\t, 0o. Applying the

homographic substitution
z= (r I’“><r r:> (33)
ry —r- r—r,
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Equation (32) in terms of the new variable is written:

A Hz3z(z —1)(z — z)

Aiﬂv = 3 Wv (34)

—r )2 (re—r_
where H — %

A=) Also we have the following relations:
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Equation (32) in terms of the new variable is written:

A Hz3z(z —1)(z — z)

KN _
A= 3 (2o — 2)*

(r=rg )2 (re—r)(
z

where H := A=) Also we have the following relations:

r—Zo — Iy Z
f= —
Zoo — Z
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Equation (32) in terms of the new variable is written:

AHZ3z(z—1)(z - z)
AKN — 20 E ZJAE A 34
" 3 (zoo — 2)* ! (34)
where H := % Also we have the following relations:
r—Zo — Iy Z
=—7"", 35
r Eag (35)
oo (F— — Iy 1 1 —r 1
dz _ ze(r fQ):f 22 = T —(z0—2)> (36)
dr (r—ry) Zoo F_ — Iy Fy —ry r-—ry
-~ 2
&2z _ “2zo(r—ry) &2 _ =2 (37)
dr? (r—ry)3 (dz)2 Zo— 2
dr

The quantities z., z, are defined as follows:
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Equation (32) in terms of the new variable is written:

AHZ3z(z—1)(z - z)

AN = et e T 34
r 3 (zoo _ 2)4 ' ( )
—r )2 (re—r)(ri—r-) . .

where H := WA Also we have the following relations:
r—Zo — Iy Z
=— 35
r Eag (35)
d oo (F— — Iy 1 1 —r- 1
j:z(r 7",;):7 7(zw7z)2:¥ 7(20072)2 (36)
dr (r—ry) Zoo F_ — Iy Fy —ry r-—ry
A2z —2zo(r- —ry) % =2 (37)
drr  (r—ry)3 ' (dz)Zizw—z'
dr
The quantities z., z, are defined as follows:
— T + _
oo = A z, = zm<r/<\F r:> (38)
re—r NG
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Applying the homographic transformation (33) in the radial equation for a
massive charged particle (16) we obtain:
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Applying the homographic transformation (33) in the radial equation for a
massive charged particle (16) we obtain:

1 1 dAKNdR 1 1 1 4 dr
2 AKN Tt T + — . (39)
(g) Ar dr dr z z—1 z—2z z—2ze]) dz
dr

However the term proportional to ‘é—f, taking into account a contribution
from the second derivative, will eventually be:
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Applying the homographic transformation (33) in the radial equation for a
massive charged particle (16) we obtain:

1 1 dAKNdR 1 1 1 4 dr
2 AKN Tt T + — —. (39)
(g) Ar dr dr z z—1 z—2z z—2ze]) dz
dr

However the term proportional to ‘é—f, taking into account a contribution
from the second derivative, will eventually be:

{1+ R S }dR (40)

z z—1 z—2z z—2zv) dz
7F2//I2R .
We also have for the term W, the expansion:
dr r
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Applying the homographic transformation (33) in the radial equation for a
massive charged particle (16) we obtain:

1 1 dAKNdR 1 1 1 4 dr
2 AKN Tt T + — —. (39)
(g) Ar dr dr z z—1 z—2z z—2ze]) dz
dr

However the term proportional to ‘é—f, taking into account a contribution
from the second derivative, will eventually be:

{1+ R S }dR (40)

z z—1 z—2z z—2zv) dz

We also have for the term (dzr;éii/\/' the expansion:
dr r
—r?uR _ A B C D F

- 4= 41
A e @
dr r
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Exact solution for the massive-charged radial KGF

Fuchsian equation

where we compute the coefficients of the expansion as follows:

3u2
A= 42
2 (#2)
32 1 (ry +r-)ze — 2r_zeo — 2r_zyzeo — (ry — 3r-)22 (43)
A —rg (1= 2Zeo)(2zr — 200) 20
321 1 2
CiTu—Lrj\'fL;' 4
_ U z 1 1 [ry — r-ze0)?
Di7Tr+—r,rxfr,g(z,—l)(zw—l)' (45)
Fo 37]42 1 . 1 1 (ryzr—rzew)? (46)

ANry—rorf— r— Zeo (2 = 1)(2, — 200)?

Let us calculate the exponents of the singularity at z.. The indicial equation takes

the form:
3u?
F(r):r(r—l)—2r+T=0, (47)
and the exponents are computed to be:
3,1 1242
12 _ 241 [g_ ) 4
e =3 E V0T (48)
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Subsequently we compute the exponents for the regular singularities
z=0,z=1,z = z. Indeed the indicial equation for the z = 1 singularity takes the

form:
4 [ r) — r 2
R e e e e L

Thus the roots are calculated to be:
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Subsequently we compute the exponents for the regular singularities
z=0,z=1,z = z. Indeed the indicial equation for the z = 1 singularity takes the

form:
a* [EK(r:) — eqr.]?
Firy=rr=1)4r+— = =0  (49)
02 (e — 1y )2 — 12— )2
Thus the roots are calculated to be:
) =
12 _ 1a EK(rs) —eqry
o = p=+—— (50)
z=1 an (ry —r)(r— —ro)(ry — ry)
Likewise we compute the exponents of the other two singularities:
) =
12 _ ia EK(r-) —eqr-
2=y =4 , 5la
=0 =M an (r— =) (re —r-)(ry —r) (512)
2 =Kt +
ia EK(ry)—eqr
12, =y s BKR)eon] (510)
an (ry —ry)(re =) (r- —ry)
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Exact solution for the massive-charged radial KGF

