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Introduction

It is known that time-dependent vacuum expectation value of the background field in

the presence of perturbative corrections to non-perturbative production causes the

production of particles. It can be realized during the pocesses crucial for the history of

the Universe such as post-inflationary production or bariogenesis via leptogenesis.

Outline:

Fundamental concepts connected with the creation of particles

Different sources of produced particles

Inflationary particle production
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Production of particles

vacuumin = |0in〉
operators

(
ain

k , a
in †
k

)

modes (v in
k )

6= vacuumout = |0out〉
operators

(
aout

k , aout †
k

)

modes (vout
k )
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Bogoliubov transformation (L.E. Parker & D.J. Toms, N. D. Birrell & P. C. W. Davies, ...)

These two sets of operators act in the same Hilbert space so we can express one using

another

aout
k = αkain

k + βka
in †
k

a
out †
k = α∗k a

in †
k + β∗k ain

k

and calculate commutation relation in the new basis

[aout

k
, a

out †
k

] = [αk a
in

k
+ βk a

in †
k
, α
∗
k

a
in †
k

+ β
∗
k

a
in

k
] = ... =

(
|αk |2 − |βk |2

)
[ain

k
, a

in †
k

]

Commutation relation is fixed so we obtain the normalization condition for Bogoliubov
coefficients in case of the scalar field

|αk |2 − |βk |2 = 1.

For fermions: |αk |2 + |βk |2 = 1 because of the different form of commutation relation.

Occupation number of produced particles

nk ≡ 〈0in|Nk |0in〉 = 〈0in|aout †
~k

a
out

~k
|0in〉 = V |βk |2.

It seems that if βk = 0 particles are not produced.
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Adiabaticity

What is the condition under which non-adiabatic production occurs?

We choose adiabatic vacuum (particular set of modes):

vk ∼
1√
ωk

e
±i
∫
ω(t
′)dt
′

Solving Euler-Lagrange equation leads to the equation of motion for modes:

v̈~k + ω2

~k
(t)v~k = 0

that is simply the harmonic oscillator equation with time-dependent frequency It can

be solved in two regimes:

adiabatic region: ω̇k/ω
2
k < 1 slowly varying background

nk(t) ≈ ρk

ωk
≈ |v̇k |2

ωk
≈ 1

ωk

(√
ωe±i

∫
ω
)2

≈ const

non-adiabatic region: ω̇k/ω
2
k > 1 rapidly varying background

nk(t) 6= const particle production occurs

Olga Czerwińska (University of Warsaw) Cosmological particle production PLANCK 2016, Valencia, 25.05.2016 5 / 17



Production of particles

Particle production can occur in

non-adiabatic area

change of vacuum

rotation of the basis

rescattering

adiabatic area

perturbation theory
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Change of vacuum (general mechanism) (L.Kofman et al., JHEP 0405 (2004) 030)

V = 1

2
g2|φ|2χ2

asymptotically: φ(t) = vt + iµ, 〈χ〉 = 0

non-adiabatic region: |φ| .
√

v/g

background field in non-adiabatic region:

χ particles are produced
(
∆t ∼ (gv)−1/2

)

produced particles induce a new linear potential

ρχ =

∫
d3k

(2π)3
nk

√
k2 + g2|φ(t)|2 ≈ g|φ(t)|nχ

and an attractive force (”oscillations”)

Im φ

 µ

 ν

Re φ

φ

Re t

Im t

in out

each time the occupation number of produced χ particles is:

n
χ
k = V · |e−i

∫
t

dt
′ωk (t

′)|2 = V · exp

(
− π k2 + g2µ2

gv

)

number density: nχ =
∫

d
3
k

(2π)3

n
χ
k

V
∼ (gv)3/2

(2π)3 e−πg
µ2

v
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Our model

Superpotential:

W =
g

2
ΦX

2

Potential:

Vscalar =
g2

4
|χ|4 + g

2|φ|2|χ|2

Why supersymmetry?

natural way of introducing fermions

it’s simple but still nontrivial (2 scalars + 2 fermions, 2 massive + 2 massless)

Once again we can choose: 〈φ〉 = vt + iµ, 〈χ〉 = 0.

