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Euler-Heisenberg Lagrangian

Light-by-light scattering in QED at very low energies (E, < m,)

o Gauge, Lorentz, Charge Conjugation & Parity constraints

e Energy expansion (E,/m.)

1 17 a v b v g,
Lo = =7 F" Fu + —5 (F" Fu)? + — P Fug P77 Py + O(F®/m?)

e e
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Why the sky looks blue?
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Why the sky looks blue?

Rayleigh scattering

Low-energy scattering of photons with neutral atoms

E, < AE~a’me < ay' ~ame < Mg

e Neutral atom + gauge invariance == FHY = (L-:, é)

e Non-relativistic description
Ling = ag Pl (CIE2 +C2§2> +... ; ¢~ 0O(1)

32 6 4
M ~ ¢ a5 ES — o ocaOEA/

EFT

A. Pich - 2015




Why the sky looks blue?

Rayleigh scattering

Low-energy scattering of photons with neutral atoms

E, <« AE~a®’m, < agt ~ame < My

e Neutral atom + gauge invariance == FHY = (L-:, é)

e Non-relativistic description
Ling = 38 Pl (CIE2 +C2§2> +... ; ¢~ 0O(1)

M ~ ¢ agE? Co o o agE]

Blue light is scattered more strongly than red one
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Dimensions

S = [ d**xL(x) L (2] = E*

Lxa = Oudlotg —m? ol = [¢] = [VV] = [A'] = E

LDirac = 2/_)(i'y“8#f m) — [¢] = E3/2

[0] = E2 : ] =E
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Scalar Field Theory

OE|27%¢3 = [\]=E
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Scalar Field Theory

A R B NP

o L :f§¢3 - [\]=F el | %
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o(1+2ﬁ3+4)~—{1+0<?>+ } (s> m?)
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Scalar Field Theory

A - )
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Fermi Theory
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Fermi Theory
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Fermi Theory
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Fermi Theory -
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Relevant, Irrelevant & Marginal

1

Ech,-O,- , [O]l=d — i~ ga

Low-energy behaviour:
e Relevant (d; < 4): I, ¢, o3, P
Enhanced by (A/E)*~
e Marginal (d; = 4): m2¢?, miy, ¢t p, Ve

e Irrelevant (d; > 4): PP, Bup Py, G2, -

Suppressed by (E//\)d"_4
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(@)
) log (02/3)

Q) =

1-p

2 .
QED: 5 =3 ij QFNe >0 =3 lim a(Q?) = 0

Quantum corrections make QED irrelevant at low energies
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(@)
T rog (@2/@3)

2 .
QED: 5 =3 ij QFNe >0 =3 lim a(Q?) = 0

Quantum corrections make QED irrelevant at low energies

QCD: 5= 2N — 11 Ne <0 - lim as(Q%) = oo
(§) Q2-0

Quantum corrections make QCD relevant at low energies

EFT A. Pich - 2015



Quantum Loops

EFT

L= (i7" — m)vp — —2 (P)2 — ~— (PT) () + - -
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Quantum Loops

- . a , - b - -
L= (V'O — m)y — =5 () — -7 (PO () + -+
A A
. a d*k 1
o Cut-off regularization: m ~ 2 A2 ~ m Not suppressed!

/\2
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Quantum Loops

L= (i7" — m)vp — —2 (P)2 — ~— (PT) () + - -

om 2/ 2 m/ d*k 1
~ | — -
N2 (2m)* k2 — m?

e Cut-off regularization: om ~ % A% ~ m Not suppressed!

PPLE

e Dimensional regularization: Doo(p) =

+ ~vg — log (47
D_4 T'E ( )

m2 m2

Well-defined expansion (Mass independent)

om ~ 2am
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Vacuum Polarization

(me =0)

aQ?
3w

AN (p*) + Nr(q®/p?)
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}
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D—4

inw(q) = i(-q’¢" +q"q") N(q?)
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Vacuum Polarization =0

(@) = -5 {aet)

AN (p%) + Ma(

inw(q) =i (—q°g" +q"q”) N(q?)