Fuchsian equation

Subsequently we compute the exponents for the regular singularities
z=0,z=1,z = z. Indeed the indicial equation for the z = 1 singularity takes the
form:
4 = 2
a EK(ry) — egr.
F(ry=r(r=1)+r+— L2(+) +q2+} 5
@ (e = ry )2 (ry = )2 (re — 1)

=0 (49)

Thus the roots are calculated to be:

> -
12 _ 1a EK(rs) —eqry

2 == 50
T T T T i () (i — 1) 50

Likewise we compute the exponents of the other two singularities:

) =
12 _ ia EK(r-) —eqr-

o =p1=Et— , 51
T T ) (e - ) ) 1)
2 == iﬁ [EK(r{) —eqry] (51b)
- an (ry =) (e =) (=)

Thus we see that in general the massive radial Fuchsian KGF equation for a
charged particle in the curved spacetime of a cosmological rotating charged black
hole possess five singularities including the infinity.
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Choosing a value of the scalar mass in terms of A as y = \/gA the exponents of
the z,, singularity become b 2# = 2,1. Thus applying the F-homotopic

3
transformation of the dependent variable R

R(z) = 2 (z ~ 1)/2(z — 2)"(z — 2) =R(2)| (52)

we eliminate the z., singularity and reduce one of the exponents of the three finite
singularities z = 0, 1, z, to zero. Consequently for this value for the scalar mass the
radial part of the KGF Fuchsian equation in the curved spacetime of the KNdS
black hole becomes a Heun differential equation:
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Choosing a value of the scalar mass in terms of A as y = \/%A the exponents of
the z,, singularity become b 2’42 20 = = 2,1. Thus applying the F-homotopic
3

transformation of the dependent variable R

R(z) = 2 (z ~ 1)/2(z — 2)"(z — 2) =R(2)| (52)

we eliminate the z., singularity and reduce one of the exponents of the three finite
singularities z = 0, 1, z, to zero. Consequently for this value for the scalar mass the
radial part of the KGF Fuchsian equation in the curved spacetime of the KNdS
black hole becomes a Heun differential equation:

i2+ 2u1+1 2y2+1+2;43+1 d
dz2 z z—1 z—2z | dz

xfz—q St
+m}ﬁ’(2) =0. (53)
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Choosing a value of the scalar mass in terms of A as y = \/%A the exponents of
the z,, singularity become b 2’42 20 = = 2,1. Thus applying the F-homotopic
3

transformation of the dependent variable R

R(z) = 2 (z ~ 1)/2(z — 2)"(z — 2) =R(2)| (52)

we eliminate the z., singularity and reduce one of the exponents of the three finite
singularities z = 0, 1, z, to zero. Consequently for this value for the scalar mass the
radial part of the KGF Fuchsian equation in the curved spacetime of the KNdS
black hole becomes a Heun differential equation:

i2+ 2u1+1 2y2+1+2;43+1 d
dz2 z z—1 z—2z | dz

xfz—q St
+m}ﬁ’(2) =0. (53)

The F— homotopic transformation (52) factors out the z, singularity because it
eliminates both terms o ﬁ and respectively. Indeed the last term
vanishes:

Z—2Z
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Choosing a value of the scalar mass in terms of A as y = \/%/\ the exponents of
the z,, singularity become b 2’42 20 = = 2,1. Thus applying the F-homotopic
3

transformation of the dependent variable R

R(z) = 2 (z ~ 1)/2(z — 2)"(z — 2) =R(2)| (52)

we eliminate the z., singularity and reduce one of the exponents of the three finite
singularities z = 0, 1, z, to zero. Consequently for this value for the scalar mass the
radial part of the KGF Fuchsian equation in the curved spacetime of the KNdS
black hole becomes a Heun differential equation:

i2+ 2u; +1 2]/12+1+2}43+1 i
dz2 z z—1 z—z | dz

xpz—q S
+m}R(Z) =0. (53)

The F— homotopic transformation (52) factors out the z, singularity because it
eliminates both terms o ﬁ and respectively. Indeed the last term
vanishes:

Z—2Z

1 1 1 1 B
Z—Zo \Zoo 1—20 zZ— Zo Z— Zoo
Lo (e —r)(ry +ri +r+ry)

Tz -z (ry —r=)(ry —ry) =0 (54)
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Choosing a value of the scalar mass in terms of A as y = \/%/\ the exponents of
the z,, singularity become b 2’42 20 = = 2,1. Thus applying the F-homotopic
3

transformation of the dependent variable R

R(z) = 2 (z ~ 1)/2(z — 2)"(z — 2) =R(2)| (52)

we eliminate the z., singularity and reduce one of the exponents of the three finite
singularities z = 0, 1, z, to zero. Consequently for this value for the scalar mass the
radial part of the KGF Fuchsian equation in the curved spacetime of the KNdS
black hole becomes a Heun differential equation:

i2+ 2u; +1 2]/12+1+2}43+1 i
dz2 z z—1 z—z | dz

xpz—q S
+m}R(Z) =0. (53)

The F— homotopic transformation (52) factors out the z, singularity because it
eliminates both terms o ﬁ and respectively. Indeed the last term
vanishes:

Z—2Z

1 1 1 1 B
Z—Zo \Zoo 1—20 zZ— Zo Z— Zoo
Lo (e —r)(ry +ri +r+ry)

