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2 The Importance of Being
Bounded From Below

m Scalar potentials must be bounded from below
to be physical

m Limit of large fields ¢ — oo

m Ignore dimensionful terms: constraints on the quartic
part of the potential



3 The Importance of Being
Bounded From Below

m [ree-level potential with running couplings
(scale of validity)

m Classical scale invariance: violate at finite field values



4 Biquadratic Scalar Potential

For a biquadratic scalar potential

V(¢) = N ¢}

the vacuum is stable if the A; matrix is copositive
KK, Eur. Phys. J. C72 (2012) 2093 [arXiv:1205.3781]



5 General Scalar Potential

m The general renormalisable scalar quartic potential is

V($) = Ajudddud)
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5 General Scalar Potential

m The general renormalisable scalar quartic potential is

V($) = Ajudddud)

m Scaling the fields ¢ by constant c gives

V(c) = c'V(¢)

m Hence we can take unit ¢:

~

V(p) =V(¢)r' with ¢ =1, r=0



6 General Scalar Potential

We can force unit ¢ with the help of a Lagrangian multiplier,

V($.A) = V(9) +A (1 —¢%),
yielding the minimisation equations

oV(¢)

5% 2A$. and ¢ = |



/  General Scalar Potential

m When we set one or more fields to zero, the resulting
potential must still be positive

m With n fields there are 2" — | different possibilities



8 General Potential of Two Real Scalars

V(¢| ) (152) = A/‘/‘qbi| qyz
— haod? + A31 07, + 100 dld5 + Ai3d, b3 + Aoadp?



8 General Potential of Two Real Scalars

V(¢| ) (152) = )‘qul qyz
= haot? + 231070, + Andldd + Ai3¢ B3 + Aoad



9 General Potential of Two Real Scalars

V¢)2:o = )\40(]5? >0 and V¢|:o = )\044)3 >0

imply
Ao >0 and Apsa >0

If A3, = A3 = 0, these conditions and

A2 + 24/ As0h04 > 0

are necessary and sufficient



|0 General Potential of Two Real Scalars

Reduce the vacuum stability of the general potential

V(1. §5) = Aao@| + A3107y + A3 + A3, 3 + Aosdps

to the positivity of the general quartic

P(x) = awxt + a3x® + apx* + a,x + ag



|0 General Potential of Two Real Scalars
Reduce the vacuum stability of the general potential
V(d1,¢5) = Aot +A31970; + At ) + A3 §3 + Aosdhy

to the positivity of the general quartic

P(x) = awxt + a3x® + apx* + a,x + ag

m Dehomogenise V by ¢, = |
m Equivalently divide V by ¢3, and choose

X = ﬁ as the variable
2



|| General Quartic

P = aux’ +03x3 + ax? + ax + aop




|2 General Quartic: Positivity

P = awx* + a3 + axx* + aix + ag

m P has no real roots if

D>0A(Q>0VR>D0)

Rees, Amer. Math. Monthly 29 (1922) 2: 51-55;
Lazard, J. Symbolic Computat. 5 (1988) 1-2: 261-266



|2 General Quartic: Positivity

P = a4+ a3x® + apx* + ayx + ao

m P has no real roots if

D>0A(Q>0VR>D0)

Rees, Amer. Math. Monthly 29 (1922) 2: 51-55;
Lazard, J. Symbolic Computat. 5 (1988) 1-2: 261-266

m For P to be positive, also

a >0, a4>0



|3 General Quartic: Positivity

D = 256a3a; — 4a’a3 — 27a3ds + 16apdias — bapa’asas
— 27d}ai — 192a5a,a3a% — 4a3(aoal + atas)
+ 18ay(aas + 80004)(0003 + a|a4)
+ a3(ata3 — 80apa azas — 128a3a?),

