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Lepton Mixing Angles
In terms of the angles themselves we have, approximately, in round figures,

θ12 = 34◦ ± 1◦, (2.26)

θ23 = 42◦ ± 3◦, (2.27)

θ13 = 8.5◦ ± 0.5◦. (2.28)

A few comments are relevant about these angles. Firstly the errors are not linear, since,

for one thing, the global fits are made in terms of the squares of the sines of the angles.

Having said this, in the case of normal neutrino mass ordering, the atmospheric and solar

mixing angles are still consistent with their TB values, but there is a preference for both

to be slightly smaller (i.e. θ23 ! 45◦ and θ12 ! 35.26◦).

3. Patterns of lepton mixing and sum rules

3.1 Simple forms of neutrino mixing

Below we give three examples of simple patterns of mixing in the neutrino sector which all

have s13 = 0 and s23 = c23 = 1/
√
2. Inserting these values in Eq. (2.1) we obtain a PMNS

matrix of the form,

U0 =




c12 s12 0

− s12√
2

c12√
2

1√
2

s12√
2

− c12√
2

1√
2



 , (3.1)

where the zero subscript reminds us that this form has θ13 = 0 (and θ23 = 45◦).

For golden ratio (GR) mixing [61], the solar angle is given by tan θ12 = 1/φ, where

φ = (1 +
√
5)/2 is the golden ratio which implies θ12 = 31.7◦. There is an alternative

version where cos θ12 = φ/2 and θ12 = 36◦ [62], which we refer to as GR′ mixing.

For bimaximal (BM) mixing (see e.g. [63–65] and references therein), we insert s12 =

c12 = 1/
√
2 (θ12 = 45◦) into Eq. (3.1),
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 . (3.2)

For tri-bimaximal (TB) mixing [56], alternatively we use s12 = 1/
√
3, c12 =

√
2/3

(θ12 = 35.26◦) in Eq. (3.1),

UTB =
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3
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3
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6
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


 . (3.3)

These simple examples of neutrino mixing are now all excluded by the data. However

they may still play a role in model building and we will revisit them when we consider

charged lepton and other corrections below.
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Lepton Mixing 

Gonzalez-Garcia et al = Gonzalez-Garcia, Maltoni, Salvado, Schwetz 
Fogli et al = Capozzi, Fogli, Lisi, Marrone, Montanino, Palazzo
Forero et al = Forero, Tortola, Valle
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Figure 4: The mixing angles obtained from the three global fits [58–60]. The upper three panels
correspond to the results for normal neutrino mass ordering (NO), while the lower three panels are
for an inverted mass ordering (IO). Shown are the best fit values (green) as well as the 1σ (red)
and 3σ (blue) intervals. Note that the solar angle is insensitive to the mass ordering.

al [59] and Gonzalez-Garcia et al [60]. The results for the mixing angles are graphically

contrasted in Fig. 4. We emphasise that this compilation is predominantly meant to il-

lustrate some possibilities arising from present global fits. The reader is referred to the

respective references for the subtleties associated with these numbers.

For the normal mass ordering, we shall take the average values and errors which ap-

proximately encompass the one sigma ranges of all three global fits (ignoring the best fit

value of θ23 in the second octant found by Forero et al [58] in favour of the local minimum

at sin2 θ23 = 0.473):

sin2 θ12 = 0.31 ± 0.02, (2.20)

sin2 θ23 = 0.45 ± 0.05, (2.21)

sin2 θ13 = 0.022 ± 0.002. (2.22)

These values may be compared to the tri-bimaximal predictions sin2 θ12 = 0.33, sin2 θ23 =

0.5 and sin2 θ13 = 0, showing that TB mixing is excluded by the reactor angle. Alternatively

we may write, remembering that these are one sigma ranges in the squares of the sines and

not the sines themselves,

sin θ12 = 0.56± 0.02, (2.23)

sin θ23 = 0.67± 0.04, (2.24)

sin θ13 = 0.15± 0.01. (2.25)
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r = reactors = solar a = atmospheric

where ΦTB
i are just the columns of the TB mixing matrix. As shown in Appendix B, due

to the unitarity of UR and the special form of the mass matrix MR in Eq. (4.1), the only
non-zero parameter is α13 = −α∗

31 whose dependence on the input parameters α, β, γ,∆
is given in Eqs. (B.15,B.16). The fact that only α13 = −α∗

31 is non-zero implies that UR

is of TM form as expected. Furthermore, since,

UT
RMRUR = Mdiag

R , (4.8)

it is then straightforward to derive the lepton mixing matrix UPMNS, as in Eq. (2.9),

UPMNS =
mD

yvu
UR . (4.9)

Due to the trivial structure of mD as well as a diagonal charged lepton sector, the PMNS
mixing matrix can thus be directly obtained from UR by permuting the second and the
third row as well as multiplying the Majorana phase matrix P on the right and another
phase matrix P ′ on the left, leading to UPMNS = UTM where,

UTM ≈ P ′
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P . (4.10)

The matrix P ′ has to be chosen such that the PMNS matrix without Majorana phases
is brought to the standard PDG form where the 2-3 and 3-3 elements are real and the
mixing angles are all between 0◦ and 90◦. In linear approximation, the required form of
P ′ becomes

P ′ ≈ diag(1, a+,−a−) , a± = 1± i ·
Im(α13)√

3
. (4.11)

Multiplying this explicit form of the phase matrix P ′ we obtain a mixing matrix that is
consistent with the standard PDG phase conventions.

It is useful to compare the TM mixing matrix in Eq. (4.10) to a general parametrisation
of the PMNS mixing matrix in terms of deviations from TB mixing [25],

UPMNS ≈
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P , (4.12)

where the deviation parameters s, a, r are defined as [25],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2
. (4.13)

This comparison yields

s ≈ 0 , a ≈
Re (α13)√

3
, r cos δ ≈ −

2√
3
Re (α13) , δ ≈ arg (α13) + π , (4.14)
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Figure 2: The νe.νµ unitarity triangle. The angle γ′ is equal to the CP phase δ to first order. The
unknown Majorana phases cancel. The rescaled triangle is oriented as shown with the opening angles
unchanged, the horizontal side having unit length, and the shortest side having length 3

2
r to first order.

