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1. LIGO Gravitational Wave Constraints
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Non-Commutative Spacetime

Gravitational Waveform Calculation



LIGO Gravitational Wave
Constraints



GW150914

The LIGO detectors observed a binary black hole merger, with masses of

39+6
−4M� and 32+4

−5M�. Observed frequencies ranging from 35 to 250 Hz

and speeds of up to ∼ 0.5c.

[Phys. Rev. Lett. 116 (2016) 061102]
[arXiv:1603.08955]
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Determining the Waveform

◦ Based on the Post Newtonian (PN) formalism (sometimes called the

BDI formalism1)

◦ In the full Einstein Field Equations (EFE) we introduce the

gravitational field amplitude

hαβ =
√
−ggαβ−ηαβ

◦ We work in the harmonic gauge

hαβ,β = 0

◦ This gives the full EFE

2hαβ = 16πταβ

ταβ = (−g)Tαβ + 1
16π

Λαβ

1L. Blanchet, Living Rev. Rel. 17 (2014)
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Determining the Waveform

2hαβ = 16π(−g)Tαβ + Λαβ

2

Post Minkowskian (PM) - Gn

◦ hαβ =
∑∞
n=1 G

nhαβn

◦ 2hαβ = Λαβ

◦ 2hαβn = Λαβn [hαβ1 , · · · , hαβn−1]

Post Newtonian (nPN) -
(
1
c

)2n
◦ hαβ =

∑∞
n=2

1
cn
hαβn

◦ ταβ =
∑∞
n=−2

1
cn
ταβn

◦ ∇2hαβn = 16πταβn−4 + ∂2
t h

αβ
n−2

2T. Li, “Extracting Physics from Gravitational Waves”, Springer Theses, (2015)
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Determining the Waveform

Tµν(x, t) = m1√
ggρσ

v
ρ
1v
σ
1

c2

vµ1 (t)vν1 (t)δ(x− y1(t)) + 1↔ 2

Equations of Motion

◦ ∂ν(
√
ggλ,µT

µν) = 1
2

√
g∂λgµνT

µν

◦ a1 = −Gm2

r212
n12 +O(2)

◦ E =
m1v

2
1

2
−Gm1m2

2r12
+O(2)+1↔ 2

Energy Loss - Flux Radiated

◦ F = G
c5

(
1
5
I

(3)
ij I

(3)
ij +O(2)

)
◦ F = 32G4m5ν2

5r5c5
+O(7)

dE
dt

= −F

φ =
∫
ω(t)dt

6 / 14
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Determining the Waveform

◦ Given the orbital phase, the waveform in frequency space can be

written as

h+,×(f) = A+,×(f)e−iψ+,×

◦ The phase, Ψ+,× has been calculated to 3.5 PN3

ψ+,×(f) = 2πftc − φc − π
4

+
∑7
j=0 ψjf

(j−5)/3

◦ PN order of coefficients defining the waveform

ψj = 3
128ν

(πM)(j−5)/3αj

α0 = 1

α1 = 0

α2 = 3715
756

+ 55
9
ν

α3 = −16π

α4 = 15293365
508032

+ 27145
504

ν + 3085
72

ν2

. . .

3T. Damour, B. Iyer and B. Sathyaprakash, Phys. Rev. D 63.4 (2001)
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Non-Commutative Spacetime

◦ Non-commutative spacetime arises in a number of contexts, to handle

divergences in QFT, appears in low energy string theories and

non-commutative gravity scenarios4

◦ We introduce the algebra on non-commutative spacetime coordinates

[x̂µ, x̂ν ] = iθµν

◦ We focus primarily on the corrections to the energy momentum tensor

TµνNC = Tµν0 + Tµν1 + Tµν2 · · ·

where the nth term in the expansion is of O(|θ|n)

4H. Snyder, Phys. Rev. D, 71 (1946)

N. Seiberg and E.Witten, JHEP 9909, 032 (1999)

X. Calmet and A. Kobakhidze, Phys. Rev. D 72 045010, (2005)

8 / 14



Non-Commutative Spacetime

◦ Non-commutative spacetime arises in a number of contexts, to handle

divergences in QFT, appears in low energy string theories and

non-commutative gravity scenarios4

◦ We introduce the algebra on non-commutative spacetime coordinates

[x̂µ, x̂ν ] = iθµν

◦ We focus primarily on the corrections to the energy momentum tensor

TµνNC = Tµν0 + Tµν1 + Tµν2 · · ·

where the nth term in the expansion is of O(|θ|n)

4H. Snyder, Phys. Rev. D, 71 (1946)