Q = 8ayas4 — 303,

R = 64apd; + |6ayaday — 16a5(as + aya3) — 3al



|4 General Potential of Two Real Scalars
Mo>0, As>0, D>0A(Q>0VR>0),

where

D = 256A 303, — 43 435 — 27A3 A3+ 1 6Msohshos
— 6Maoh3 AoadTy — 27M5h 15 — 1920564310540 13
— 403, (A3 h04 + AaoATs) + 18X22(8haohos + A31A13)
X (A5 h04 + AaoAT3) + A% (A5 475 — 80As0h31h0ah 3
— 128X50A%0)
Q = 8oy — 343,
R = 6403 M4 + 16Xaohnd, — 16X3 (A2, + A3 10 3) — 343,



|5 General Potential of Two Real Scalars

V($1, dy) = Aod) + 431970, + A2 T3 + A3 b3 + hoadps
|

0.5¢

m Ao =0125  Aos =025 Ay =0.125



|6 General Potential of Two Real Scalars

V($1,d2) = Aod| + Az1 @1y + 029797 + Az b3 + hoadps
I

0.5
A 0
—-0.5
| ‘ -
0 0.5
A40

| )\04 = 025, )\3| = —0.75, )\|3 =0



|/ General Quartic: Positivity on R,

P= CI4X4 + C]3X3 + ClzX2 + a|x + ao,




|/ General Quartic: Positivity on R,

P = awxt + a3x® —|—azx2—|—a|x—|—ao, x>0




|8 General Quartic: Positivity on R,

(DgO/\Gg\/G_o+G|\/G_4>O)
\/(—2\/0004 < ay; < by/agas AND > 0NN < O)
\/(6\/0004 < ap A [(G| > 0 A as >O)\/(D >0ANA < O)])

Ulrich & Watson, TR 90-57 (1990)



|9 General Quartic: Positivity on R,

Nlw

—(\/_03—G|\/—) — 32 (aoa4)

3 3 5
— 16 (000204 + 000304 + aoa|a4)

ay + 24/dods
dopds — d| — 4\/apas
= (V02 — V)" — 4B e

X <\/G_odg + a \/0_4 + 4\/0004\/02 — 2\/God4>




20 Two Non-Negative Scalars
|

0.5
Ai3 0
—-0.5
) ‘ ‘ ‘
—| =05 0 0.5 |
A3

m Ay =0.125, A4 =0.25, Ay =0.125



2| Two Real Scalars & the Higgs Boson

V=2|H" + (Aod? + A9, + Aroads) |HI?
+ Aot + 317Dy + Andlds +Ai3d, B3 + Aosds
= )\H|H|4 + Mz(({b| ) ¢2)|H‘2 + V(Qb| ) ¢2)



22 Two Real Scalars & the Higgs Boson

V¢|:¢2:0 = )\H‘H|4 >0

implies
Ay >0
and
ViHp=o = (¢, ¢,) >0
implies

Ao >0, Aos >0,
D|/—/|2:O >0A (Q|H|2:O >0V R“_”z:() > O)



23 Two Real Scalars & the Higgs Boson

V= Al + MHR + Vo

ov

0= = u|H|* + M?
which gives
|
HZ = —=—M?
‘ |m|n 2)\/—/

m |H|2. is physical if M2 < 0

min



24 Two Real Scalars & the Higgs Boson

|
2 4
M0V Vipap,, = Vip=0 = 5-M7 >0

Is equivalent to

|
M <O = Vigpopp, = Viap—o — o—M* >0
Ay



25 Two Real Scalars & the Higgs Boson
¢

¢,

M (@), b)) = Aot + A1y + Ao



26 Two Real Scalars & the Higgs Boson

The coefficient matrix of

M* (1, ¢7) = ArnodT + At 1§ @ + Arioa s

M2 — (l)\Hzo %AHH)
SAHIT AHO2

Is given by



2/ Two Real Scalars & the Higgs Boson

b,
m Positive-definite if 5
Mo >0, Anor >0,  4Arnonor > Ay, |

m Negative-definite if 4
Ao <0, Ao <0, 4hpohrion > Ay, T @

m Neither if b,
detM? <0 or 4Amnornor < Al $
— 1 %




28 Two Real Scalars & the Higgs Boson

If detM? < 0, we can always bring M? into the anti-diagonal
form

M* = Modt +Ag110 by FAhods  — M=), 0,0,
¢, 028

M2 <0 M?* <0
¢,

~
ASe




29 Two Real Scalars & the Higgs Boson
¢

of

m Use positivity of P(x),x > 0 for VTH|2=|H|3mn(¢' =1,9¢,)



30 Two Real Scalars & the Higgs Boson
M2 — <)\H20 %)\HII) N ( .0 /O )
SAH Ao 0 Aon
s | |0
— E Sgh()\Hoz — )\/—(20) (O . |>
2 L oo — o) (O
) sgN{AH02 H20)\ | o
Altogether, we rotate the fields by

