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Euler-Heisenberg Lagrangian

Light-by-light scattering in QED at very low energies (Eγ≪me)

• Gauge, Lorentz, Charge Conjugation & Parity constraints

• Energy expansion (Eγ/me)

Leff = −1

4
FµνFµν +

a

m4
e

(FµνFµν)
2 +

b

m4
e

FµνFνσF
σρFρµ +O(F 6/m8

e )
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Euler-Heisenberg Lagrangian

Light-by-light scattering in QED at very low energies (Eγ≪me)
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σ(γγ → γγ) ∝ α4E 6
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Why the sky looks blue?
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Why the sky looks blue?
Rayleigh scattering

Low-energy scattering of photons with neutral atoms

Eγ ≪ ∆E ∼ α2me ≪ a−1
0 ∼ αme ≪ MA

• Neutral atom + gauge invariance Fµν = (~E , ~B)

• Non-relativistic description

Lint = a30 ψ
†ψ
(

c1 ~E
2 + c2 ~B

2
)

+ . . . , ci ∼ O(1)

M ∼ ci a
3
0 E

2
γ σ ∝ a60 E

4
γ
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†ψ
(

c1 ~E
2 + c2 ~B

2
)

+ . . . , ci ∼ O(1)

M ∼ ci a
3
0 E

2
γ σ ∝ a60 E

4
γ

Blue light is scattered more strongly than red one
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Dimensions

S =
∫

d4x L(x) [L ] = E 4

LKG = ∂µφ
†∂µφ−m2 φ†φ [φ ] = [V µ ] = [Aµ ] = E

LDirac = ψ̄ (iγµ∂µ −m)ψ [ψ ] = E 3/2

[σ ] = E−2 , [ Γ ] = E
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Scalar Field Theory

• LI = − λ

3!
φ3 [λ ] = E
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Scalar Field Theory

• LI = − λ

3!
φ3 [λ ] = E

σ(1 + 2 → 3 + 4) ∼ λ4

s3

{

1 +O
(
λ2

s

)

+ · · ·
}

(s ≫ m2)
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Scalar Field Theory
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{

1 +O
(
λ2

s

)

+ · · ·
}

(s ≫ m2)

• LI = − λ

4!
φ4 [λ ] = E 0

σ(1 + 2 → 3 + 4) ∼ λ2

s

{

1 +O (λ) + · · ·
}

(s ≫ m2)
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Fermi Theory GF√
2

=
g2

8M2
W

W


e


µ


−


ν


ν


e
−


µ
−


LI = − g

2
√
2

{

W
†
µJ µ + h.c.

}

−gµν +
qµqν

M2
W

q2 − M2
W

q2≪M2
W−→

gµν

M2
W

µ−

νµ

e−

ν̄e

Leff = −GF√
2
J †
µJ µ
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f (m2

l ′/m
2
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m5
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Exp: (17.83 ± 0.04)%
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Relevant, Irrelevant & Marginal

L =
∑

i

ci Oi , [Oi ] = di −→ ci ∼
1

Λdi−4

Low-energy behaviour:

• Relevant (di < 4): I , φ2 , φ3 , ψ̄ψ

Enhanced by (Λ/E )4−di

• Marginal (di = 4): m2φ2 , m ψ̄ψ , φ4 , φ ψ̄ψ , Vµ ψ̄γ
µψ

• Irrelevant (di > 4): ψ̄ψ ψ̄ψ , ∂µφ ψ̄γ
µψ , φ2 ψ̄ψ , · · ·

Suppressed by (E/Λ)di−4
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α(Q2) =
α(Q2

0 )

1− β1
α(Q2

0 )

2π
log
(
Q2/Q2

0

)

QED: β1 =
2

3

∑

f

Q2
f Nf > 0 lim

Q2→0
α(Q2) = 0

Quantum corrections make QED irrelevant at low energies
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α(Q2) =
α(Q2

0 )

1− β1
α(Q2

0 )

2π
log
(
Q2/Q2

0

)

QED: β1 =
2

3

∑

f

Q2
f Nf > 0 lim

Q2→0
α(Q2) = 0

Quantum corrections make QED irrelevant at low energies

QCD: β1 =
2NF − 11NC

6
< 0 lim

Q2→0
αs(Q

2) = ∞

Quantum corrections make QCD relevant at low energies
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Quantum Loops

L = ψ̄ (iγµ∂µ −m)ψ − a

Λ2
(ψ̄ψ)2 − b

Λ4
(ψ̄�ψ)(ψ̄ψ) + · · ·

δm ∼ 2i
a

Λ2
m

∫
d4k

(2π)4
1

k2 −m2
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Quantum Loops

L = ψ̄ (iγµ∂µ −m)ψ − a

Λ2
(ψ̄ψ)2 − b

Λ4
(ψ̄�ψ)(ψ̄ψ) + · · ·

δm ∼ 2i
a

Λ2
m

∫
d4k

(2π)4
1

k2 −m2

• Cut-off regularization: δm ∼ m

Λ2
Λ2 ∼ m Not suppressed!