Currently 0 < r < 0.22 at 2σ and the opening angles α′, β′ and γ′ are all undetermined.

Clearly S1 + S2 + S3 = 0 to first order. The invariant J is

J = Im(S1S
∗
2) = Im(S3S

∗
1) = Im(S2S

∗
3) (10)

which yields Eq.7. To first order the sides of this triangle are only sensitive to the solar
and reactor parameters s and r and the phase δ, with the atmospheric parameter a only
appearing at second order. One may rescale the sides by S3

S ′
1 =

Ue2U∗
e3

Uτ2U∗
τ3

≈ −reiδ

S ′
2 =

Uµ2U∗
µ3

Uτ2U∗
τ3

≈ −1 + reiδ

S ′
3 = 1. (11)

To first order the rescaled triangle is only sensitive to the reactor parameter r and the
phase δ, which is the anticipated result. To second order the solar parameter s (but not
the atmospheric parameter a) appears.

The other unitarity triangle of interest is νe.νµ in Fig.2 corresponding to the unitarity
relation

Uµ1U
∗
e1 + Uµ2U

∗
e2 + Uµ3U

∗
e3 = 0. (12)

To first order the sides of this unitarity triangle are given by

T1 = Uµ1U
∗
e1 ≈ −

1

3
(1 +

s

2
− a + reiδ)

T2 = Uµ2U
∗
e2 ≈

1

3
(1 +

s

2
− a −

r

2
eiδ)

T3 = Uµ3U
∗
e3 ≈

1

2
reiδ. (13)
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Roadmap of neutrino mass models

yesyes

Majorana or Dirac? Extra Dim models

See-saw models

Higgs triplet or loop 
models

Extra Higgs @LHC?

Dirac

yes

yes

Majorana

no

RPV SUSY@LHC? RPV SUSY models
no
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[hep-ph/0004115].
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Type I see-saw mechanism Type II see-saw mechanism (SUSY)
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What ! " o#gin of Lar' Lepton Mixing?

New physics from flavour Sheldon Stone

1. Introduction: Reasons for physics beyond the Standard Model

Although the Standard Model (SM) of particle physics provides an excellent description of
electroweak and strong interactions, there are many reasons that we expect to observe new forces
giving rise to new particles at larger masses than the known fermions or bosons. One oft noted
source of this belief is the observation of dark matter in the cosmos as evidenced by galactic angular
velocity distributions [1], gravitational lensing [2], and galactic collisions [3]. The existence of dark
energy, believed to cause the accelerating expansion of the Universe, is another source of mystery
[4]. The fine tuning of quantum corrections needed to keep, for example, the Higgs boson mass at
the electroweak scale rather than near the Planck scale is another reason habitually mentioned for
new physics (NP) and is usually called “the hierarchy problem” [5].

It is interesting to note that the above cited reasons are all tied in one way or another to
gravity. Dark matter may or may not have purely gravitational interactions, dark energy may be
explained by a cosmological constant or at least be a purely general relativistic phenomena, and the
Planck scale is defined by gravity; other scales may exist at much lower energies, so the quantum
corrections could be much smaller. There are, however, many observations that are not explained
by the SM, and have nothing to do with gravity, as far as we know. Consider the size of the quark
mixing matrix (CKM) elements [6] and also the neutrino mixing matrix (PMNS) elements [7].
These are shown pictorially in Fig. 1. We do not understand the relative sizes of these values or nor
the relationship between quarks and neutrinos.

d            s            b            

u

c

t

ν          ν          ν            

ν

ν

ν

1                   2                   3

e

μ

τ

CKM                             PMNS

Figure 1: (left) Sizes of the the CKM matrix elements for quark mixing, and (right) the PMNS matrix
elements for neutrino mixing. The area of the squares represents the square of the matrix elements.

We also do not understand the masses of the fundamental matter constituents, the quarks and
leptons. Not only are they not predicted, but also the relationships among them are not understood.
These masses, shown in Fig. 2, span 12 orders of magnitude [7]. There may be a connections
between the mass values and the values of the mixing matrix elements, but thus far no connection
besides simple numerology exists.

What we are seeking is a new theoretical explanation of the above mentioned facts. Of course,
any new model must explain all the data, so that any one measurement could confound a model.
It is not a good plan, however, to try and find only one discrepancy; experiment must determine a

2

Mixing matrices

[Stone, 1212.6374]

F. Björkeroth 5 / 29
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Figure 8: A sketch of the direct model building approach. The charged lepton sector is (approxi-
mately) diagonal either due to a remnant (approximate) T symmetry or simply by construction.

Z2 factor arises accidentally. The flavons of semi-direct models appear linearly in the

neutrino mass term, similar to Eq. (6.10), and break G down to one of its Z2 subgroups.

An example of such a model is provided by the famous Altarelli-Feruglio A4 model of tri-

bimaximal mixing [30, 103]. A4 is the group of even permutations on four object, and as

such a subgroup of S4. It can be obtained from S4 by simply dropping the U generator.

Not being a part of the underlying family symmetry, it is therefore evident that the U

symmetry of Eq. (6.8) must arise accidentally.

6.4 The indirect model building approach

In the class of indirect models, no Z2 factor of the Klein symmetry of Eq. (6.6) forms a

subgroup of G. Models of this class are typically based on the type I see-saw mechanism

together with the assumption of sequential dominance, see Subsection 4.3. Here, the main

role of the family symmetry consists in relating the Yukawa couplings d, e, f of Eq. (4.21) as

well as a, b, c of Eq. (4.24) by introducing triplet flavon fields which acquire special vacuum

configurations. The directions of the flavon alignments are determined by the G symmetric

operators of the flavon potential [101].