Tz -z (ry —r=)(ry —ry) =0 (54)

due to Vieta's relations, i.e. ry + rX +r-+ry=0.
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For the value: yu = / % both radial and angular Fuchsian dif.equations

are solved in closed analytic form in terms of general Heun functions.
Thus both radial R(z) and angular parts 5(z) are expressed locally in
terms of Heun functions: Hl(a;, q;; &;, Bi,vi,0i;z), i=R,S.
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The four roots r,, rX, r_, ry of the quartic polynomial AKN

analytic form, in terms of the elliptic functions @, p':

can be given in closed
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The four roots r,, rX, r_, ry of the quartic polynomial Aﬁw can be given in closed
analytic form, in terms of the elliptic functions @, p':

R et -
B ey R 9
v*%iJE iifiiziiiz;iig’, &)

The point x; is defined by the equation:
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The four roots r,, rX, r_, ry of the quartic polynomial Aﬁw can be given in closed
analytic form, in terms of the elliptic functions @, p':

R
polelnn v .
SR
-

The point xq is defined by the equation:
~6p() = > + 2 (59)
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The four roots r,, rX, r_, ry of the quartic polynomial Aﬁw can be given in closed
analytic form, in terms of the elliptic functions @, p':

R
polelnn v .
SR
-

The point xq is defined by the equation:
~6p() = > + 2 (59)

while w, w’ denote the half-periods of the WeierstraB elliptic function p. The
equations:
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The four roots r,, rX, r_, ry of the quartic polynomial Aﬁw can be given in closed
analytic form, in terms of the elliptic functions @, p':

e e )
B ey R 9
e &)
0= %% (58)

The point x; is defined by the equation:

3
—6p(x1) = _X+32' (59)

while w, w’ denote the half-periods of the WeierstraB elliptic function p. The
equations:

3
—3p%(x1) + &2 = —K(az +é%), (60)

>lo

49 () =
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The four roots r,, rX, r_, ry of the quartic polynomial Aﬁw can be given in closed
analytic form, in terms of the elliptic functions @, p':

X1/2+w)7g{) (Xl)

1/'(—
a= , 55
2 p(—x1/24 w) — p(x1) (5%)
lp'(=xa/2+w+w') —p'(a)
B=3 N ' (56)
2 p(—x1/2+w+w') — p(x1)
1p'(=x/2+w') — ¢'(x1)
== s 57
T a2+ W) — p(x) 7)
1p'(=x/2) — p'(x1)
b= —F"F———. 58
2 o(a/2) ~ pla) %)
The point x; is defined by the equation:
~60(x)) =~ + (59)
pla) = -1+
while w, w’ denote the half-periods of the WeierstraB elliptic function p. The
equations:
6 3
40 (x1) = N —3p%(x1) + g = —K(a2 + €?), (60)

determine the WeierstraB invariants (g2, g3) with the result:

71 .
82 = D

3,

A

3LV e (3,09
( At > A6(a +e%) Ate e (62)
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False singular points and exact solution of the angular KGF

equation
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False singular points and exact solution of the angular KGF

equation

@ There are also special values of the scalar field mass for which the
fourth singularity z, can be of special character namely that of a
false singularity.
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False singular points and exact solution of the angular KGF

equation

@ There are also special values of the scalar field mass for which the

fourth singularity ze, can be of special character namely that of a
false singularity.

@ In this case too, the angular Fuchsian equation can in principle be
solved exactly in terms of Heun functions.
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False singular points and exact solution of the angular KGF

equation

@ There are also special values of the scalar field mass for which the
fourth singularity ze, can be of special character namely that of a
false singularity.

@ In this case too, the angular Fuchsian equation can in principle be
solved exactly in terms of Heun functions.

@ There is a deep connection between a Fuchsian equation with false
singular points and finite-gap elliptic Schrodinger equation. It is
worth exploring further generalisations of this connection from closed
form solutions of massive KGF equation in curved BH backgrounds
with false singular point(s).
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False singular points and exact solution of the angular KGF

equation

@ There are also special values of the scalar field mass for which the
fourth singularity ze, can be of special character namely that of a
false singularity.

@ In this case too, the angular Fuchsian equation can in principle be
solved exactly in terms of Heun functions.

@ There is a deep connection between a Fuchsian equation with false
singular points and finite-gap elliptic Schrodinger equation. It is
worth exploring further generalisations of this connection from closed
form solutions of massive KGF equation in curved BH backgrounds
with false singular point(s).

@ We proceed to introduce the concept of false or apparent singularity.
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The concept of false singularity

An arbitrary Fuchsian equation of second order can be written in the form:

G. V. Kraniotis (UOI) The Klein-Gordon-Fock equation in the curver 24 May 2016, Planck 2016 23 /37



The concept of false singularity

An arbitrary Fuchsian equation of second order can be written in the form:

d?y dy

where f(z) and g(z) are known rational functions.
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The concept of false singularity

An arbitrary Fuchsian equation of second order can be written in the form:

d?y dy

where f(z) and g(z) are known rational functions. We assume that (63)
has regular singular points (i.e. the poles of the coefficients f and g)
aj, i =1,...,v, and that a local expansion at each singular point yields a
pair of exponents {«;, B;} that characterise the local behaviour there.

Definition

We call a singular point a; false if both exponents «; and f3; are
non-negative integers and there are no logarithmic terms in the local
expansion near the singular point.
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The concept of false singularity

An arbitrary Fuchsian equation of second order can be written in the form:

d?y dy

where f(z) and g(z) are known rational functions. We assume that (63)
has regular singular points (i.e. the poles of the coefficients f and g)
aj, i =1,...,v, and that a local expansion at each singular point yields a
pair of exponents {«;, B;} that characterise the local behaviour there.