After one transition:

n
φ
k ≈ 0, n

ψφ
k ≈ 0

n
ψχ
k = V · e− π

gv
(g

2µ2+k
2)

n
χ
k = V · e−

π(g
2µ2+k

2(+m
2))

gv
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Scatterings

So far:

produced particles just propagate and cause backreaction (induced potential)

but they do not interact with each other.

What is the role of these interactions?
(in literature called rescattering)

(L. Kofman, A. Linde and A.A. Starobinsky, Phys.Rev. D56 (1997) 3258)
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Effect of interactions

A scalar field Ψ has equation of motion of the form

(
∂2 + M

2(x)
)

Ψ(x) + J(x) = 0,

where J(x) describes possible interactions (source term).

Its solution (for weak coupling) is called Yang-Feldman equation (analogy with

retarded potential in electrodynamics) (C. N. Yang and D. Feldman,Phys. Rev. 79, 972 (1950))

Ψ(x) =
√

ZΨas(x)−iZ

x
0∫

tas

dy
0

∫
d

3
y[Ψas(x),Ψas(y)]J(y),

where

Ψ(t
as,~x) =

√
ZΨas(t

as,~x)

is a free asymptotic field.

Olga Czerwińska (University of Warsaw) Cosmological particle production PLANCK 2016, Valencia, 25.05.2016 10 / 17



Effect of interactions

Expanding our asymptotic field into mode functions (it’s a free field: J(x) = 0)

Ψas(x) =

∫
d3k

(2π)3
e

i~k·~x
(

Ψas

k (x
0)a

as

~k
+ Ψas ∗

k (x
0)a

as †
−~k

)

and taking time-dependent inner product relation that comes from canonical

commutation relations

Ψ̇as ∗
k Ψas

k −Ψas ∗
k Ψ̇as

k = i/Z

allows us to get

a
as

~k
= −iZ

∫
d

3
xe
−i~k·~x

(
Ψ̇as ∗

k Ψas −Ψas ∗
k Ψ̇as

)

which means

a
out

~k
= αka

in

~k
+ βka

in †
−~k−i

√
Z

∫
d

4
xe
−i~k·~x

(
− βkΨin

k (x
0) + αkΨin ∗

k (x
0)
)

J(x).

That establishes the generalized Bogoliubov transformation with coefficients defined as

some combination of Z , Ψin
k and Ψout

k with usual normalization.
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Effect of interactions

Occupation number is now

nk =

{
V |βk |2 + ... (βk 6= 0)

0 + Z |
∫

d4xe−i~k·~xΨin ∗
k J|0in〉|2 (βk = 0)

Particles are produced even if βk = 0.

How big is that effect?
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Numerical results

20 40 60 80 100
t
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0.100
n(t)

nϕ(t)

nχ(t)

nψϕ(t)

nψχ(t) 20 40 60 80 100
t

2

4

6

8

|<ϕ>|

φ(t = 0) = 5 + 0.05i, φ̇(t = 0) = −0.5, g = 1

We observe non-negligible production of massless particles.

For the same choice of parameters number density of produced particles that comes

from the change of the vacuum is aproximately 10−2.
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Rotation of the basis

What if condition 〈χ〉 ≈ 0 is fulfilled only asymptotically?

When 〈χ〉 6= 0 we get additional production due to rotation of the basis for fermionic mass

eigenstates.
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〈χ〉 = vχt + iµχ
left: vχ = 0.5, vφ = 0.3, µχ = 0.01, µφ = 0.02,

right: vχ = −0.5, vφ = 0.3, µχ = 0.01, µφ = 0.02

Overall effect is a few orders of magnitude smaller than the production connected

with the change of the vacuum.
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Comparison with perturbative production

t = 0t = v/nχ v

t = 2v/nχ

φ

t ∼ 1/
√
gv

∫
dt nχσvχχ =?

So far we discussed non-perturbative particle production in the nonadiabatic region

(non-perturbative = succeeding stages depend on each other).

Outside of this region also perturbative production can occur that can be described by

Boltzmann equation:

ṅ~k −
H

E
|~k|2 ∂n~k

∂E
=

1

E

∫
d3p2d3p3

4(2π)5E2E3

δ(4)(k − p2 − p3)
(∑

m

(−n~k + n2n3)|Mm|2
)

+

+
1

E

∫
d3p4d3p5d3p6

8(2π)2E4E5E6

δ(4)(k + p4 − p5 − p6)
(∑

m

(−n~kn4 + n5n6)|Mm|2
)
,

where k = (E,~k).