Working in a basis where both the charged leptons as well as the right-handed neutri-

nos are diagonal, the leptonic flavour structure is encoded in the Dirac neutrino Yukawa

operator. The triplet flavons φν
i of indirect models enter linearly in this term,

Lν ∼
∑

i

φν
i

Λ
LνciHu +Miν

c
i ν

c
i , (6.13)

where Λ is a cut-off scale and the sum is over the number of right-handed neutrinos. The

lepton doublet L with hypercharge −1/2 transforms as a triplet of G, while the right-

handed neutrinos νci and the up-type Higgs doublet with hypercharge +1/2 are all singlets

of G. Adopting the notation of Subsection 4.3, extended to include a third right-handed

neutrino νc1, we obtain the Dirac neutrino Yukawa matrix by inserting the flavon VEVs
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Semi-Direct Models  Klein symmetry and T are 
partly preserved as  

subgroups of some family 
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Figure 10: Possible strategies for constructing direct models after Daya Bay and RENO. Adopting
small family symmetriesG which predict simple leading order (LO) mixing patters with θ13 = 0 (e.g.
S4, A5), requires higher order (HO) corrections. Larger family symmetries can give rise to richer
LO mixing patterns with non-zero θ13 (e.g. ∆(96)). The A4 family symmetry refers to the semi-
direct case as discussed in the text. In this diagram, we have used the acronyms BT=bi-trimaximal,
TB=tri-bimaximal, BM=bimaximal, GR=golden ratio, TM=trimaximal.

can be perturbed by higher order effects (not shown explicitly in Fig. 10). In general,

higher order corrections are guaranteed to perturb the leading order structure by only

small contributions. The breaking of the leading order structure can happen either in the

charged lepton or the neutrino sector. The former entails charged lepton corrections of the

simple leading order mixing patterns, which give rise to solar mixing sum rules as discussed

in Subsection 3.5. If the breaking occurs in the neutrino sector, it is possible to break either

one or both Z2 factors of the leading order Klein symmetry. As the U symmetry typically

enforces θ13 = 0 in these models, it is necessary to break U in either case. Demanding S

to remain a good symmetry at higher order, gives rise to atmospheric mixing sum rules,

see Subsection 3.6, while breaking also S leads to arbitrary and unpredictive higher order

corrections. In Subsection 10.2 we will present a concrete S4×SU(5) model of tri-bimaximal

mixing at leading order, augmented by higher order corrections which break U but not S.

This model yields the trimaximal neutrino mixing pattern TM2, see Eq. (3.32), which can

accommodate a sizable reactor angle.

The second strategy of constructing direct models compatible with a sizable reactor

angle makes use of larger groups such as ∆(96), see left branch of Fig. 10. Such groups are

capable of predicting richer leading order mixing patterns (e.g. bi-trimaximal mixing [31])

as they contain non-standard Klein symmetries, generated by more complicated forms

of the elements S and/or U [108, 109]. As before, higher order effects can correct these
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Indirect Models
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Figure 8: A sketch of the direct model building approach. The charged lepton sector is (approxi-
mately) diagonal either due to a remnant (approximate) T symmetry or simply by construction.

Z2 factor arises accidentally. The flavons of semi-direct models appear linearly in the

neutrino mass term, similar to Eq. (6.10), and break G down to one of its Z2 subgroups.

An example of such a model is provided by the famous Altarelli-Feruglio A4 model of tri-

bimaximal mixing [30, 103]. A4 is the group of even permutations on four object, and as

such a subgroup of S4. It can be obtained from S4 by simply dropping the U generator.

Not being a part of the underlying family symmetry, it is therefore evident that the U

symmetry of Eq. (6.8) must arise accidentally.

6.4 The indirect model building approach

In the class of indirect models, no Z2 factor of the Klein symmetry of Eq. (6.6) forms a

subgroup of G. Models of this class are typically based on the type I see-saw mechanism

together with the assumption of sequential dominance, see Subsection 4.3. Here, the main

role of the family symmetry consists in relating the Yukawa couplings d, e, f of Eq. (4.21) as

well as a, b, c of Eq. (4.24) by introducing triplet flavon fields which acquire special vacuum

configurations. The directions of the flavon alignments are determined by the G symmetric

operators of the flavon potential [101].

Working in a basis where both the charged leptons as well as the right-handed neutri-

nos are diagonal, the leptonic flavour structure is encoded in the Dirac neutrino Yukawa

operator. The triplet flavons φν
i of indirect models enter linearly in this term,

Lν ∼
∑

i

φν
i

Λ
LνciHu +Miν

c
i ν

c
i , (6.13)

where Λ is a cut-off scale and the sum is over the number of right-handed neutrinos. The

lepton doublet L with hypercharge −1/2 transforms as a triplet of G, while the right-

handed neutrinos νci and the up-type Higgs doublet with hypercharge +1/2 are all singlets

of G. Adopting the notation of Subsection 4.3, extended to include a third right-handed

neutrino νc1, we obtain the Dirac neutrino Yukawa matrix by inserting the flavon VEVs

– 44 –

Direct Models Klein symmetry S,U and 
T are each identified as 

subgroups of some family 
symmetry

�(6n2)

is the only viable 
symmetry class - 

predicts zero Dirac 
CPV but non-zero 
Majorana phases 

Holthausen,Lim, 
Lindner; 
SK,Neder,Stuart; 
Lavoura,Ludl; 
Fonseca,Grimus

Figure from 
SFK 1510.02091

SFK,G.Ross,de Medeiros 
Varzielas,Antusch,Luhn,

Bjorkeroth,...   