Definition

We call a singular point a; false if both exponents «; and f3; are
non-negative integers and there are no logarithmic terms in the local
expansion near the singular point.

We discuss briefly these restrictions on the coefficients of eqn.(63) so that
the singular point a; is false.

G. V. Kraniotis (UOI) The Klein-Gordon-Fock equation in the curve 24 May 2016, Planck 2016 23 /37



The concept of false singularity

Considering the simplest false point with the exponents equal to 0 and 2,
then, from the general theory of Fuchsian equations, the exponents follow
from a characteristic equation, and local to a;:
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The concept of false singularity

Considering the simplest false point with the exponents equal to 0 and 2,

then, from the general theory of Fuchsian equations, the exponents follow
from a characteristic equation, and local to a;:

1 -1

f(2) = ———+h+0(z—2) gz) =2

zZ — aj zZ — aj

for some constants fy, g_1, gg. The solution corresponding to the exponent

zero can be written in the form:

+ 80+ O(z — aj), (64)
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The concept of false singularity

Considering the simplest false point with the exponents equal to 0 and 2,
then, from the general theory of Fuchsian equations, the exponents follow
from a characteristic equation, and local to a;:

1 g-1
f = fe O(z — aj), =
()= ;25 T hH0l—2). s()= 2L
for some constants fy, g_1, gg. The solution corresponding to the exponent

zero can be written in the form:

+ 80+ O(z — aj), (64)

Y(z)= Z cm(z—a)"=c+alz—a)+o(z— aj)2 +0((z— aj)3),
m=0
(65)
for some constants ¢y, c1, . Substituting (65) into (63) we obtain
recursive equations for the coefficients at different orders of (z — a;) which
yields the following condition that guarantees the absence of logarithmic
terms local to a;:
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The concept of false singularity

Considering the simplest false point with the exponents equal to 0 and 2,
then, from the general theory of Fuchsian equations, the exponents follow

from a characteristic equation, and local to a;:
1 _
fz) = +ho+0(z - ), g(z) = 2

z—aj z—aj

+ 80+ O(z — aj), (64)

for some constants fy, g_1, gg. The solution corresponding to the exponent

zero can be written in the form:
o0

Y(z)= Z cm(z—a)"=c+alz—a)+o(z— aj)2 +0((z— aj)3),
m=0
(65)
for some constants ¢y, c1, . Substituting (65) into (63) we obtain
recursive equations for the coefficients at different orders of (z — a;) which
yields the following condition that guarantees the absence of logarithmic
terms local to a;:

g-1fo — g+ (g-1)> = 0. (66)
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Conditions on the coefficients of the massive Fuchsian

angular KGF equation such that the fifth singular point is
a false singular point

Equation (22) with the aid of (24) becomes:

dz2 z z—1 z—z3 z—2zy]|dz

m>1 m? 1 Haw  myan\? 1 2%y
————— + - + +
422 4 (z—1)2 2./&p 2 (z—23)2  ap(z—2z0)?
1 {m2(1+2i\/¢x,\+30¢/\) N 2mEE N a?u? N Kim ]
z 2(—i+\/ap)? (I4+iyan)?  (—i+an)?  (1+iyapn)?
1 [—m2(1—2i1frx,\+3v¢/\) _—omgE AR Kim ]
P N TCRAY 7y (ST N N (ESY oy N NV

1 [78im2a¢,\\/oc,\ N 8im\/aAC N 4ia’y? N 4, /aAK,,,,]
=2

zZ— 3 = ,/BLAEZ 52

L -4y }5(2) —o, (67)

Z— Zeo JUAE

We have five singular points. The exponentials at the singular point z, are obtained
by solving the indicial equation:

F(r)=r(r=1)4+por+go=0 (68)
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where pg = lim, ., (z — ze) =2 = —2 and

Z—Zso
2,2
3+4/9-42E
qo = lim,—,. (2 — 20)?Q(2) = ai%\ﬁ. Thus we obtain rio(y) = —5—".
Now choosing l
5 82‘1/12
Z - YN ' (69)

and performing the homotopy transformation for the dependent variable
S(z) =2"(z—1)"(z — z3)(z — 200)™S5(2) (70)

now with ay = % one transforms (67) into an equation with the same
singularities however the exponents of the singular point z., will be now {O, 2},
i.e. non-negative integers. Thus, for this choice of scalar mass we can arrange
matters so that the singularity z, becomes false. However in order for this to
be true, also the condition (66), that guarantees the absence of logarithmic
terms needs to be satisfied. The terms appearing in (66) are calculated to be:
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Conditions on the coefficients of the massive Fuchsian

angular KGF equation such that the fifth singular point is
a false singular point

For the choice of scalar mass ;1 = /-5 A the coefficients in (66) are:

—i\/u
g1=—2", (71)
2 1 2« 1 2« 1
fy = 1+ + 2+ + 3+ ’ (72)
Zoo -1 o — Z3
B { (1+2/w/zxA +3zxA) n 2miE n —20 0 Kim ] i
B 2(—i+ y/ap)? (1+ivap)?  (1+iy/ap)? (1+WXA)2

1 N _ 2m<;‘._. + 2061\ _ K/m 1
2 l—i\/D(A)2 (1—/}/061\)2 (l—l'\/DCA)2 (l—l'\/DéA)z Zoo — 1
/m tXA\/OCA 8im,/zxAC 81'\/DCA 4i./0(AK/m 1
= T m T o= (73)

Zoo — 23
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

ey (v 6 —1N\dY  (@fl-q)Y) _
d@”(ﬂ@—l%—a) ZtC-ng-a " (74)

the point { = a is the false singularity.