Preliminary conclusion: perturbative production is comparable to non-perturbative one.
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Massive background: ∆L = −m2

φφ
2
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Conclusions

general method of calculating non-adiabatic particle production has been

presented

number density of produced massless particles coming from rescattering

is non-negligible

effect coming from the change of basis for fermions is negligible

perturbative production in adiabatic area may be comparable to

non-perturbative one in non-adiabatic area
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Back-up slides
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Vacuum in curved spacetime

In Minkowski space vacuum is the lowest energy-eigenstate of the Hamiltonian (one

and only). All inertial observers will always measure the same vacuum.

In curved spacetime Hamiltonian is explicitly time-dependent and no set of mode

functions is distinguished. There is some freedom in choosing the set of modes that

serves as vacuum.

Examples:

instantenous vacuum - minimizing instantenous Hamiltonian

adiabatic vacuum - based on WKB approximation

But: for asymptotically flat geometry we can describe our vacuum in analogy with

Minkowski case and we can well define "in" and "out" states then

a(t) ∼
{

a1 for t → −∞
a2 for t → +∞
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Quantization of the scalar field in curved spacetime

The simplest action for a free scalar field Ψ minimally coupled to gravity

in FRW flat metric

(
ds2 = dt2 − a2(t)d2~x

)
:

S =

∫
d

4
x
√−g

(
1

2
∂µΨ∂µΨ− 1

2
m

2Ψ2

)
.

Decomposition of the scalar field into modes v~k :

Ψ(t,~x) =

∫
d3k

(2π)3

(
v~k(t,~x)a~k(t,~x) + v

∗
~k

(t,~x)a
†
~k

(t,~x)
)

in our notation should asymptotically correspond to positive-energy Minkowski solution:

w~k =
1

(2π)3/2

1√
2ω̃k

e
i(~k~x−ω̃k t)

for ω̃2
k = |~k|2 + m2. So we choose:

v~k =
1

(2π)3/2

1√
a3(t)

1√
2ωk

e
i(~k~x−

∫
t

0
ωk (t
′)dt
′)

with ω2
k =

(
k

a(t)

)2

+ m2.
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Quantization of the scalar field in curved spacetime

Solving Euler-Lagrange equation gives the equation of motion for field Ψ

Ψ̈ + 3
ȧ

a
Ψ̇− ∇

2

a2
Ψ + m

2Ψ = 0

which means the following equation of motion for modes:

v̈~k + ω2

~k
(t)v~k = 0

that is simply the harmonic oscillator equation with time-dependent frequency. Solving it

means finding some particular set of modes.

Vacuum state is defined by: ∀~k a~k |0〉 = 0.

Commutation relations:

[a~k , a
†
~k′

] = δ(~k −~k ′)
[a~k , a~k′ ] = 0
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Our notation

annihilation and creation operators depend only on time (no space dependence),

it is connected with the definition of the asymptotic field: a = a(tas)

it does not describe the time evolution of the system but it means that if field

φ(t,~x) evolve from tas to t , operator ak keeps ak(tas)

time evolution of the system is described by the wave function

the definition of the number operators is tuned at each moment of time so that

they can lead to correct quantities (instantenous approach)
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Normalization of modes

Mode functions v~k are orthonormal in a sense:

(
v~k , v~k′

)
= δ(~k − ~k ′)

(
v~k , v

∗
~k′

)
= 0

with scalar product

(
f1, f2

)
= i

∫
d

3
x|g|1/2

[
f
∗
1 (~x, t) · ∂0f2(~x, t)− ∂0f

∗
1 (~x, t) · f2(~x, t)

]
.

Olga Czerwińska (University of Warsaw) Cosmological particle production PLANCK 2016, Valencia, 25.05.2016 23 / 17



Particle production after inflation

preheating - parametric resonance (forced oscillator)

classical inflaton background φ induces the quantum production of χ particles

solving Matthieu equation: χ′′k + (Ak − 2q cos(2z))χk = 0,

where Ak =
k

2

m2 + 2q and q = g
2Φ2

4m2 = const

slow reheating and thermalization - oscillations around the minimum of the

potential, perturbative production

D. Baumann "The Physics of Inflation"
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SUSY breaking

We can include SUSY-breaking in our model in two ways:

SUSY can be broken from the beginning, before the production occurs

n
χ
k =

(gv)3/2

(2π)3
e
−π(g

2µ2+m
2+k

2)
gv

SUSY can be broken just after the production

n
χ
k =

(gv)3/2

(2π)3
e
− π

gv
(g

2µ2+k
2)

We consider soft SUSY-breaking term of the form:

δLsoft = m
2|χ|2

mred < mblue < mblack

solid line - smaller g

dashed line - bigger g

Soft mass does not depend on the coupling so

lighter particles are produced more efficiently.