Predictions follow 
from flavon vacuum 

alignment



What ! " minimal natural model   

of neut#no mass and mixing? 

dR
dR

dR

eR

eR
eR

dR
dR

dR

uR

uR

uR

uR

uR

uR cR
cR

cR tR
tR

tR

µR

⌧R

⌧R

µR

U(1)Y

SU(3)C

⌫atmR

⌫atmR ⌫atmR

⌫solR

⌫solR

⌫decR

⌫decR

Figure from 
SFK 1510.02091



Sequential Dominance

has three contributions, one from each RH neutrino.           
Sequential dominance assumption:                                                                                

Heavy Majorana Dirac

Light Majorana

we scrutinise the results obtained in the previous section, looking for simple possibilities
which could form the basis of new indirect models. We discuss three such examples in
some detail, checking their viability using exact numerical results for PMNS parameters
and leading order approximate analytic results in section 7. We also discuss the link
between leptogenesis and PMNS phases in section 8. In section 9 we then focus on CSD3
based on the alignment (0, 1, 1) for the atmospheric column and (1, 1, 3) or (1, 3, 1) for
the solar column with a relative phase di�erence ⇥ = ⇤⇧/3 and show how these follow
from A4 family symmetry model of leptons based on F-term vacuum alignment and
spontaneous CP violation. The model predicts all the PMNS mixing parameters in
terms of the neutrino mass ratio, corresponding to approximate Tri-bimaximal-Cabibbo
mixing to an accuracy of one degree with � ⇧ ±⇧/2. Section 10 concludes the paper.
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in the convention where the e�ective Lagrangian after electroweak symmetry breaking,
with the Higgs vacuum expectation value (vev) inserted, is given by

L = �ELMEER � ⌅Lm
DNR � 1

2
N c

RMRNR +H.c. , (10)

where ⌅L = (⌅e, ⌅µ, ⌅⇥ ) are the three left-handed neutrino fields which appear together
with EL = (eL, µL, ⌃L) in the lepton doublets L = (Le, Lµ, L⇥ ) andNR = (Natm, Nsol, Ndec)
are the three right-handed neutrinos and we have defined the three Dirac column vectors
as mD

atm, m
D
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D
dec.
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(i.e. the see-saw mechanism with the light e�ective neutrino Majorana mass matrix

m� = mDM�1
R mDT

) is
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Sequential dominance (SD) then corresponds to the third term being negligible, the
second term subdominant and the first term dominant:

mD
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D
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Matm
� mD

solm
D
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⇤
� mD
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D
dec

T

Mdec

⌅
, (12)

which immediately predicts a normal neutrino mass hierarchy,

m3 � m2 [ � m1 ] , (13)

which is the main prediction of SD.
We have labelled the dominant right-handed neutrino and Yukawa couplings mainly

responsible for the atmospheric neutrino mass m3 as “atm”, the subdominant ones
mainly responsible for the solar neutrino mass m2 as “sol”, and the almost decoupled
(sub-sub-dominant) ones mainly responsible for m1 as “dec”. Note that the mass or-
dering of right-handed neutrinos is not yet specified. We shall order the right-handed
neutrino masses as M1 < M2 < M3, and subsequently identify Matm,Msol,Mdec with
M1,M2,M3 in all possible ways.

It is clear that in the limit that m1 ⇥ 0 then the sub-sub-dominant right-handed
neutrino and its associated couplings labelled by “dec” decouple completely and the
above model reduces to a two right-handed neutrino model. In that limit we simply
drop the third terms [in square brackets] in Eqs.8-13 in anticipation of this.

3 The Two Right-Handed Neutrino Model with Nor-
mal Hierarchy and Dominant Texture Zero

3.1 Derivation of the Master Formula

Without assuming SD, we write the see-saw matrices in a simple notation as,

mD =

⇧

⌥
0 a
e b
f c

⌃

� , MR =

�
Y 0
0 X

⇥
. (14)

where we have written the complex Dirac masses as a, b, c, d, e, f with d = 0 and the
real positive right-handed neutrino masses as Y,X. We are in a basis where the charged
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neutrino mass states ν1, ν2, and ν3 with (real and positive) masses m1, m2, and m3 [3],




νe
νµ
ντ



 =
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Ue1 Ue2 Ue3
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Uτ1 Uτ2 Uτ3
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ν2
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

 . (1.1)

According to quantum mechanics it is not necessary that the Standard Model states νe, νµ,

ντ be identified in a one-one way with the mass eigenstates ν1, ν2, and ν3, and the matrix

elements of U give the quantum amplitude that a particular Standard Model state contains

an admixture of a particular mass eigenstate. The probability that a particular neutrino

mass state contains a particular SM state may be represented by colours as in Fig. 1. Note

that neutrino oscillations are only sensitive to the differences between the squares of the

neutrino masses ∆m2
ij ≡ m2

i −m2
j , and gives no information about the absolute value of

the neutrino mass squared eigenvalues m2
i . There are basically two patterns of neutrino

mass squared orderings consistent with the atmospheric and solar data as shown in Fig. 1.
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Figure 1: The probability that a particular neutrino mass state contains a particular SM state
may be represented by colours as shown in the key. Note that neutrino oscillation experiments
only determine the difference between the squared values of the masses. Also, while m2

2 > m2
1, it is

presently unknown whether m2
3 is heavier or lighter than the other two, corresponding to the left

and right panels of the figure, referred to as normal or inverted mass squared ordering, respectively.
Finally the value of the lightest neutrino mass (sometimes referred to as the neutrino mass scale)
is presently unknown and is represented by a question mark in each case.
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7 A numerical benchmark: CSD(3) with ⌘ = 2⇡/3

We now illustrate the success of the scheme by presenting numerical results for the neutrino
mass matrix in Eq.23 for the particular choice of input parameters, namely n = 3 and
⌘ = 2⇡/3, 2

m⌫ = m
a

0

@
0 0 0
0 1 1
0 1 1

1

A+m
b

ei2⇡/3

0

@
1 3 1
3 9 3
1 3 1

1

A . (24)

This numerical benchmark was first presented in [15, 16]. In section 14 we will propose a
simple LS model which provides a theoretical justification for this choice of parameters.

In Table 1 we compare the above numerical benchmark resulting from the neutrino mass
matrix in Eq.24 to the global best fit values from [25] (setting m

1

= 0). The agreement
between CSD(3) and data is within about one sigma for all the parameters, with similar
agreement for the other global fits [26, 27].
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m
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26.57 2.684
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34.3 8.67 45.8 -86.7 0 8.59 49.8

Value from [25] 33.48+0.78

�0.75

8.50+0.20

�0.21

42.3+3.0

�1.6

-54+39

�70

0 8.66±0.10 49.57±0.47

Table 1: Parameters and predictions for CSD(3) with a fixed phase ⌘ = 2⇡/3 from [15]. In
addition we predict � = 71.9� which is not shown in the Table since the neutrinoless double
beta decay parameter is mee = mb = 2.684 meV for the above parameter set which is practically
impossible to measure in the forseeable future. These predictions may be compared to the global
best fit values from [25] (for m1 = 0), given on the last line.