G. V. Kraniotis (UOI) The Klein-Gordon-Fock equation in the curve 24 May 2016, Planck 2016



Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

d2Y+('y+ ) N —1>dY+ (0B —q)Y)

T VAL Tl ey [ T (T (s Bl (74)

the point { = a is the false singularity. The exponents at this point are equal to 0
and 2 and thus ¢ = —1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that 6 =2 — ¢ +  + «.
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

d2Y+('y+ ) N —1>dY+ (0B —q)Y)

T VAL Tl ey [ T (T (s Bl (74)

the point { = a is the false singularity. The exponents at this point are equal to 0
and 2 and thus ¢ = —1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that 6 =2 — ¢ +  + «.
Using isomonodromy mappings Shanin and Craster (2002) have shown that the
exact solution of (74) is given by hypergeometric functions of GauB:
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

d2Y+('y+ ) N —1>dY+ (0B —q)Y) _o, (74)

a2z "\¢ -1 (-a)df " IC-1(E-a)

the point { = a is the false singularity. The exponents at this point are equal to 0
and 2 and thus ¢ = —1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that 6 =2 — ¢ +  + «.
Using isomonodromy mappings Shanin and Craster (2002) have shown that the
exact solution of (74) is given by hypergeometric functions of GauB:

Y@ =(0-a)(y-DF(@pr-10)+(q- a(l+a+ﬁ+aﬁ—7))F(mﬁ&%)C)
75
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

d2Y+('y+ ) N —1>dY+ (0B —q)Y) _o, (74)

a2z "\¢ -1 (-a)df " IC-1(E-a)

the point { = a is the false singularity. The exponents at this point are equal to 0
and 2 and thus ¢ = —1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that 6 =2 — ¢ +  + «.
Using isomonodromy mappings Shanin and Craster (2002) have shown that the
exact solution of (74) is given by hypergeometric functions of GauB:

Y@ =QQ-a)(ry-DF(apr=10+(g-all+a+p+ap—7))F(x,p770)

(75)
We have verified this analytically using properties and recurrence relations of Gaul3
hypergeometric function-Kraniotis 2016.
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Exact solution of Heun's differential equation with a false

singular point

Consider the Fuchsian Heun equation with a false singular point:

d2Y+('y+ ) N —1>dY+ (0B —q)Y) _o, (74)

a2z "\¢ -1 (-a)df " IC-1(E-a)

the point { = a is the false singularity. The exponents at this point are equal to 0
and 2 and thus ¢ = —1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that 6 =2 — ¢ +  + «.
Using isomonodromy mappings Shanin and Craster (2002) have shown that the
exact solution of (74) is given by hypergeometric functions of GauB:

Y@ =QQ-a)(ry-DF(apr=10+(g-all+a+p+ap—7))F(x,p770)
(75)

We have verified this analytically using properties and recurrence relations of Gaul3

hypergeometric function-Kraniotis 2016. This leads us to the conjecture:
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We expect that in the case of Fuchsian equation with 5 singularities as it
is the case for the radial and angular differential equations for a massive
charged scalar particle in the KNdS black hole spacetime for most of the
parameter space, that if one of the singularities is false, the solution will be
expressed in terms of Heun functions.
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

Assuming A = 0, the radial equation for a massive neutral particle (g = 0) is:

d drR w? > 5 ) 212 2e2awm
P {x(x+2d)a} + 7M2X(X—0—2d){M [(x+d+1)*—(d*—1)] — e’} +7M2X(X+2d)
_dawm(x+d+1) m?a®

— 1M (x+d +1)% + — (w?a® + Kim) |R =0, (76)

x(x +2d) M2x(x + 2d)

where we introduced a new independent variable:
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

Assuming A = 0, the radial equation for a massive neutral particle (g = 0) is:

d drR w? > 5 ) 212 2e2awm
P {x(x+2d)a} + 7M2X(X—0—2d){M [(x+d+1)*—(d*—1)] — e’} +7M2X(X+2d)
_dawm(x+d+1) m?a®

— 22 2, ma 5, _
x(x + 2d) WM (x+d+1) +M2x(x+2d) (w*a® + Kim) |[R =0, (76)

where we introduced a new independent variable:
Mx=r—ry, ro =M=+ Md, (77)

Using the change of variables:
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

Assuming A = 0, the radial equation for a massive neutral particle (g = 0) is:

d drR w? > 5 ) 212 2e2awm
P {x(x+2d)dx} + 7M2X(X—0—2d){M [(x+d+1)*—(d*—1)] — e’} +7M2X(X+2d)
_dawm(x+d+1) m?a®

202 2 (252 _
(1 2d) WM (x+d+1)"+ (w*a” + Kim) | R =0, (76)

M2x(x + 2d)
where we introduced a new independent variable:
Mx=r—ry, ro =M=+ Md, (77)

Using the change of variables:

R(X) _ eQidl\/l m?—;ﬂzziﬁ\MA—M?(z_ l)iﬁ\MC—M? Y(Z)Zl/2(z o 1)1/2(X(X+2d))71/2,

(78)
yields the confluent Heun equation:
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

Assuming A = 0, the radial equation for a massive neutral particle (g = 0) is:

d drR w? > 5 ) 212 2e2awm
P {x(x+2d)dx} + 7M2X(X—0—2d){M [(x+d+1)*—(d*—1)] — e’} +7M2X(X+2d)
_dawm(x+d+1) m?a®

202 2 (252 _
(1 2d) WM (x+d+1)"+ (w*a” + Kim) | R =0, (76)

M2x(x + 2d)
where we introduced a new independent variable:
Mx=r—ry, ro =M=+ Md, (77)

Using the change of variables:

R(X) _ eQidl\/l m?—;ﬂzziﬁ\MA—M?(z_ l)iﬁ\MC—M? Y(Z)Zl/2(z o 1)1/2(X(X+2d))71/2,

(78)
yields the confluent Heun equation:

Y (z) + <a + g + L) Y'(2) +

Y(z) =0 (79)

z—1

(recall (21))
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

where the coefficients are calculated to be:

A d?M? + (am + (—2(1 4 d)M? + €?)w)?