 0
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b
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v
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Massive particles and the background

nχk
/V ∼ 1

2ωk
Zχ

(
|χ̇in

k |2 + ω2
k |χin

k |2
)
− 1

2

nψχk
/V ∼∑

s

[
1

2
+ s

2ωk
k Zψχ

(∣∣∣ψ(−)s,in
χk

∣∣∣
2

−
∣∣∣ψ(+)s,in
χk

∣∣∣
2
)

+

− 1

ωk
Zψχ<

(
g〈φ〉ψ(−)s,in∗

χk
ψ

(+)s,in
χk

)]

± distinguish between a particle and antiparticle for scalars and indicate the helicity of fermions

Equation fixing the evolution of 〈φ〉 (1-loop momentum integration)

0 = 〈0in
∣∣(∂2φ+ g2|χ|2 + 1

2
gψ†χψ

†
χ

)∣∣ 0in〉 ∼

∼ 〈φ̈〉+ g
∫

d
3
p

(2π)3

(
Zχ|χin

p |2g〈φ〉 − 1

2
Zψχ

∑
s

ψ
(−)s,in
χk

ψ
(+)s,in∗
χk

)
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Massless particles

nφk
≈ g

2
V
∫

d
3
p

(2π)3

(
ZφZ

2
χ

∣∣∫ dtφout
k χin

|p+k|χ
in
p g〈φ∗〉

∣∣2 + ZφZ
2
χ

∣∣∫ dtφout
k χin

|p+k|χ
in
p g〈φ〉

∣∣2 +
+ 1

4
ZφZ

2
χ

∑
q,r,s

(
1 + rq

p·(p+k)
p|p+k|

) ∣∣∣∫ dtφout
k ψ

(s)r,in
χ |p+k|ψ

(s)q,in
χ p

∣∣∣2 )
nψφk

≈ g
2
V · ZχZψφZψχ

∫
d

3
p

(2π)2

∑
s,r

1

2

(
1− sr

k·p
kp

) ∣∣∣dtψout

φk
χin

|p+k|ψ
(s)r,in
χp

∣∣∣2

Given WKB approximation we get

nφk
/V ∼ g

2 (g |v|)3/2 |t|2 /k

nψφk
/V ∼ g

2
√

g |v| |t|

+

n

�k

�

2

n

 

�

k

�

2

 

�

 

�

�

h�i

�

� �

 

�

 

�

2

�

+ (anti-parti
le diagrams)

+ (anti-parti
le diagram)
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Fits for distributions of massless particles

nφk
/V ∼ g2

4π
· 1

e

√
πk2/g|v| − 1

· f1(t) · "oscillating part"1

nψφk
/V ∼ g2

4π
· 1

e

√
πk2/g|v| + 1

· f2(t) · "oscillating part"2

f1(t) ∝ 0.16 · t
2

f2(t) ∝ 0.40 · t

"oscillating part"1 ∝
(

sin[0.52kt]
0.52kt

)
2

"oscillating part"2 =
(

sin[0.59kt]
0.59kt

)
2

nnn (1)
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Numerical results

g nχ nψχ nφ nψφ

0.1 45.85 50.66 1.83 1.66

0.5 47.33 47.74 4.26 0.66

0.8 45.26 45.36 8.72 0.66

1.5 36.8 37.04 25.03 1.13

1.6 35.67 35.94 27.16 1.24

1.8 32.85 33.14 32.59 1.41

2 43.45 43.61 12.27 0.67

Number density of produced species as a part of the whole production (in %).

We observe non-negligible production of massless particles.
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Our calculation

We consider the simple supersymmetric model with superpotential

W =
g

2
ΦX

2.

Plan of our calculation

Yang-Feldman equations for all the species φ, χ, ψφ, ψχ

relation between "in" and "out" fields (Bogoliubov transformation)

identifying βk coefficients what leads to number density estimation
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