Using the results in Table 1, the baryon asymmetry of the Universe (BAU) resulting from
N

1

= N
atm

leptogenesis was estimated for this model [16]:

Y
B

⇡ 2.5⇥ 10�11 sin ⌘


M

1

1010 GeV

�
. (25)

Using ⌘ = 2⇡/3 and the observed value of Y
B

fixes the lightest right-handed neutrino mass:

M
1

= M
atm

⇡ 3.9⇥ 1010 GeV. (26)

The phase ⌘ determines the BAU via leptogenesis in Eq.25. In fact it controls the entire
PMNS matrix, including all the lepton mixing angles as well as all low energy CP violation.
The leptogenesis phase ⌘ is therefore the source of all CP violation arising from this model,

2Note that the seesaw mechanism results in a light e↵ective Majorana mass matrix given by the Lagrangian
Le↵ = � 1

2⌫Lm
⌫⌫cL +H.c.. This corresponds to the convention of Appendix A.
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di↵erent pairs, for simplicity and because they are all expected to be at a similar mass
scale, we take masses of all such pairs to be M and set it equal to the GUT scale in our
numerical estimates. We emphasise that the successful predictions of the model in the
lepton sector (namely predicting the PMNS matrix) is independent of the specific values
of these mass parameters.

2.1 Up quarks

Apart from the top quark mass, which originates from a lowest order Yukawa coupling,
the remaining up-type quark Yukawa couplings appear from higher order terms that
result from combining several renormalisable terms involving ⌃i messengers and the GUT
singlet superfield ⇠. To be precise, the up-type quark Yukawa couplings arise from ⌃i

messenger tower diagrams shown in Fig. 1. For example, the most suppressed coupling
arises from the first diagram in Fig. 1. Other less suppressed couplings arise from the
diagrams where at the base one has the respective TiTj, with a shorter tower leading up
to H

5

. The least suppressed coupling, the renormalisable H
5

T
3

T
3

operator responsible
for the top quark mass, is the last diagram in Fig. 1.

The e↵ective superpotential responsible for the up-type Yukawa couplings is

W
up

= uijH5

TiTj

✓
⇠

M

◆nij

. (2.1)

The resulting symmetric Yukawa matrix for up-type quarks is

Y u
ij = uij

✓h⇠i
M

◆nij

⇠
0

@
⇠̃4 ⇠̃3 ⇠̃2

⇠̃2 ⇠̃
1

1

A , (2.2)

where ⇠̃ = h⇠i /M ⇠ 0.1. The explicit form of Y u is given in Eq. 2.18 and includes the
coe�cients uij, which are O(1) and, by enforcing CP conservation at the GUT scale,
necessarily real. Thus, the hierarchy of the up quark masses as well as the CKM mixing
angles are given by powers of ⇠̃. Due to the structure of this matrix, any phase introduced
by h⇠i can be reabsorbed by appropriate redefinition of the three Ti fields, so Y u does
not contain a source of CP violation.

2.2 Down quarks, charged leptons and flavons

When considering the Yukawa structures of down quarks and charged leptons we must
inevitably discuss A

4

triplet flavons.6 The assignments of all the flavons under the family
symmetries appear in Table 1. Indeed, since the three families of F transform as a triplet
of A

4

(see Table 1), all TiH¯

5

F terms require a contraction with at least one A
4

triplet
flavon to be invariant.

6As a point of terminology, we refer to as “flavons” any superfields that are GUT singlets transforming
non-trivially under the family symmetry and that get VEVs. In particular not only A

4

but strictly
speaking also Z

9

and Z
6

are family symmetries, so we also refer to ⇠ as a “flavon”.

5

Field
Representation

A
4

SU(5) Z
9

Z
6

ZR
4

F 3 5̄ 0 0 1
T
1

1 10 5 0 1
T
2

1 10 7 0 1
T
3

1 10 0 0 1

Nc
atm

1 1 7 3 1
Nc

sol

1 1 8 3 1

� 1 1 0 3 1

Field
Representation

A
4

SU(5) Z
9

Z
6

ZR
4

H
5

1 5 0 0 0
H

¯

5

1 5̄ 2 0 0
H

45

1 45 4 0 2
H

45

1 45 5 0 0

⇠ 1 1 2 0 0
✓
2

1 1 1 4 0
�
atm

3 1 3 1 0
�
sol

3 1 2 1 0

Table 1: Superfields containing SM fermions, the Higgses and relevant flavons.

The SM fermions are contained within superfields F and Ti. The MSSM Higgs doubletHu originates
from a combination of H5 and H45, and Hd from a combination of H5 and H45. Having the Higgs
doublets inside these di↵erent representations generates the correct relations between down-type
quarks and charged leptons. Doublet-triplet splitting is achieved by the Missing Partner mechanism
[89].

