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The exact RG in field theory

¨We are all Wilsonians now¨ 
John Preskill

1. Integrate out 
(coarse graining)

2.  Rescale back



Soft cutoff  ➛ Λ  

Wilson action S[g,!] =

Z
ddxg↵(x)O↵[!](x)

Local couplings parametrise 
theory space. 

They can act as sources

Gauge invariant 
local operators 

(in this talk, scalar)

Partition function  
at cutoff Λ Z⇤[g] =

Z
[D!]⇤ e�S[g,!]
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Continuum: exact RG à la Polchinski

1. Integrate out e�S[g0,!] =

Z
[D!]⇤⇤0 e�S[g,!]

g

0(x) = f̃

⇤
⇤0 [g](x) Z⇤0 [f̃⇤

⇤0 [g]] = Z⇤[g]

2. Rescale back Measure all scales in units of Λ 

Z[g] = Z⇤[⇤
�D⇤g]Define Dilatation

f⇤/⇤0 [g] = D⇤0�1 f̃⇤
⇤0 [D⇤g]

Z[ft[g]] = Z[g]
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@t
f↵
t [g]
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Exact RG differential equations

�[g] · �Z[g]

�g
= 0Callan-Symanzik

Eigendeformations
Relevant ops
Irrelevant ops



Holographic RG

Isometry

x ! tx, z ! tz

UV/IR connection in gauge/gravity correspondence

E.g, in AdS ds

2 =
z

2
0

z

2

�
dx

2 + dz

2
�



•  Field solutions ↔ Running couplings in some sense 

•  EOM ↔ RGE

Theories around non-trivial solutions of gravity eom 
dual to 

Deformed CFTs

Fix one integration constant to get 1st order RGE from 
2nd order EOM: e.g., (fake) superpotential

Holographic RG  flows:



Wilsonian holographic RG

Bo
un

da
ry

l =
1

⇤ MPV ‘01

• Dirichlet bc 
• Discontinuous field derivatives

SB
l ['] =

Z
[D�]l,' e�SG[�]

Wilson action 
(in non-linear parametrisation)

• UV bc

cutoff  
partition function

Z1/l[g] =

Z
[D�]l e

�SB [g,�(l)]�SG[�]

=

Z
[D'] e�SB [g,'] [D�]l,' eS

G[�]
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e�SB [g0,'] =

Z
[D�]l

0,'
l e�SB [g,�(l)]�SG[�]

Zl0 [g
0] = Zl[g] g0 = f̃1/l0

1/l [g],

l l´

RG invariance
Lewandowski, May, Sundrum ‘02

integrate out

Wilsonian holographic RG



is a Hamilton’s principal function

Heemskerk, Polchinski ’10 
Faulkner, Liu, Rangamani ‘10

 It fulfils Hamilton-Jacobi equation

SB
l0 ['] = SB [f̃1/l0

1/l [g],']

dSB
l

dl
= LG

l

⇣
�cl(l), �̇cl(l)

⌘

=
@SB

l

@l
+

�SB
l

�'
· �̇cl(l)

�@SB
l [']

@l
= Hl


',

�SB
l [']

�'

�

UV b.c. SB
l0 ['] = SB [g,']



After rescaling to new cutoff scale (induced metric),

autonomous Hamilton-Jacobi evolution 
in “adimensional radial” direction

�t
@

@t
S̄B [ft[g],'] = H̄


',

�S̄B [ft[g],']

�'

�

Beta functions

�[g] · �S̄
B [g,']

�g
= H̄


',

�S̄B [g,']

�'

�

(I’ll suppress bars in the following)



MPV ’01 
Heemskerk, Polchinski ’10Relation with linear parametrisation

e.g.

Write

Assuming Dirichlet prescription valid far from boundary
Z

[D!]1 e�SW [g,Os[!]] =

Z
[D'] e�SB [g,']

Z
[D�]1,' e�SG[�]

=

Z
[D'] e�SB [g,']

Z
[D!]1 e'·Os[!]

=

Z
[D!]1

Z
[D'] e�SB [g,']+'·Os[!]

S[g,!] = SW [g,�Os[!]]

S = g12(tr@µ!@
µ!)2 + . . . ! SW = �g12(Os

1)
2 + . . .

We can identify Wilson action

S[g,⇡] =

Z
[D'] e�Sb[g,']+'·⇡ At large N, a  

Legendre transform
agrees w/ 
Witten ‘01



Fixed points H


',

�SB
⇤

�'

�
= 0

�±
(i) =

d

2
± ⌫(i)

=
d

2
±

r
d2

4
+m2

(i)

Recursive calculation

Wilsonian analysis Lizana, Morris, MPV ‘15

SB
⇤ = �v0

d
+

�±
(i)

2
'i'

i +O('3) + derivatives



Deformations of fixed point

Linearised flow

SB = SB
⇤ + S0B

t@tS
0B [ft[g],'] = �

 
�H[',⇡]

�⇡

����
⇡=

�SB⇤
�'

+D'

!
· �S

0B [ft[g],']

�'

=

Z
ddx

⇣
 ̂�D

⌘
S 0B

Eigendeformations
 ̂Q = ��Q

Large N factorisation: Q1, Q2 ! Q1@
nQ2

Wilsonian analysis Lizana, Morris, MPV ‘15



Deformations of fixed point SB = SB
⇤ + S0B

t@tS
0B [ft[g],'] = �

 
�H[',⇡]

�⇡

����
⇡=

�SB⇤
�'

+D'

!
· �S

0B [ft[g],']

�'

=

Z
ddx

⇣
 ̂�D

⌘
S 0B

Wilsonian analysis Lizana, Morris, MPV ‘15

T i(') = 'i +O('2) + derivatives

=
(�@2)±

⌫(i)
2

2⌫(i)�(1± ⌫(i))I±⌫(i)
(
p
�@2

'i +O('2)

Linearised flow

Eigendeformations



Holographic renormalisation

Flows from relevant deformations

Single-trace deformations 
↕	
  

Dirichlet b.c.

(standard quantisation)

SB [f1/t � ht

[g
R

],'] =

Z
[D�]1,'

t,ht[gR] e
�

R
dxt

�d
h

0
t [gR]�S

G[�]

P : hi = 0, h0 = �v0
d



Perturbative evaluation of
 Wilson action 

Fixed point

(to first order in scalar cubic coupling)



Deformed theory at any cutoff

Linear term Quadratic 
 termConstant term

non-local divergences when ��
(i) +��

(j)  ��
(k)

cancelled by non-linear terms in holographic renormalisation



Conclusions 

• Holographic Wilsonian formulation 

• Holographic Wilsonian analysis 

• Holographic Wilsonian renormalisation

Same structure  
as in field theory!

• Learn about exact RG in field theory (explicit large N 
calculations to all orders in derivatives) 

• Understand and simplify holographic models (concentrate 
on IR dynamics) 

• Learn about gravity (local RG)? 

• …

Applications (?)
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Field solutions as running renormalised couplings

Generate solutions with fixed-point principal function 

W ['] = �SB
⇤�[']

t@th
i
t =

�H[ht,⇧]

�⇧i

����
⇧=� �W [ht]

�ht

H


',��W

�'

�

Running couplings

Inverse relation
�

�'i
t

�
SB
t ['t] +W ['t]

�
= 0

Holographic renormalisation with

Ft[gR]
a = 'a

tt0

gaR = 'a
t0

g0R = SB
t0 (0) +

v0
dha

t0 = gaR

lim
t!0

hâ
t = 0

h0
t = �W[ht] + g0Rt

d

0 =