2
—q 5
| ) _ =
* Og( % ) 3}
2, D—4

2 2
q/u”) Booli) = ——— + 7 — log (4)

IR R

ao {1 = ANe(p®) = Nr(q?/u?)}

ar(p?) {1-"Nr(q*/1?)}

EFT
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Vacuum Polarization (=0

inw(q) = i(-q’¢" +q"q") N(q?)

aQ? _qz 5
Ng*) = - 37rf {Aoo(u)+|og <7) - g}
= AN(p®) + Nr(q’/p°) fosli) = % el
- ao {1 - AN(4?) - Nr(d*/1°)}
= ar(?) {1-Ng(*/112)}
2
. Z_a =flo)=fiot - w a(Q) &~ a(g?EQO) 2
o du ™ 1-5 50 log (Q*/Q5)
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Vacuum Polarization (@ =0

qﬂ \ I-I—Ilw(q) = (7q2g;w+ququ) n(qZ)
ng®) = —‘“32’ {Aoo(u)+6/0 dx x(1 — x) log (%’;(1_”)}
= AN (%) + Nr(qg*/1?) Boo(n) = 2D£:4 + 7 — log (47)
1 a0 {1 = AN () ~ Ne(a?/12)}
= ar(p®) {1-Nr(¢*/p)}
a(Q3)

n da «@ 2
B2 =Be)=p=+ = o(Q) &~ 5
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Mass-Dependent Scheme: AN (42) = N(—p?)

1
«
Me(a?/4) = ~@F 326 | dex(1 =) log
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Mass-Dependent Scheme: AN (42) = N(—p?)

1
«
Me(a?/4) = ~@F 326 | dex(1 =) log

0.8

1 2 2(1 )2 %0-6

HEX — X N
/31:4Q2/ ax ——— 2 0.4
f 0 m?+M2X(1_X) 0.2
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Mass-Dependent Scheme: AN (42) = N(—p?)

[m? — ¢*x(1 — x)

1
Nr(q?/u?) = — 216/ dx x(1 - x) log | —L—— =2
r(q° /1) QF 5 | xx(1—x) %8 | T 2x(1 = %)

1
1 2.2 2 82.2
' pox*(1 - x) .

:402/ dx ———— 50.4

/31 f 0 m12f+M2X(1_X) 0.2
o0 1 2 3 4 5

nmwu
2

e mf <y Q7 H=3Q . Mk(d/W) = —QF 5= log(~q’/if)
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Mass-Dependent Scheme: AN (12) = N(—p?)

1
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Mass-Dependent Scheme:

1
Nr(q®/12) = *Q?% /0 dx x(1 — x) log

1 2.2 2
1—x)

402 [ g XA X7

b1 Qf/o Xm?—&—/ﬁx(l—x)

ﬁlzzQ?

om?<<,u2,q2: 3

e m? > 2 g%

2 H2
,Bl 15 Qf m%

DECOUPLING

A. Pich

—-

EFT

[m? — ¢*x(1 — x)
|2+ (1= x)

Nr(q* /1) = — Q7 % log (—q°/11%)

2

2
a g +u
Ne(q®/1’) ~ QF ——
150 m?

(Appelquist-Carazzone Theorem)
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MS Scheme:

EFT

Nr(q®/1?)

o2 X
Qf3

AN (12) = _Q2 @0

1
6/ dx x(1 — x) log
0
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MS Scheme:

EFT

Nr(q®/1?)

2
'ﬂlng?

AN(r?) = ~@QF 5° Dooli)

1 2 2
e m; — g°x(1 — x)
Qf§6/0 dx x(1 — x) log I E—

Independent of mg

Heavy fermions do not decouple
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MS Scheme: AN (p?) = —Q2 20 A(p)

le’ ! m? — g?x(1 — x
Nr(q®/1%) = Q%§6/0 dx x(1 — x) log %()
2
o 3, = 3 Q? Independent of mg

Heavy fermions do not decouple

(6%
o m{ > i g% Nr(q®/n?) = —QF 3 log (mf /1)

Perturbation theory breaks down
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MS Scheme: AN (?) = —QF 52 Y0 A (1)

le’ ! m? — g?x(1 — x
Nr(q®/1%) = *Qgg /0 dx x(1 — x) log %()
2
o 3, = 3 Q? Independent of mg

Heavy fermions do not decouple
[0
o mf > p? g% Nr(q®/n?) = —QF 3 log (mf /1)
Perturbation theory breaks down

SOLUTION: Integrate Out Heavy Particles
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Matching

EFT with heavy fermion By = g Q2 + plieht

EFT without heavy fermion By = iight

e Two different EFTs (with and without the heavy fermion f)

e Same S-matrix elements for light-particle scattering at p = ms

EFT A. Pich - 2015 15



Effective Field Theory

EFT

£(6.9) = S(96) + 5(90) — Zmd? — ZMP0? -
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Effective Field Theory