The field ⇠ which gains a VEV v⇠ ⇠ 0.06MGUT generates a hierarchical fermion mass structure
in the up-type quark sector through terms like vuTiTj(v⇠/M)6�i�j , where vu is the VEV of Hu.
It also partially contributes to the mass hierarchy for down-type quarks and charged leptons and
provides the mass scales for the right-handed neutrinos as discussed later. It further produces a
highly suppressed µ term ⇠ (v⇠/M)8MGUT. The resulting symmetric Yukawa matrix for up-type
quarks is

Y u
ij = uij

✓h⇠i
M

◆nij

⇠
0

@
⇠̃4 ⇠̃3 ⇠̃2

⇠̃2 ⇠̃
1

1

A (101)

where ⇠̃ = h⇠i /M ⇠ 0.1. The up-type Yukawa matrix Y u is highly nondiagonal while the down-type
and charged lepton Yukawa matrices Y d ⇠ Y e, derived from terms like F�TH, are nearly diagonal,

Y d
LR ⇠ Y e

RL ⇠

0

BBBBB@

h⇠i ve
v2⇤

24

h⇠i vµ
v⇤

24

vH
24

0

0
vH

24

vµ
M2

0

0 0
v⌧
M

1

CCCCCA
(102)

where ve,µ,⌧ are charged lepton flavon VEVs as in Eq.86, while v⇤
24

and vH
24

are the respective
VEVs of heavy Higgs ⇤24 and H24, and we include the subscripts LR to emphasise the role of the
o↵-diagonal term to left-handed mixing from Y d. The o↵-diagonal term in Y e also provides a tiny
contribution to left-handed charged lepton mixing ✓e12 ⇠ me/mµ which may safely be neglected. It
also introduces CP violation to the CKM matrix via the phase of h⇠i.

The relevant terms in the superpotential giving neutrino masses are,

W⌫ = y1H5F
�atm

h✓2i N
c
atm + y2H5F

�sol

h✓2iN
c
sol + y3

⇠2

M�
N c

atmN
c
atm + y4⇠N

c
solN

c
sol, (103)

41

Mass matrix

SO(10) unification ) all* Yukawa matrices have the same structure:

m ⇠ ma

0

@
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0 1 1
0 1 1

1

A+mb

0

@
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1

A+mc

0

@
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1

A

Exception: additional terms that couple to Hu10 involving new field H
0
45:

�i
sol

�j
dec

⇠

✓
�
(u)
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hH 045i
2M�

+
�
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sd,2

hH 045i
2 hH45i

◆

Gives additional contribution to up-quark matrix:
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All mass matrices have 
same CSD3 structure
Mass matrix
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A
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�i
sol

�j
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⇠

✓
�
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+
�
(u)
sd,2

hH 045i
2 hH45i

◆

Gives additional contribution to up-quark matrix:

msd

0

@
0 0 1
0 0 3
1 3 2

1

A

F. Björkeroth 18 / 29

including all neutrino 
matrices (Dirac & Maj.)

But correction 
to up matrix:

where Li are three families of lepton doublets and the (CP conjugated) right-handed
neutrinos N c

atm

and N c
sol

with real positive masses M
atm

and M
sol

do not mix.

The structure of �⌫ is determined by the vacuum alignments of �
atm

and �
sol

. The Dirac
and Majorana matrices, derived by comparing the superpotential terms in Eqs. 2.8 and
2.10 are

�⌫ =

0

@
0 b
a 3b
a b

1

A M c =

0

B@
y
3

h⇠i2
M

0

0 y
4

h⇠i

1

CA , (2.11)

where a = y
1

v
atm

/ h✓
2

i and b = y
2

v
sol

/ h✓
2

i.

For the see-saw mechanism we shall introduce a di↵erent convention for Yukawa and
Majorana masses. The Yukawa matrices Y e, Y ⌫ are defined in a LR convention by

LLR = �HdY e
ijL

i
Le

j
R �HuY ⌫

ijL
i
L⌫

i
R + h.c., (2.12)

where i, j = 1, 2, 3 label the three families of lepton doublets Li, right-handed charged
leptons ejR and right-handed neutrinos ⌫j

R below the GUT scale; Hu, Hd are the Higgs
doublets which develop VEVs vu, vd. The physical e↵ective neutrino Majorana mass
matrix m⌫ is determined by the seesaw mechanism,

m⌫ = v2uY
⌫M�1

R Y ⌫T, (2.13)

where the light Majorana neutrino mass matrixm⌫ is defined7 by LLL
⌫ = �1

2

m⌫⌫L⌫c
L+h.c.,

while the heavy right-handed Majorana neutrino mass matrix MR is defined by LRR
⌫ =

�1

2

MR⌫c
R⌫R + h.c..

There is a simple dictionary between the seesaw basis and the SUSY basis, as follows:
compared to the SUSY basis in Eq. 2.8 used in leptogenesis calculations we see that
Y ⌫ = (�⌫)⇤, while MR = (M c)⇤. Hence the neutrino matrices become, in the seesaw
basis,

Y ⌫ = (�⌫)⇤ =

0

@
0 b⇤

a⇤ nb⇤

a⇤ (n� 2)b⇤

1

A MR = (M c)⇤ =

0

B@

 
y
3

h⇠i2
M

!⇤

0

0 (y
4

h⇠i)⇤

1

CA . (2.14)

Seesaw produces the e↵ective neutrino mass matrix

m⌫ = ma

0

@
0 0 0
0 1 1
0 1 1

1

A+mbe
i⌘

0

@
1 3 1
3 9 3
1 3 1

1

A , (2.15)

where ma = v2u|a|2/(y3|v⇠|2/M) and mb = v2u|b|2/(y4|v⇠|) and we have multiplied through-
out by an overall phase which we subsequently drop, keeping only the (physical) relative
phase

⌘ ⌘ �⇢⇠ + 2(⇢
atm

�⇢
sol

), (2.16)

7The conventions for Y ⌫,e and m⌫ di↵er, respectively, by overall Hermitian and overall complex
conjugation compared to those used in the Mixing Parameter Tools package [19], which was used when
performing global fits.
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Littlest Seesaw 

�⌫ =

0

@
0 b
a 3b
a b

1

A , M c =

✓
M1 0
0 M2

◆
,

CSD3
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In the diagonal down quark basis (Super CKM basis) the down squark mass matrix is

Matrix is diagonal corresponds to “minimal flavour violation” 
We say that SUSY is “flavour blind” 

Constrain off-diagonal elements from rare/FC processes

(�dij)LL =
(�d

ij)LL

md̃iL
md̃jL

(�dij)RR =
(�d

ij)RR

md̃iR
md̃jR

(�dij)LR =
(�d

ij)LR

md̃iL
md̃jR

How can SUSY flav(r models be tested?