4d? (80)

B= #(73%2 + d?M? (=1 = 2K — 2(1 + d)>M?p?) + 2am(2M? — e?)w
— (28%d*M? — 4(1+ d)?(=1 + 2d)M* + 4(—1+ d*) M?e® + e*)w?) (81)
c- d*M? + (am+ (2(—1 4 d)M? + €*)w)? (82)

4d?
D= %(dZMZ(l + 2Kim 4+ 2(—1 + d)2M?u?) + 2am(—2M? + e*)w

+(4(=1+ d)2 (14 2d)M* + 4(—1 + d?)M2e? + e*)w? + a®(m? + 2d*M2w?))
(83)

also we made use of a change in the independent variable:
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

where the coefficients are calculated to be:

A d?M? + (am + (—2(1 4 d)M? + €?)w)?

4d? (80)
B= %(73%2 + d?M?(—1 = 2Kj, — 2(1 + d)2M?p?) + 2am(2M? — e*)w
— (28%d*M? — 4(1+ d)?(=1 + 2d)M* + 4(—1+ d*) M?e® + e*)w?) (81)
d?M? + (am + (2(—1+ d)M? + €?)w)?
c_ (om + @1+ M+ o) (@)

1
D= m(dZM?(l + 2Kim 4+ 2(—1 + d)2M?u?) + 2am(—2M? + e*)w
+(4(=1+ d)2 (14 2d)M* + 4(—1 + d?)M2e? + e*)w? + a®(m? + 2d*M2w?))

(83)
also we made use of a change in the independent variable:
X
=——, 84
2= (84)

An exact solution of the radial KGF eqn in the KN spacetime is:

R(Z) — M £2idM wzfuzzz%iy"w\MAsz(z _ 1)%1%\/4C7M2 Hc(

<R «,w,7,0,0,2).

(85)
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

The parameters of the confluent Heun function Hc(x, w, 7, 6,0, z) are computed
to be:

_ 2 22 — A M2 5= i — 2
@ =4idM\Jw? — 2, = 1% pVAA- M2, = 1% 15/aC — M2,
—2dB 1\ 1 4idM\/w? — 2 —
”‘( M2 _§)+§+ 2 ( “ M> ( 2M
—2d 4idM\/w2—;4
— 2 2 — — 2 — _ 2
w =7 (B+ D)+ 4idM,/w? — 2 + 5 [M\/4A M +M\/4c M]

We became interested in obtaining expansions of the form:

m) (1+

4 Vac— ),
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

The parameters of the confluent Heun function Hc(x, w, 7, 6,0, z) are computed
to be:

_ 2 22 — A M2 5= i — 2
@ =4idM\Jw? — 2, = 1% pVAA- M2, = 1% 15/aC — M2,
—2dB 1\ 1 4idM\/w? — 2 —
”‘( M2 _§)+§+ 2 ( “ M> ( 2M
—2d 4idM\/w2—;4
— 2 2 — — 2 — _ 2
w =7 (B+ D)+ 4idM,/w? — 2 + 5 [M\/4A M +M\/4c M]

We became interested in obtaining expansions of the form:

Y =Y a,Yu Yy = Flay, vy 502) (86)
7

m) (1+

4 Vac— ),
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

The parameters of the confluent Heun function Hc(x, w, 7, 6,0, z) are computed
to be:

— A 2 _ 12 — L — 2 — L — 2
o« = 4idM\/w ue, 'yfliM\/4A M2 =1+ \/4C M2,
— i 2 _ 4,2 .
o= (,%B—%) +%+4’d'\”7 V;"”( \/4A M2> ( 2M\/4A M?> (1+ﬁ\/4C— M2>,

—2d 4idM\/w2—]4 i i
— 2 — 2 2 2
w = (B+D)+4/dM w + 3 [M\/4A M +M\/4C M]

A
We became interested in obtaining expansions of the form:

Y =Y a,Yu Yy = Flay, vy 502) (86)
7

where F(a,7y,z) := Y7, E’:yi’]'vi‘! denotes the Kummer confluent hypergeometric
function.
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

The parameters of the confluent Heun function Hc(x, w, 7, 6,0, z) are computed
to be:

— A 2 _ 12 — L — 2 — L — 2
o« = 4idM\/w ue, 'yfliM\/4A M2 =1+ \/4C M2,
— i 2 _ 4,2 .
o= (,%B—%) +%+4’d'\”7 V;"”( \/4A M2> ( 2M\/4A M?> (1+ﬁ\/4C— M2>,

—2d 4idM\/w2—]4 i i
— 2 — 2 2 2
w = (B+D)+4/dM w + 3 [M\/4A M +M\/4C M]

A
We became interested in obtaining expansions of the form:

Y =Y a,Yu Yy = Flay, vy 502) (86)
7

where F(a,7y,z) =Y ;o 2ot W'Z denotes the Kummer confluent hypergeometric
function. In particular the senes in terms of F(ag + p, Yo, S0Zz) is right hand
terminated if w