• Dimensional regularization: ∆∞(µ) =
2µD−4

D − 4
+ γE − log (4π)

δm ∼ 2am
m2

16π2Λ2

{

∆∞(µ) + log

(
m2

µ2

)

− 1 +O(D − 4)

}

Well-defined expansion (Mass independent)
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Vacuum Polarization (mf = 0)

k

νµ

q

i Πµν(q) = i
(
−q2gµν + qµqν

)
Π(q2)

Π(q2) = −αQ
2
f

3π

{

∆∞(µ) + log

(

−q2

µ2

)

− 5

3

}

≡ ∆Πǫ(µ
2) + ΠR(q

2/µ2) ∆∞(µ) =
2µD−4

D − 4
+ γE − log (4π)
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e– e–

e–e–

γ

q= + + + . . .

α0

{
1−∆Πǫ(µ

2)− ΠR(q
2/µ2)

}

≡ αR(µ
2)
{
1− ΠR(q

2/µ2)
}
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2π log (Q2/Q2
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Vacuum Polarization (mf 6= 0)

k
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q

i Πµν(q) = i
(
−q2gµν + qµqν

)
Π(q2)

Π(q2) = −αQ
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]

β1 = 4Q2
f

∫ 1

0

dx
µ2x2(1− x)2

m2
f + µ2x(1− x)

0 1 2 3 4 5

mêm

0

0.2

0.4

0.6

0.8

1

3
b
1
ê
H
2
Q
f2
L
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Mass-Dependent Scheme: ∆Πǫ(µ
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3
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ê
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• m2
f ≪ µ2 , q2: β1 =

2

3
Q

2
f , ΠR(q

2/µ2) = −Q
2
f

α

3π
log (−q

2/µ2)
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]

β1 = 4Q2
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∫ 1

0

dx
µ2x2(1− x)2
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0 1 2 3 4 5

mêm
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0.2

0.4
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3
b
1
ê
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2
Q
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• m2
f ≪ µ2 , q2: β1 =

2

3
Q

2
f , ΠR(q

2/µ2) = −Q
2
f

α

3π
log (−q

2/µ2)

• m2
f ≫ µ2,q2: β1 ∼ 2

15
Q

2
f

µ2

m2
f

, ΠR(q
2/µ2) ∼ Q

2
f

α

15π

q2 + µ2

m2
f
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f
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∫ 1

0
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m2
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• m2
f ≪ µ2 , q2: β1 =

2

3
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2
f

α

3π
log (−q
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• m2
f ≫ µ2,q2: β1 ∼ 2

15
Q

2
f

µ2

m2
f

, ΠR(q
2/µ2) ∼ Q

2
f

α

15π

q2 + µ2

m2
f

DECOUPLING (Appelquist-Carazzone Theorem)
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞(µ)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞(µ)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]

• β1 =
2

3
Q2

f Independent of mf

Heavy fermions do not decouple
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MS Scheme: ∆Πǫ(µ
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞(µ)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]

• β1 =
2

3
Q2

f Independent of mf

Heavy fermions do not decouple

• m2
f ≫ µ2,q2: ΠR(q

2/µ2) = −Q2
f

α

3π
log (m2

f /µ
2)

Perturbation theory breaks down

SOLUTION: Integrate Out Heavy Particles
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Matching

µ

mf

6
EFT with heavy fermion

EFT without heavy fermion

β1 =
2

3
Q2

f + βlight
1

β1 = βlight
1

• Two different EFTs (with and without the heavy fermion f)

• Same S-matrix elements for light-particle scattering at µ = mf
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Effective Field Theory

L(φ,Φ) =
1

2
(∂φ)2 +

1

2
(∂Φ)2 − 1

2
m2φ2 − 1

2
M2Φ2 − λ

2
φ2Φ

EFT A. Pich – 2015 16



Effective Field Theory

L(φ,Φ) =
1

2
(∂φ)2 +

1

2
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2
m2φ2 − 1

2
M2Φ2 − λ

2
φ2Φ

σ(φφ→ φφ) ∼ 1

E 2
×







(λ/E )4 , (m ≪ M ≪ E )