— E 2 E 2_} 2 2_1 2 2_5 2
L(¢,®) = 5(09)" + 5(0®)" — om"¢" — SM°O% — 54670
1 (\E) (m< M < E)
(66 = 69) ~ £ X
(A/m)* (m,E < M)

EFT A. Pich - 2015 16



Effective Field Theory

_l 2 1 2_122_122_52
L(9,®) = 5(09)" + 5(0)" = Sm"¢" = SM°®" — 2670
1 (NE) (m < M < E)

o(60 = 00) ~ F5
(/M) (m,E < M)

T K e

S e = Lalo) = Y 0(0)

i
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Effective Field Theory

_l 2 l 2_&22_122_52
L(p,®) = 2(f%) +2(3¢) SM9° — S M7 — S¢7d
1 (NE) (m < M < E)

o(pp — ¢pp) ~ 72 X A
(A/ M), (m E < M)

T K e

S e = Lalo) = Y 0(0)

i

221
[O]=di &  a~
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)\2
One Loop: Log = = a(0¢)? — —b¢2 togrm ¢t
M
A _
b YA O
C 0 1
H
' KK X
gl 00 1
A2 , 2
a=ltaqgmpt 0 bEm b gt
2
c=1+¢q

EFT

1672 M?2 +

A. Pich - 2015

17



Principles of Effective Field Theory

EFT

Low-energy dynamics independent of details at high energies

Appropriate physics description at the analyzed scale
(degrees of freedom)

Energy gaps: 0+—mM<KEKM— oo

Non-local heavy-particle exchanges replaced by a tower of
local interactions among the light particles

. (d;—4) > . < M
Accuracy: (E/M) e = dSa+t log(M/E)

Same infrared (but different ultraviolet) behaviour than the
underlying fundamental theory

The only remnants of the high-energy dynamics are in the
low-energy couplings and in the symmetries of the EFT

A. Pich - 2015
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EFT

Evolution from High to Low Scales

Large 1
L(¢:) + L(¢j, D) i, ®

Renormalization Group

___________ =M ------ Matching
L(6i) + 0L(07) Oi

Renormalization Group

Y

Small p

A. Pich - 2015
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QCD Matching

_ Ci
(u> M) ﬁg\l&)} - ﬁgchD Rt E Vi a O; (n < M)
di>4
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QCD Matching

— Ci
(,u > M) ‘Cg\gl)) @ Eg\gD 1) + Z W O,‘ (/1, < M)

d,'>4

k=1 &
L=1In(u2/M?)
oo O[(’VFfl)( 2) k
mM)(p?) = m{¥eD(?) {1 + Y Hi(L) [ — & ] }
k=1
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QCD Matching

_ Cj
(1> M) Lo - Lot + Y Tida O (u < M)

d,'>4

o0 a(NF—l)( 2) k
oM (p?) = oM D) S 1+ > G(L) [¥]

k=1 &
L=1In(u2/M?)
o0 (Ne—1), 231K
mgNF)(MZ) — mgNF—l)(u2) {1 + Z Hi (L) [_as - (p )] }
k=1

e Matching conditions known to 4 loops: Ci234, Hi234

(Schroder-Steinhauser, Chetyrkin et al, Larin et al, Liu-Steinhauser)
e ag(p?) is not continuous at threshold
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Wilson Coefficients:

ﬁzZi#Oi

EFT
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Wilson Coefficients:

EFT

(0i)g = Zi(e, 1) (Oi(1))r
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Wilson Coefficients:

(

EFT

d
" +70,.) (ONr=0 1 90 =

(0i)g = Zi(e, 1) (Oi(1))r

du
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Wilson Coefficients: L=Y 0

(Oi)g = Zi(e, 11) (Oi(1))r ; e (Oi)g =0
d p dZ; a an 2
(‘ud_ﬂ +’Yo,) (O)r=0 ;79 = Z o — 7(01,-) @ 75)2[) (;) +
L ) (0r =0
Mdu i\ i/R —
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Wilson Coefficients: L=Y 5 0
O)hg = Z; O; d O; 0
(Oi)g = Zi(e, 1) (Oi(k)) R ud—u< RS