N. Seiberg and E.Witten, JHEP 9909, 032 (1999)

X. Calmet and A. Kobakhidze, Phys. Rev. D 72 045010, (2005)

8 / 14



Non-Commutative Spacetime

◦ Non-commutative spacetime arises in a number of contexts, to handle

divergences in QFT, appears in low energy string theories and

non-commutative gravity scenarios4

◦ We introduce the algebra on non-commutative spacetime coordinates

[x̂µ, x̂ν ] = iθµν

◦ We focus primarily on the corrections to the energy momentum tensor

TµνNC = Tµν0 + Tµν1 + Tµν2 · · ·

where the nth term in the expansion is of O(|θ|n)

4H. Snyder, Phys. Rev. D, 71 (1946)

N. Seiberg and E.Witten, JHEP 9909, 032 (1999)

X. Calmet and A. Kobakhidze, Phys. Rev. D 72 045010, (2005)

8 / 14



Non-Commutative Spacetime

◦ Interested in the first order non-commutative correction to Tµν

TNC(q) = 〈p2| : TµνNC : |p1〉

with qµ = (p2 − p1)µ

◦ If sourced by a massive scalar field, φ, it is5

TµνNC(x) = Tµν0 (x) + ηµν m
2

16
θαβθσρ∂α∂σφ∂β∂ρφ+ · · ·

◦ For a single point particle, as used in the PN Formalism

TµνNC(x) = m2

16E
ηµνθαiθβjPαPβ∂i∂jδ

3(x− y)

5A. Kobakhidze, Phys.Rev.D79,047701,(2009)
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Non-Commutative Spacetime Waveform

We have a non-commutative correction to a source of two point-particles

θ0i = ΛθiT
Λ̃ = Λ

lplt

θij = l2εijkθSk

l̃ = l
lp

TµνNC =− G2

16c2
γ1m

3
1g
µν∂i∂jδ

3(x− y1(t))×[
Λ̃2θiT θ

j
T + 2Λ̃l̃2θiT ε

ljkθSk
v1l

c
+ l̃4εpikεqjlθSkθSl

v1pv1q

c2

]
+ 1↔ 2
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Non Commutative Spacetime Waveform

TµνNC = − G2

16c2
γ1m

3
1g
µνΛ̃2θiT θ

j
T ∂i∂jδ

3(x− y1(t))

Equations of Motion

◦ aNC = − 3G3M3

8c4r4
Λ̃2(1− 2ν)n

◦ ENC = − 3G3M3

8c4r3
Λ̃2(1− 2ν)

Energy Loss - Flux Radiated

◦ F = G
c5

(
1
5
I

(3)
ij I

(3)
ij +O(2)

)
◦ FNC = 32G6m7ν2

5r7c9
3
4
(1− 2ν)Λ̃2

d(E+ENC)
dt

= −F − FNC

φ =
∫
ω(t)dt
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Non-Commutative Correction to the Phase

◦ Recall the waveform

h+,×(f) = A+,×(f)e−iψ+,×

◦ Now with a modified phase

ψ+,×(f) = 2πftc − φc − π
4

+
∑7
j=0 ψjf

(j−5)/3

◦ PN order coefficients defining the waveform

ψj = 3
128ν

(π(M))(j−5)/3αj

α4 = 15293365
508032

+ 27145
504

ν + 3085
72

ν2 + 35
2

(1− 2ν)Λ̃2
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Non-Commutative Correction to the Phase

δψ4 = ψ4NC
ψ4GR

= −1778112(1−2ν)Λ̃2

4353552ν2+5472452ν+3058673
≈ 0.2Λ̃

Λ̃ ≈ O(10)⇒ Λ ≈ lptp
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Summary

◦ The GW150914 signal lies in the highly dynamical strong field regime

of gravity, allowing for precision tests of GR to high Post Newtonian

order.

◦ By calculating deviations in the phase of the waveform, theoretical

models can be constrained using this signal.

◦ At a first glance, it appears to put decent constraints on

non-commutative spacetime.
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Determining the Waveform

◦ Consider general 0 PN waveform

h+,× = A+,×(t) cos(φ+,×(t))

◦ Use a stationary phase approximation to take the Fourier transform

h̃+,× = 1
2
A+,×(t∗)

√
2π

φ̈+,×(t∗)
e−iψ+,×

◦ The phase, Ψ+,× has been calculated to 3.5 PN6

ψ+,×(f) = 2πftc − φc − π
4

+
∑7
j=0 ψjf

(j−5)/3

◦ PN order coefficients defining the waveform

ψj = 3
128ν

(πM)(j−5)/3αj

α0 = 1

α1 = 0

α2 = 3715
756

+ 55
9
ν

α3 = −16π

α4 = 15293365
508032

+ 27145
504

ν + 3085
72

ν2

. . .

6T. Damour, B. Iyer and B. Sathyaprakash, Phys. Rev. D 63.4 (2001)
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