() ~uisui (3)

obtaining Vipo—jpp  — \/|H‘2 H

min



31 Two Real Scalars & the Higgs Boson

In the new basis

M = )\/_“ |¢ ¢2 Sgn()\HOZ _)\/—/20)(]5 ¢2

and the minimised potential has the form

I, = Kao®l + A5 079, + X973 + X3 65 + A

B fAqgy = Ao = 0, then )\;—III = Ay and
Vb=, = Viee=ir

m If Ay = 0, then Ay = sen(Anoa — Amno) = sgn Aoz and

, :
V\l—/|2 H2 has a simpler form

min



32 Two Real Scalars & the Higgs Boson

Ao > 0 Adogs > O0OAAg > 0 A Djppg

A (Qjrpp=0 > 0V Ryypp—o > 0),
Moo < 0 Ao < OAAY < pporo =
s — Nz > O A Wisdos — Ny > O A Dz
A (Qpp=iz, > OV Ripp=ji, > 0),



33 Two Real Scalars & the Higgs Boson

AL > Aodmon = Abs > 0 ANy >0

/\ [(DH2Hr2Ym < O /\ ( g| )\64 +)\l|3\/)\i}o) > O)

v (— 24 /Moo < Ny < 64/Xoadlio A Dy > 0

AL ey, S O) Vv <6\/ Noalho < Ay

AN 5 >0AN, >0)

V D=z, = 0N L/2|/—l|2:|/—l|2 < O)])

min min




34 Two Real Scalars & the Higgs Boson

V=H" + (AodT + A 1905 + Amonds) |HI?
+ Aot + 31079, + Andds + Aisd b3 + Aoadbs

m Ay =0.125 A4 = 0.125, Ag4 = 0.25,

A31 = A3 = Ao = Ao = 0, except where they vary
m Ay = O light & dark green
m Ay = 0.5: dark green



35 Two Real Scalars & the Higgs Boson




36 Conclusions

m Whether a polynomial is bounded from below is a hard
question of algebraic geometry

m Analytical vacuum stability conditions can be derived if
the number of fields is small or the theory has a large
symmetry

m We derived analytical conditions for SM Higgs & two real
singlets

m [he methods can applied to a wide range of potentials
with higher multiplets as well



3/ Thank Youl



38 Two Higgs Doublet Model

V=X [Hi [* 4 da | Ha |t 4 As|H [P [Ha)?
|
+ Aa(HIFR)(HIFL) + s | (HH2)? + (HEH )
+ AelH A (HIH + HiHY) + Ag|Ha | A(HTH + HiH))

m We assume no explicit CP violation and take all the
couplings real

m General vacuum stability conditions given in ‘light-cone’
formalism
Maniatis et al., Eur: Phys. ]. C48 (2006) 805—823 [hep-ph/0605 | 84]; Ivanov, Phys.
Rev. D75 (2007) 035001 [hep-ph/0609018]



39 Two Higgs Doublet Model

Hi|? =t
[Hal* = h)
H'Hy = hihype®

m pel0,1]dueto 0 < |HIHy| < |H [|H,]
m ¢ € [0,2n]

Ginzburg & Krawczyk, Phys. Rev. D72 (2005) | 15013 [hep-ph/040801 I]



40 Two Higgs Doublet Model

V =\ h + 03 4 Ash?h?
+ hap® h?h3 + Asp* cos 2¢ hth?
+ 2Xg¢p cos p hthy + 24sp cos ¢ h h3



40 Two Higgs Doublet Model

V =\ h + 03 4 Ash?h?
+ hap® h?h3 + Asp* cos 2¢ hth?
+ 2X¢p cos phihy + 24sp cos h h;



41 Two Higgs Doublet Model

m Apply positivity conditions for quartic P(x) with x > 07

m Practically impossibly to minimise D, Ay, A, with respect
to orbit space variables p and ¢

m Minimise with respect to all variables

m Use the positivity conditions of a general quartic for
edge cases



42 Two Higgs Doublet Model

V = A h +Ah3 4 Ashth3
+ (A4 4 As cos 2¢)p*hth3
+ 2X¢p cos p hihy + 247p cos ¢ h h3
+A(1 —h? —hd)