(ﬂdi/; +’Yo,-) (Or=0 ; 79 = % Z,i = ’Y(ol,.) ° 78.) (%)2 +

EFT

d
p-ci(n) (Oi)r =0 —>-
1%
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Wilson Coefficients: L=Y 5 0
d
(0i)B = Zi(e, p) (Oi(1))r e (Oi)g =
(Md— +’7’o,-) (Oi)r =0 Yo, = % (Z,,i’ = ’Y(ol,.) - +~/§§) (%)2 + -
< (1) (Oi)r =0 o 4 )c():O
Md,ul# i/R Mdﬂ Yo, | CGi\H
@ da Yo. (@)
alu) = eluo) expd [ o
— 0

EFT

21



Operator Mixing: L=Y 50
(Oi)g = 22 Zij(e, 1) (O5(n))r Yo = Z‘lud% z



EFT

Operator Mixing: L=% 0,
(Og = 3 Zi(e, 1) (0;(1))r vo =2 d%
<Hd%L +70> <6>R = MdiL 75) (&g = 0
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Operator Mixing: L=Y 5= 0

(Oi)e = >; Zij(e, 1) (Oj(1))r : Yo = Z‘lud—M z
d - d =
(kg t70)@r=0 i (ng -5 @n =0
Diagonalization: (u-lfyg U) = 0,0 & = U;l G

)

—- C,'(/L) = Z U,J exp{/a % ’YBOJ((QO;)} Ujkl Ck(ﬂo)
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Wilson Coeff. in the Fermi EFT

Log = CF

NG Vio Vi Oq103,41 ; Or12341 = [@17" (1 —75)92] [G37,.(1 — v5)qa]
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Wilson Coeff. in the Fermi EFT

Gr
ﬁcff = 7 V]_2 V43 O{l 2:3,4} ) O{l 23,4} — [ql Y 1 ] CI2] [q3’7/ (1 - ry5)q4]
2
Colour: Z NNy = e 8 Skt + 2 8 Sig
Fierz: (X =8)]as (X —8)],s = = [V (1 —98)l0s [vu(l —5)],4
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Wilson Coeff. in the Fermi EFT

Gr
Lo = 5 VoVis Opasey 1 Opasey = [@7"(1 =) @] [G7u(1 = 75)ad]
a a 2
Colour: Za: NN = e 8 Skt + 2 8 Sig
Fierz: (X =8)]as (X —8)],s = = [V (1 —98)l0s [vu(l —5)],4
[,—GFVV{C()Q-‘rC(L)Q} - Qe =0 +0
eff = 2\/5 12 Va3 1C+ + -\t - ) + = Y1234} {1,4:3,2}
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Wilson Coeff. in the Fermi EFT

Gr
ﬁcff = 7 V]_2 V43 O{l 2:3,4} ) O{l 23,4} — [ql Y 1 ] qZ] [q3’7/ (1 - 75)q4]
2
Colour: Z NNy = e 8 Skt + 2 8 Sig
Fierz: (X =8)]as (X —8)],s = = [V (1 —98)l0s [vu(l —5)],4
GF *
Lo = 23 ViaViz {ci (1) Qi + c— (1) Q-} ; Q@+ = Opi2szay = Onasey

= (L)% - e (ST a - (L) 55
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K — (27T)|

AIK® — ]
AIK® — 7070

AIKt — 7170

. 1 .
Age'Xo + 4475AA2 e'X2

\/_
= Ao CIXO — \/5,42 CIX2
3 .
= “Aye'X
27

EFT
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Bose: 1=0,2 (Al=1,3)

L Re(A2) 1
" Re(Ay)) 22
Al =1/2 Rule
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K — (27T)|

Bose: 1=0,2 (Al= lg)

A[KOHT(OT(O] = Ao(‘,/XO _ \/§A201X2 € 0
AIKT = ] = gA”iXQ Al =1/2 Rule

Weak Currents

Tt Tt P
W
00 @ 00
Factorize 8 : |
O(Ng) O(Nc) o(1)

at Large Nc

A[KO%WWO]_O —- AOI\/§A2
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K— (27T)| Bose: 1=0,2 (Al=1,3)

AK® = ntn7] = Ageo + %Az /X2 w = ﬁe 222; ~ %
A[KO — 7'('07'('0] = Ao(‘,/XO _ \/§A2 CIX2 € 0
AR =] = gA”iXQ Al =1/2 Rule
Weak Currents @v\,\v@ﬂ @n o
K K K
Factorize 'é > b “( )
Tt TT T
at Large Nc

A[KO%WWO]_O —- AOI\/§A2

Short-distance enhancement: Q. ~ [i,7"s.] [diy.u] + [@7" ui] [divpest]

as(Mg)\ ™ 0.75
~ ~ t u=1GeV
) ( as (1) { 1.76 at - p e
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