7.2 Effects of RG running

Having calculated the GUT scale mass insertion parameters, it is now necessary to con-
sider their evolution down to the electroweak scale. Only then are we able to compare
the predictions of the model to experimental measurements of flavour observables. This

evolution is described by the RG equations which are given explicitly in Appendix E
in the SCKM basis. Technically, we perform the RG running in two stages, first from

MGUT to MR where the right-handed neutrinos are integrated out, and then from MR to
MSUSY ∼ MW . In order to derive analytical results, we estimate the effects of the running

using the leading logarithmic approximation. As the Yukawa matrices themselves are
also affected by the running, it is necessary to apply further basis transformations on the
superfields which diagonalise the low energy Yukawas matrices.

Details of the various steps involved in calculating the low energy mass insertion
parameters can be found in Appendix F. For the down-type squarks and the charged

slepton, the resulting effects can simply be absorbed into new order one coefficients. It
is interesting to see that this is not the case for the up-type squarks, where the order of
the (13) and (23) element of δuLR gets modified. For completeness, we present the flavour

structure of the low energy δs in terms of their λ-suppression, which should be compared
to Eqs. (7.4-7.6).

δuLL ∼




1 λ4 λ6

· 1 λ5

· · 1



 , δuRR ∼




1 λ4 λ6

· 1 λ5

· · 1



 , δuLR ∼




λ8 0 λ7

0 λ4 λ6

0 λ7 1



 , (7.7)

δdLL ∼




1 λ3 λ4

· 1 λ2

· · 1



 , δdRR ∼




1 λ4 λ4

· 1 λ4

· · 1



 , δdLR ∼




λ6 λ5 λ5

λ5 λ4 λ4

λ6 λ6 λ2



 , (7.8)

δeLL ∼




1 λ4 λ4

· 1 λ4

· · 1



 , δeRR ∼




1 λ3 λ4

· 1 λ2

· · 1



 , δeLR ∼




λ6 λ5 λ6

λ5 λ4 λ6

λ5 λ4 λ2



 . (7.9)

8 Conclusion

Despite its tremendous success, the Standard Model of particle physics is widely viewed as
the low energy limit of a more fundamental theory. In order to understand the nature of

flavour in such extensions of the SM it is necessary to answer the following three questions.

23

Mass insertion parameters in 
SUSY S4xSU(5)xU(1)

Closely resembles Minimal Flavour Violation

� ⇡ 0.22

Dimou, SFK, Luhn 1511.07886 



Figure 14: The neutron EDM versus the average squark mass mq̃ =
p
mũ md̃, with mũ

and md̃ as defined in Eq. (4.59) (left panel) and versus the electron EDM (right panel).
The red dotted lines denote the current experimental limits as given in Eqs. (4.63,4.3)
and the black dotted lines the future limits |dn/e| . 10�28 cm ⇡ 5 ⇥ 10�15 GeV�1 and
|de/e| . 3⇥ 10�31 cm⇡ 1.52⇥ 10�17 GeV�1 [40].

neutron and electron EDMs are plotted against each other. They are of the same order of

magnitude, but it is the current electron EDM limit that constrains our parameter space.

When the future experimental limits are reached, only the small part lying in the lower

left corner bounded by the black dotted lines would survive.

5 Conclusions

In a recent paper we showed how MFV can emerge approximately from an SU(5) SUSY

GUT whose flavour structure is controlled by the family symmetry S4 ⇥U(1) [1], provid-

ing a good description of all quark and lepton masses, mixings as well as CP violation.

We showed that the model leads to mass insertion parameters in Eqs. (2.16,2.17,2.18)

which very closely resemble the MFV forms, where �u,d,eLL,RR are unit matrices and �u,d,eLR are

proportional to the Yukawa matrices.

Whereas in [1] we focused on the similarity to MFV, here we highlight the di↵erences,

which we do by considering the predictions for electric dipole moments, lepton flavour

violation, B and K meson mixing as well as rare B decays. As expected, many of the

new physics contributions fall well below current limits. This is the case for example in

B physics observables, where deviations are negligible (at the 1% level). Thus, our model

would be unable to explain any discrepancies between SM expectations and measurements

in �MB
s,d

or in the time dependent asymmetries SJ/ � and SJ/ K
S

. This is in marked

contrast to the SU(3) family symmetry models previously studied, where large e↵ects were

48

Figure 6: The supersymmetric contribution to the branching ratio of µ ! e � versus the
average slepton mass mẽ =

p
mẽ

LL

mẽ
RR

(left panel) as well as |de/e| (right panel). The
red dotted lines represent the current experimental limits given in Eqs. (4.3,4.7) while the
black dotted lines show the expected future limits, that is BR(µ ! e �) . 6⇥ 10�14 [42]
and |de/e| . 1.52⇥ 10�17 GeV�1 [40].

ratio. The combination of the current limits on both observables highly restricts our

parameter space. Reaching the expected future limits, denoted by the black dotted lines,

would nearly exclude our model.

In Figure 7 we show our predictions for BR(µ ! e�) in the plane of two (12)

mass insertion parameters as produced in our scan. Comparing this to the discussion

of Section 3.2.3 reveals that, with the present MEG bound, |(�eLL)12| . 5 ⇥ 10�3 and

|(�eLR)12| . 5 ⇥ 10�6 are not excluded as it was suggested by the limits in Figure 3. On

the other hand, |(�eRR)12| can take its maximum values produced by the scan. The reason

for these weaker bounds is twofold. Firstly, the analysis in [36] sets the limits on the mass

insertion parameters by choosing t� as large as 60, whereas we only allow for maximum

values of 25. Secondly, the derivation in [36] requires that the discrepancy of (g � 2)µ
from its SM value is explained by SUSY contributions.

31

Figure 13: The SUSY contributions to the branching ratios of Bq ! µ+µ� versus the av-
erage squark mass mq̃, defined in Eq. (4.19). The red dotted lines denote the experimental
measurements, while the blue dotted lines indicate the maximum NP contributions.