(λ/M)4 , (m,E ≪ M)
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One Loop: Leff =
1

2
a (∂φ)2 − 1

2
b φ2 + c

λ2

8M2
φ4 + · · ·

M
A
T
C
H
I
N
G

= +

0 1

+

+ · · · = + · · · +
0 0 1

a = 1 + a1
λ2

16π2M2
+ · · · ; b = m2 + b1

λ2

16π2
+ · · ·

c = 1 + c1
λ2

16π2M2
+ · · · ; · · ·

EFT A. Pich – 2015 17



Principles of Effective Field Theory

• Low-energy dynamics independent of details at high energies

• Appropriate physics description at the analyzed scale
(degrees of freedom)

• Energy gaps: 0← m≪ E≪M→∞

• Non-local heavy-particle exchanges replaced by a tower of
local interactions among the light particles

• Accuracy: (E/M)(di−4) >
∼ ǫ ⇐⇒ di

<
∼ 4 +

log(1/ǫ)

log(M/E)

• Same infrared (but different ultraviolet) behaviour than the
underlying fundamental theory

• The only remnants of the high-energy dynamics are in the
low-energy couplings and in the symmetries of the EFT

EFT A. Pich – 2015 18



Evolution from High to Low Scales

Large µ

L(φi) + L(φi ,Φ) φi ,Φ

Renormalization Group

µ = M Matching

L(φi) + δL(φi) φi

Renormalization Group

Small µ

?

?
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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)
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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)

α(NF )
s (µ2) = α(NF−1)

s (µ2)






1 +

∞∑

k=1

Ck(L)

[

α
(NF−1)
s (µ2)

π

]k






L ≡ ln
(
µ2/M2

)

m(NF )
q (µ2) = m(NF−1)

q (µ2)






1 +

∞∑

k=1

Hk(L)

[

α
(NF−1)
s (µ2)

π

]k





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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)

α(NF )
s (µ2) = α(NF−1)

s (µ2)






1 +

∞∑

k=1

Ck(L)

[

α
(NF−1)
s (µ2)

π

]k






L ≡ ln
(
µ2/M2

)

m(NF )
q (µ2) = m(NF−1)

q (µ2)






1 +

∞∑

k=1

Hk(L)

[

α
(NF−1)
s (µ2)

π

]k






• Matching conditions known to 4 loops: C1,2,3,4 , H1,2,3,4
(Schroder-Steinhauser, Chetyrkin et al, Larin et al, Liu-Steinhauser)

• αs(µ
2) is not continuous at threshold
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡ µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·
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Wilson Coefficients: L =
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ci
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µ
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(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·

µ
d

dµ
ci (µ) 〈Oi 〉R = 0

(

µ
d

dµ
− γOi

)

ci (µ) = 0
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡ µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·

µ
d

dµ
ci (µ) 〈Oi 〉R = 0

(

µ
d

dµ
− γOi

)

ci (µ) = 0

ci (µ) = ci (µ0) exp

{
∫ α

α0

dα

α

γO
i
(α)

β(α)

}

= ci (µ0)

[
α(µ2)

α(µ20)

]γ
(1)
Oi
/β1 {

1 + · · ·
}
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Operator Mixing: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B =
∑

j Zij(ǫ, µ) 〈Oj (µ)〉R ; γO ≡ Z−1 µ
d

dµ
Z
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Operator Mixing: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B =
∑

j Zij(ǫ, µ) 〈Oj (µ)〉R ; γO ≡ Z−1 µ
d

dµ
Z

(

µ
d

dµ
+ γO

)

〈 ~O〉R = 0 ;

(

µ
d

dµ
− γT

O

)

〈~c 〉R = 0
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Operator Mixing: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B =
∑

j Zij(ǫ, µ) 〈Oj (µ)〉R ; γO ≡ Z−1 µ
d

dµ
Z

(

µ
d

dµ
+ γO

)

〈 ~O〉R = 0 ;

(

µ
d

dµ
− γT

O

)

〈~c 〉R = 0

Diagonalization:
(

U−1γT
O U

)

ij
= γ̃Oi

δij ; c̃i = U−1
ij cj
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Operator Mixing: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B =
∑

j Zij(ǫ, µ) 〈Oj (µ)〉R ; γO ≡ Z−1 µ
d

dµ
Z

(

µ
d

dµ
+ γO

)

〈 ~O〉R = 0 ;

(

µ
d

dµ
− γT

O

)