5:7NorE:7N (87)
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Exact solution of the radial equation for a massive neutral

scalar particle in the Kerr-Newman spacetime

The parameters of the confluent Heun function Hc(x, w, 7, 6,0, z) are computed
to be:

— A 2 _ 12 — L — 2 — L — 2
o« = 4idM\/w ue, 'yfliM\/4A M2 =1+ \/4C M2,
— i 2 _ 4,2 .
o= (,%B—%) +%+4’d'\”7 V;"”( \/4A M2> ( 2M\/4A M?> (1+ﬁ\/4C— M2>,

—2d 4idM\/w2—]4 i i
— 2 — 2 2 2
w = (B+D)+4/dM w + 3 [M\/4A M +M\/4C M]

A
We became interested in obtaining expansions of the form:

Y =Y a,Yu Yy = Flay, vy 502) (86)
7

where F(a,7y,z) =Y ;o 2ot W'Z denotes the Kummer confluent hypergeometric

function. In particular the senes in terms of F(ag + p, Yo, S0Zz) is right hand
terminated if w
5:7NorE:7N (87)

Also if ag = 7y the series is right hand terminated if

Yo+ (—%) =N (88)
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Exact solution of the radial equation for a massive charged

scalar particle in the Kerr-Newman spacetime

Following similar steps as in the previous pages the exact solution of the radial
part of the KGF differential equation for a massive charged particle in the KN
black hole spacetime will involve the confluent Heun function:

He(a,w', 7y, 8,0, 2)

= i 2 _ 52 L M2 L 1 _ Z,E 4 4 1 zidB’

_Heunc(mdM,/w y,iM\/4A M,:&:M\/4C M2, — 15 (B + D). 5+ =z
(89)

where
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Exact solution of the radial equation for a massive charged

scalar particle in the Kerr-Newman spacetime

Following similar steps as in the previous pages the exact solution of the radial
part of the KGF differential equation for a massive charged particle in the KN
black hole spacetime will involve the confluent Heun function:

He(a,w', 7y, 8,0, 2)

. . .
= HeunC (4idM,/w2 2, iﬁ\/4A’ v iﬁ\/w M2, ——(B’ +D), 1 2d8 z)

™
(89)
where
o = 4idM\/w? — p2, (90)
L L / 2
¥ liM 4AT — M2, (91)
§=1+— \/40 M2, (92)
_ —2dB 1\ 1 4idM\/w? =2 i —
017( e 7§)+E+f(l+ﬂ\/4A —M)
%(1+LM\/4A’—M2) <1+ﬁ\/4cu/\42> (93)
,o=2d S, M\ —y2 [ s
W= (B +D') + 4idM/w? — " M\/4Au/w +M\/4Cu
(94)

the variable z is given in (84) and in (89) we wrote the exact solution also in
terms of the confluent Heun function: HeunC(a, 8,7, 4,7, z), defined in Maple.
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A=A 1 (=P M?(1 + d)? + 4eM3qw(1 + d)? — 23gMw(d + 1))

B'=B- 4i (2aemMq + €M?¢*(1 — d?) 4+ 2d*M*1? (1 + d)? + 4eM3qw(d® + 2d* — 1) + 2’ gMw)

c'= 4d 5 (2aegmM(d — 1) — 2q°M?(1 — d)? + 4eqM3w(d — 1) + 2e*qgMw(d — 1))

D'=D- 423( 2aeqgmM — €2 M?(1 — d?) — 2d°M*p?(d — 1)? + deqwM3(1 — 2d* + d%)
—2e3gMw)

Constraining the parameters of the theory so that the solution when expanded in terms of the
confluent Kummer hypergeometric functions is right hand terminated we derive the
conditions:
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A = @M (1 + d)? + 4eM3quw(1 + d)? — 2e3qMw(d + 1))

T 4d? (
B'=B- 4i (2aemMq + €M?¢*(1 — d?) 4+ 2d*M*1? (1 + d)? + 4eM3qw(d® + 2d* — 1) + 2’ gMw)
c'= 4d 5 (2aegmM(d — 1) — 2q°M?(1 — d)? + 4eqM3w(d — 1) + 2e*qgMw(d — 1))
D'=D- 423( 2aeqgmM — €2 M?(1 — d?) — 2d°M*p?(d — 1)? + deqwM3(1 — 2d* + d%)
—2e3gMw)

Constraining the parameters of the theory so that the solution when expanded in terms of the
confluent Kummer hypergeometric functions is right hand terminated we derive the
conditions:

§=1+— \/4C’ M2 = —N or (95)

W 2B 4 D) 4 4idM T — i 4 EEM e [L,\'A\/4A'—M2+L,\'A\/4C'— ] "
o 4idM/a? — 12 B
(96)
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Also if g = ' the series is right hand terminated if:
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A possible application: gravitational radiation from an

axion cloud around a KNdS black hole

@ Now that we have entered a very exciting era for general relativity
from the detection of gravitational radiation (GW) from the binary
black hole merger GW150914, a natural question arises:
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black hole merger G\W150914, a natural question arises:

@ Is it possible of detecting signals from string theory through GW
detectors?

@ Due to their high dimensionality, the compactification process of the
extra dimensions of string theory results in extra degrees of freedom
usually associated with the shape and size of the extra dimensions
called the moduli.
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A possible application: gravitational radiation from an

axion cloud around a KNdS black hole

@ Now that we have entered a very exciting era for general relativity
from the detection of gravitational radiation (GW) from the binary
black hole merger G\W150914, a natural question arises:

@ Is it possible of detecting signals from string theory through GW
detectors?