43 2HDM: Minimisation

0 = hihyp (2tsphihy cos ¢ + Aght -+ Ash3) sin ¢,
0 = hihy [(A4 4+ As cos 2¢) phihy + (Asht + Ash3) cos ] |
Ay = 2Xh7 + A3 + (Ag + As cos 2¢) p*] hih3
+ 3\gp cos ¢ hthy + Azp cos ¢ h3,
My = 2003 4+ A3 + (A4 + As cos 2¢) p?]hth;
+ Agp cos ¢ h? + 3Xzp cos ¢ hih3,
| =ht+h3



43 2HDM: Minimisation

0 = hihyp (2tsphihy cos ¢ + Aght -+ Ash3) sin ¢,
0 = hihy [(A4 4+ As cos 2¢) phihy + (Asht + Ash3) cos ] |
Ay = 2Xh7 + A3 + (Ag + As cos 2¢) p*] hih3
+ 3\gp cos ¢ hthy + Azp cos ¢ h3,
My = 2003 4+ A3 + (A4 + As cos 2¢) p?]hth;
+ Agp cos ¢ h? + 3Xzp cos ¢ hih3,
| =ht+h3



44 2HDM: Solution for ¢

The equation
sing =0

yields
p=0 or ¢=m

or
cosp = =+ |



45 2HDM: Extremum

2 p—
h%h%(M +A5)2

2 _ ( )
20+ A —A3) (A4 +As) — (Ag )\7)27
26 ( )

2

5 =

Vmin -

(Aéh% + )\7h%)2

|(2)\2 AB)()\4—|—)\5)—|—2)\7

(24 = A3) (A4 + As) — h6(hs — A7

A1+ 2 —A3) (A4 +A5) — (Ag — A7)%’

— A7)

2
1 (A 4 s) (4hidg = A3) — 4005 + kg
4

()\I + Ay — )\3)()\4 +)\5) — ()\6 _ )\7)2



46 2HDM: Edges of Orbit Space

cos ¢




46 2HDM: Edges of Orbit Space

cos ¢

m We have to checkp =0and cos¢p = £1, p = |



47 2HDM: p =0

Vo—o = Ath} 4+ Aah3 + Ashthi

yields
A >0, A>0, A3+2¢/MA >0



48 2HDM: cos¢p = £1,p = |
Vcos¢:j:|,p:| = )\Ih? + )\2h§ + (A3 + A4+ )\5)h%h%
+ (2)\6 h?h2+2)\7h|h§)

0.5

A7 0




49 2HDM:cosgp = £1,p = |

Vcosd):ﬂ:l,p:l = )\lhAIr + )\2/’)3 + ()\3 + A4 + A5)h%h%
+ (s hihy + 27 hih3)

yields

Dcos¢::t|,p:| A (Qcosqb::l:l,p:l >0V Rcosqb::i:l,p:l > O)



50 2HDM: cos¢p = +1,p = |

Deosgmrtt p=l = 16[160A3 + A jAoATss — 279N
— 48X AAAT — 6 A ANS
— T6XAT — 2705 — A3us (A2 + A 1A9)
+ 18345 (241 Ay 4+ A7) (AA2 4 X 1A3)
+ A4s (—8X2A5 — 200 A5hhs + A2AD)],
Quosp=rt 1. p=1 = B\ jA3as — 1207,
Reospmmt | p=1 = 16[4AAy + A Asashe — 3¢
— AT (W45 + 47)],

where Asq5 = A3 + A4 + As



51 2HDM: Full Conditions

AL >0 A A >0 A A3+ 240/00 >0
/\DCOS¢::E|,p:| A (Qcosd)::lzl,pzl > O\/Rcos¢::t|7p:| > O)
AO<hi <IAO<h]<IAOD<p’<|=Vy,>0)



52 Two Higgs Doublet Model
0.5

0.25 ¢

)\7 Or

—0.25¢

~05-025 0 0.25 0.5
Ag

A =0.125A=025A3=0,14=0.25 A =0



53 Two Higgs Doublet Model
0.5

0.25 ¢ :
A3

O L

—0.25 ¢

~05-025 0 025 0.5
A

mA)=0252=025A =01 =0.25A=0



54 Two Higgs Doublet Model
0.5
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A =0.125 A =025 X1 =0.25 A5 =0,A; = 0.25