Then, for |At µ|/M2
A ⇡ O(1), mq̃ ⇡ 2 TeV, t� ⇡ 25 and f1(yµ) receiving its maximum

value of order one (cf. Figure 9), we expect BR(Bs(d) ! µ+µ�) ⇡ O(10�10(�12)).

In Figure 13, we plot our predicted SUSY contributions to the branching ratios of

Bq ! µ+µ� against the average squark mass mq̃, defined in Eq. (4.19). The red dotted

lines denote the experimental measurements, while the blue ones correspond to the limits

for the NP contributions as given in Eq. (4.53). In both sectors, Bs and Bd, our maximum

predictions fall about an order of magnitude below these limits.

4.6 Neutron and 199Hg EDMs

CP-violating e↵ects in the quark sector can manifest themselves through the quark EDMs

as well as the quark Chromo Electric Dipole Moments (CEDMs). The gluino contributions

read [15, 64, 65]

⇢

dq
i

e
, dCq

i

�

=
↵s

4⇡

mg̃

m2
q̃

Im [(�qLL)ik(�
q
LR)kj(�

q
RR)ji]

�

QqFq(y),FC
q (y)

 

, (4.57)

with

Fq(y) = �8

3
N1(y), FC

q (y) =

✓

1

3
N1(y) + 3N2(y)

◆

, (4.58)

where Qq denotes the electric charge of quark q and the loop functions N1(y), N2(y),

with y = (mg̃/mq̃)2, are given in Appendix B. As the first generation squarks dominate
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µ ! e�

electron EDM electron EDM

neutron EDM

Bs ! µ+µ� Bd ! µ+µ�

B physics effects below SM values
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• What ! " O#gin of Small Neut#no Masses?                  
Roadmap of possibilities e.g. loop models, seesaw models,...

• What ! " o#gin of Lar' Lepton Mixing?                     
Flavour symmetry is really the only way to make progress, but how 
to implement it? Direct, semi-direct, indirect, CP violation?

Conclusions



• What ! " minimal natural model of neut#no mass and mixing? 
Littlest Seesaw: 2RHN, CSD3, 2 input parameters, 7 predictions! 

• Can quark and lepton flav(r be unified?                                    
Flavoured GUTs e.g. A4xSU(5), Δ(27) xSO(10) elegant & predictive: 

Littlest Seesaw, Leptogenesis

• How can such SUSY flav(r models be tested?                          
Small flavour changing and rare processes: EDMs, LFV (c.f. MFV)



★Can all forces and flav(r be unified 

inclu)ng gravity?

Talks by Miguel Romao & Andrew Meadowcroft
Figure 1: The web of dualities

through an intricate web of dualities (Figure 1). In this sense, there is evidence that despite the apparent multitude
of di↵erent theories, these are in fact di↵erent faces of a single unified theory.

In light of the success that led to the discovery of M-Theory, Vafa [2] applied a similar non-perturbative limit
to type II-B theory, in which he found that the theory could e↵ectively be described as a 12-dimensional theory,
despite the fact there are no sensible 12-dimensional supergravity theories. This limit was called F-Theory, and while
very recent it is being heavily studied and developed. More interestingly, F-Theory it has been proven to be a rich
framework for model build of SUSY GUTs.

SO(10) SUSY GUTS from M Theory on G2 Manifolds

While the full formulation of M-Theory is still unknown and home to a lot of speculation, its low energy limit as a
11-dimensional supergravity can be used to probe physics in an M-Theoretical context. When we refer to M-Theory
as a framework to do phenomenology we are then referring to the 11-dimensional supergravity theory as the starting
point and not the unknown full membrane theory,

The viability of M-Theory as a starting point for phenomenology started as it was shown – by Bobby Acharya and
collaborators [3] – when the extra seven dimensions are compactified on singular G2 holonomy manifolds, M-Theory
would be endowed with gauge interactions and chiral superfields in gauge irreps. This happens as the compactified
space admits a 3-fold with an orbifold singularity supporting the gauge fields, while localised conical singularities on
this 3-fold support chiral superfields in irreps of the associated gauge interaction. The conical singularities are of
ADE-type, and this construction is engineered in analogy with Heterotic compactification setups.

A crucial point of the framework is that if the compactification is fluxless the moduli fields cannot have a perturba-
tive superpotential due to an exact Peccei-Quinn symmetry. This symmetry enforces the axions – which are the real
moduli complex partners in the chiral superfield – to have a shift-symmetry that in conjugation with holomorphicity
prevents non-perturbative contributions to the superpotential [4]. As a consequence, moduli only couple to matter chi-
ral superfields through Kahler interactions and have an exponentially suppressed superpotential contribution through
non-perturbative membrane instantons actions. As the superpotential is the order parameter of SUSY breaking, this
then means there will be a natural suppression between non-SUSY mechanics and the Planck scale [5].

Early semi-realistic constructions involved an SU(5) gauge group, for each the derived model was named G2MSSM
as it also had the same particle content as of the MSSM. The model relied in an idea by Witten [6], where the
combination of geometric discrete symmetries and the topological nature of the compactified space, provide a natural
discrete symmetry that does not commute with the gauge group. This in turn allows one to allow for a GUT scale
mass to the triplet coloured partners of the MSSM Higgses, and therefore solve the doublet-triplet problem of SU(5)
SUSY GUTs.

The original model/approach, su↵ered some shortcomings, for example neutrinos only have Majorana mass term,
and R-parity violation constraints are not naturally/generically met. Furthermore, there is a natural expectation that
the resulting 4-dimensional theory could be realised with a larger GUT group as such constructions are normal in
order corners of string/M-Theory.

One has then the motivation to search for larger gauge group realisations of M-Theory compactified onG2 manifolds.
With this in mind we (me, Steve, and our collaborators in King’s College London Acharya, Bozek, Pongkitivanichkul)
started out by looking for E6 realisations in an attempt to make a connection to some results from E6MSSM [7].

Early work on E6

There are some crucial quantities in this framework called Wilson lines. Since the compactified space needs not to be
simply connected (meaning that the fundamental group ⇡1 is not trivial, hence allowing the space to have holes and
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