@ Due to their high dimensionality, the compactification process of the
extra dimensions of string theory results in extra degrees of freedom
usually associated with the shape and size of the extra dimensions
called the moduli.

@ One of the moduli is the QCD axion. There are also other scalar

moduli, the so called string axions with ultralight masses: e.g. from
1071%V — 10733¢eV, and further below.
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Superradiance-constraining the mass of ultralight axionic

degrees of freedom

° An axion field of mass my = 1071%V has a Compton wavelength
mTc = 12417m which corresponds to the size of a black hole with a mass
mpp ~ 10M;, Wh|Ie for an axion mass ma = 10~1%eV its length is comparable

to the Iength Mgt of the galactic centre supermassive black hole
Mgp = 4.04 x 106/\/1 ) SgrA*.
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Superradiance-constraining the mass of ultralight axionic

degrees of freedom

o An axion field of mass my = 107%V has a Compton wavelength
miAc = 12417m which corresponds to the size of a black hole with a mass
mgp ~ 10M while for an axion mass ms = 107'%V its length is comparable
to the length ﬂc/’# of the galactic centre supermassive black hole
Mgiy = 4.04 x 10° M., SgrA*.

@ A superradiant instability effectively takes place if the Compton wavelength of
the axion mass y has the order of the gravitational radius of a black hole.
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Superradiance-constraining the mass of ultralight axionic

degrees of freedom

o An axion field of mass my = 107%V has a Compton wavelength
h

e = 12417m which corresponds to the size of a black hole with a mass
mgp ~ 10M while for an axion mass ms = 107'%V its length is comparable
to the length ﬂc/’# of the galactic centre supermassive black hole

MBH =4.04 x 106,\/]@; SgrA*

o A superradiant instability effectively takes place if the Compton wavelength of
the axion mass y has the order of the gravitational radius of a black hole.

@ The superradiant instability (SI) has been investigated by theoretical
motivations (e.g. Brito et al 2015-LNP 906)-the axiverse scenario (Arvanitaki
et al 2010, Yoshino & Kodama 2014) has provoked renewed interest in the
topic because it suggests that the SI may happen in the Universe and signals
from an axion field may be observed by gravitational wave detectors.
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o An axion field of mass my = 107%V has a Compton wavelength
h

e = 12417m which corresponds to the size of a black hole with a mass
mgp ~ 10M while for an axion mass ms = 107'%V its length is comparable
to the length ﬂc/’# of the galactic centre supermassive black hole
MBH =4.04 x 106,\/]@; SgrA*

o A superradiant instability effectively takes place if the Compton wavelength of
the axion mass y has the order of the gravitational radius of a black hole.

@ The superradiant instability (SI) has been investigated by theoretical
motivations (e.g. Brito et al 2015-LNP 906)-the axiverse scenario (Arvanitaki
et al 2010, Yoshino & Kodama 2014) has provoked renewed interest in the
topic because it suggests that the S| may happen in the Universe and signals
from an axion field may be observed by gravitational wave detectors.

@ Thus an interesting application of our exact analytic solutions of the KGF
equation in the curved spacetime of a KNdS black hole will be the
investigation of superradiant instabilities in such gravitational backgrounds
that can be used to constrain the mass of ultralight axionic degrees of freedon
and perhaps vindicating such a scenario- especially when combined with
precision measurements of the relativistic effects for the galactic centre SgrA*
black hole which will determine its fundamental parameters M, a, e, A.
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Conclusions

@ Exact analytic solutions for the massive KFG equation for a charged particle in
the curved spacetime of a KNdS black hole were derived.
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@ For the value: u = % both radial and angular Fuchsian dif.equations are
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Conclusions

@ Exact analytic solutions for the massive KFG equation for a charged particle in
the curved spacetime of a KNdS black hole were derived.

@ We first derived the radial and angular Fuchsian differential equations that
result by separating variables in the general relativistic massive KGF equation
in the KN-(a)dS black hole spacetime.

@ The resulting Fuchsian differential eqns. contain more than 4 regular
singularities-thus they suggest a generalisation of Heun functions.

@ For the value: u = % both radial and angular Fuchsian dif.equations are
solved in closed analytic form in terms of general Heun functions.

@ For other values of y for the bosonic field one of the singularities become a
false singularity provided the conditions (71) — (73) for a false (0, 2)
singularity we derived, are satisfied-e.g. for y = \/%7 this is the case for the
angular Fuchsian eqn.
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@ Exact analytic solutions for the massive KFG equation for a charged particle in
the curved spacetime of a KNdS black hole were derived.

@ We first derived the radial and angular Fuchsian differential equations that
result by separating variables in the general relativistic massive KGF equation
in the KN-(a)dS black hole spacetime.

@ The resulting Fuchsian differential eqns. contain more than 4 regular
singularities-thus they suggest a generalisation of Heun functions.

@ For the value: u = % both radial and angular Fuchsian dif.equations are
solved in closed analytic form in terms of general Heun functions.

o For other values of y for the bosonic field one of the singularities become a
false singularity provided the conditions (71) — (73) for a false (0, 2)

singularity we derived, are satisfied-e.g. for y = w/%A this is the case for the
angular Fuchsian eqn.

@ The closed form analytic solutions for the radial and angular equations for a
massive charged scalar particle in the KN spacetime are expressed in terms of
confluent Heun functions. The latter, under certain conditions on the
parameters they reduce to a sum-with finite number of terms-of confluent
Kummer hypergeometric functions.
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