〈~c 〉R = 0

Diagonalization:
(

U−1γT
O U

)

ij
= γ̃Oi

δij ; c̃i = U−1
ij cj

ci(µ) =
∑

j ,k

Uij exp

{
∫ α

α0

dα

α

γ̃Oj
(α)

β(α)

}

U−1
jk ck(µ0)
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Wilson Coeff. in the Fermi EFT

Leff =
GF√
2
V12V

∗
43 O{1,2;3,4} ; O{1,2;3,4} ≡ [q̄1γ

µ(1− γ5)q2] [q̄3γµ(1− γ5)q4]

+ + +
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GF√
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V12V

∗
43 O{1,2;3,4} ; O{1,2;3,4} ≡ [q̄1γ

µ(1− γ5)q2] [q̄3γµ(1− γ5)q4]

+ + +

Colour:
∑

a

λa
ijλ

a
kl = − 2

NC

δij δkl + 2 δil δkj

Fierz: [γµ(1− γ5)]αβ [γµ(1− γ5)]γδ = − [γµ(1− γ5)]αδ [γµ(1− γ5)]γβ
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Wilson Coeff. in the Fermi EFT

Leff =
GF√
2
V12V

∗
43 O{1,2;3,4} ; O{1,2;3,4} ≡ [q̄1γ

µ(1− γ5)q2] [q̄3γµ(1− γ5)q4]

+ + +

Colour:
∑

a

λa
ijλ

a
kl = − 2

NC

δij δkl + 2 δil δkj

Fierz: [γµ(1− γ5)]αβ [γµ(1− γ5)]γδ = − [γµ(1− γ5)]αδ [γµ(1− γ5)]γβ

Leff =
GF

2
√
2
V12V

∗
43 {c+(µ)Q+ + c−(µ)Q−} ; Q± ≡ O{1,2;3,4} ±O{1,4;3,2}
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Wilson Coeff. in the Fermi EFT

Leff =
GF√
2
V12V

∗
43 O{1,2;3,4} ; O{1,2;3,4} ≡ [q̄1γ

µ(1− γ5)q2] [q̄3γµ(1− γ5)q4]

+ + +

Colour:
∑

a

λa
ijλ

a
kl = − 2

NC

δij δkl + 2 δil δkj

Fierz: [γµ(1− γ5)]αβ [γµ(1− γ5)]γδ = − [γµ(1− γ5)]αδ [γµ(1− γ5)]γβ

Leff =
GF

2
√
2
V12V

∗
43 {c+(µ)Q+ + c−(µ)Q−} ; Q± ≡ O{1,2;3,4} ±O{1,4;3,2}

γ± =

(
1

−2

)
αs

π
c±(µ) ≈

(

αs(M
2
W )

αs(µ2)

)a±

, a± =

(

1

−2

)

6

33− 2Nf
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K→ (2π)I Bose: I = 0, 2 (∆I = 1
2
, 3
2
)

A[K 0 → π+π−] ≡ A0 e
iχ

0 +
1√
2
A2 e

iχ
2

A[K 0 → π0π0] ≡ A0 e
iχ

0 −
√
2A2 e

iχ
2

A[K+ → π+π0] ≡ 3

2
A2 e

iχ
2

ω ≡ Re (A2)

Re (A0)
≈ 1

22

∆I = 1/2 Rule
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K→ (2π)I Bose: I = 0, 2 (∆I = 1
2
, 3
2
)

A[K 0 → π+π−] ≡ A0 e
iχ

0 +
1√
2
A2 e

iχ
2

A[K 0 → π0π0] ≡ A0 e
iχ

0 −
√
2A2 e

iχ
2

A[K+ → π+π0] ≡ 3

2
A2 e

iχ
2

ω ≡ Re (A2)

Re (A0)
≈ 1

22

∆I = 1/2 Rule

Weak Currents

Factorize

at Large NC

KK
W

π π

K

π

π π π

O(N2
C
) O(NC ) O(1)

A[K 0 → π0π0] = 0 A0 =
√
2 A2
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0 −
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22
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Weak Currents

Factorize

at Large NC

KK
W

π π

K

π

π π π

O(N2
C
) O(NC ) O(1)

A[K 0 → π0π0] = 0 A0 =
√
2 A2

Short-distance enhancement: Q± ∼ [ūLγ
µsL]

[
d̄LγµuL

]
± [ūLγ

µuL]
[
d̄LγµsL

]

c±(µ) ≈
(
αs(M

2
W )

αs(µ2)

)a±

≈
{

0.75

1.76
at µ = 1 GeV
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